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Abstract

This thesis introduces and studies an alternative concept of two-way finite automata referred
to as input-erasing two-way finite automata. Like the original model, these new automata
can also move their read heads freely left or right on their input tapes. However, each time
they read a symbol, they also erase it from their tapes. The thesis demonstrates that these
automata define precisely the family of linear languages and are thus strictly stronger than
their original versions. Furthermore, it introduces a variety of restrictions placed upon these
automata and the way they work and investigates the effect of these restrictions on their
accepting power. In particular, it explores mutual relations between the language families
resulting from these restrictions and shows that some of them reduce the power of these
automata to that of even linear grammars or even ordinary finite automata.

Abstrakt

Tato préace zavadi a studuje alternativni koncept dvousmérnych konecénych automatiu, ktery
je oznacovan jako vstup vymazavajici dvousmeérné kone¢né automaty. Podobné jako puvodni
model mohou i tyto automaty posunovat ¢teci hlavu po vstupni pasce libovolné doleva ¢i
doprava, avsak kazdy precteny symbol ze vstupni pasky vymazavaji. Prace demonstruje, ze
tyto automaty definuji presné tiidu linearnich jazykt a jsou tedy silnéjsi nez jejich puvodni
verze. Daéle zavadi riznd omezeni kladend na tyto automaty a zpusob, kterym pracuji,
a zkoumad vliv téchto omezeni na jejich prijimaci silu. Zabyvéd se predevsim vzajemnymi
vztahy mezi jazykovymi rodinami, které z téchto omezeni vyplyvaji, a ukazuje, ze nék-
terd z nich snizuji silu téchto automat® na troven vyrovnanych linearnich gramatik nebo
dokonce béznych konecnych automati.
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Rozsireny abstrakt

Koneéné automaty, predstavené jiz pred vice nez osmdesati lety v [28], vzdy plnily a plni
v informatice mimoradné dilezitou roli, a to jak v teorii, tak v praxi. Z toho divodu bylo
definovano mnoho jejich riznych variant s cilem poskytnout kazdé oblasti informatiky tu,
ktera jejim potfebadm vyhovuje co mozna nejvice. Jednou z téchto variant jsou dvousmérné
kone¢né automaty, jez se vyznacuji tim, ze umoznuji pohyb ¢teci hlavy po vstupni pasce
obéma sméry, nikoli pouze postupné zleva doprava, jako je tomu u puvodnich (jednos-
mérnych) konecnych automati. Tyto automaty byly nezévisle na sobé predstaveny v [39]
a [43] a od té doby jsou neustdle intenzivné zkoumany z ruznych ihla pohledu (viz napiiklad
[2, 3, 4, 13, 21, 22, 47)).

Tato diplomova prace pokracuje v tomto dlouhodobé aktivnim vyzkumu dvousmérnych
kone¢nych automatil tim, ze zavadi jejich alternativni koncept oznacovany jako vstup vy-
mazavajici dvousmérné koneéné automaty, ktery disponuje vyssi prijimaci silou nez jejich
koncept ptvodni. Vzhledem k tomuto navyseni sily pak miize byt zajimavé, ze myslenka,
na niz je tohle jejich nové pojeti zalozeno, v zdsadé vychéazi z ptivodni koncepce jednos-
meérnych koneénych automati, jez mohou ¢ist kazdy vstupni symbol pouze jednou. Vstup
vymagzavajici dvousmérné konec¢né automaty totiz funguji podobné jako klasické dvousmérné
koneéné automaty, avsak (1) odstranuji jiz pre¢tené vstupni symboly, ¢imz zamezuji jejich
opétovnému zpracovani, a navic (2) mohou zahajit vypocet z kterékoli pozice na vstupni
pasce, nikoli pouze z jejiho levého okraje.

Prace nejprve opakuje veskerou terminologii nezbytnou k jejimu ucelenému pochopeni.
Zahrnuje jak zakladni pojmy, jako jsou Tetézce a jazyky, tak i nékteré typy formélnich gra-
matik a jednosmérné konecné automaty. Néasledné popisuje klasicky koncept dvousmeérnych
konec¢nych automatt. Uvadi, jakym zpisobem funguji, a demonstruje jejich vlastnosti.

Klicova cast této prace pak zavadi a studuje vstup vymazavajici dvousmérné konecné au-
tomaty. Formalné je definuje, véetné jejich dil¢ich verzi, poukazuje na jejich stézejni rozdily
oproti klasickym dvousmérnym koneénym automattim a ilustruje jejich schopnosti. Hlavnim
vysledkem je, Ze tyto nové automaty charakterizuji presné tiidu linearnich jazyku, jez plné
zahrnuje t¥idu jazykt reguldrnich definovanou klasickymi jednosmérnymi a dvousmérnymi
kone¢nymi automaty. Toto zjisténi je zaloZeno na tom, ze libovolny vstup vymazavajici
dvousmérny kone¢ny automat lze prevést na ekvivalentni linedrni gramatiku (generujici to-
tozny jazyk) a naopak. Navic je ukdzéno, zZe jednotlivé definované verze téchto automatu
jsou stejné silné.

Dale se prace zabyva nékolika omezenimi kladenymi na zptisob vypoctu vstup vymazava-
jicich dvousmérnych konec¢nych automatii, jez jsou zalozena na stiidavém provadéni levych
a pravych prechodt. Je studovan jejich vliv na vypocetni silu téchto automati, pricemz
jsou stanoveny vzajemné vztahy jazykovych rodin z téchto omezeni plynoucich.

Nakonec prace zkouma rtiznd omezeni vstupu nové zavedenych automatt. Studuje tedy
jejich prijimaci silu za predpokladu, ze jejich vstupni retézce ¢i jejich ¢asti nalezi do jazykt
z néjakych predem stanovenych jazykovych rodin. Je ukdzano, ze omezeni vstupu zalozena
na regularnich jazycich nevedou k zadnému zvysSeni sily téchto automatt. Nékterd z nich
ji dokonce pifimo snizuji do tridy reguldrnich jazyki. Oproti tomu vsak omezeni vstupu
zalozend na linearnich jazycich mohou rozsirit jejich prijimaci schopnosti i na nékteré jazyky,
které nejsou bezkontextové volné.

Soucésti této prace je rovnéz implementace programu, ktery vstup vymazavajici dvous-
meérné konecné automaty simuluje. Jedna se o konzolovou aplikaci implementovanou v jazy-
ce Python, kterd umoznuje simulovat jejich vypocetné omezené i neomezené béhy a jejimz



hlavnim tucelem je demonstrovat, jak tyto nové automaty funguji a jak se mohou chovat
v praxi.
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Chapter 1

Introduction

Finite automata, introduced more than eight decades ago in [28], have always fulfilled
a crucially important role in computer science both in theory and in practice. Thus, it
comes as no surprise that the theory of computation has defined a great variety of these
automata in order to provide every computer science area with the version that fits its
needs as optimally as possible. Two-way finite automata, independently introduced in
[39] and [43], represent significant versions of this kind, which have been constantly and
intensively investigated since their introduction from various angles. First of all, in terms
of these automata, the theory of computation has studied most of its classical topics, such
as nondeterminism, time and space complexity, or purely mathematical properties (see
[3, 4, 5, 6, 10, 18, 20, 22, 33, 35, 36, 41]). Furthermore, this theory has introduced various
formal models closely related to two-way finite automata in many respects, such as their
power or the way they work (see [19, 27]). The theory of computation has also defined
and studied several new versions of these automata based upon concepts used in its latest
investigation trends, such as the formalization of quantum or jumping computation (see
[2, 12, 38, 45, 46, 47]). In addition, apart from the models mentioned above, many other
versions of two-way finite automata have been introduced to formalize various features of
computation in such terms as probability, alternation, and others (see [13, 14, 21, 25, 40]).

The present thesis continues with this long-time vivid investigation trend by introducing
other versions of two-way finite automata, which are, however, stronger than their origi-
nals. Indeed, these newly introduced versions characterize the linear language family, which
properly contains the regular language family defined by two-way finite automata. Consid-
ering this increase in power, it is surprising that the fundamental idea underlying these new
versions actually comes from the very original concept of one-way finite automata, which
can read every input symbol only once. That is to say, once an input symbol is read, it
is also erased, so it cannot be re-read again. To give an insight into these new versions as
well as the way they work, we first briefly informally recall the basic notion of a (one-way)
finite automaton as well as that of its two-way variant while pointing out the features that
have inspired the introduction of the new versions.

The notion of a (one-way) finite automaton describes a machine that, directed by its
finite state control, reads an input string on its input tape symbol by symbol in a left-to-
right way. Since the entire string is processed in a single pass, reading an occurrence of
a symbol can also be considered as its erasure. Indeed, once the occurrence of the symbol
is read, it is, in effect, gone as well because the automaton can never re-read this particular
occurrence of the symbol during the rest of its computation.



The notion of a two-way finite automaton closely resembles its one-way counterpart.
However, as opposed to its strictly left-to-right behavior, the two-way finite automaton can
freely move its read head either left or right on its input tape. Consequently, the same
occurrence of a symbol can be re-read over and over again, so the automaton never erases
it from the tape.

Based upon a combination of the two previous models, we now sketch the new notion
of a two-way finite automaton referred to as an input-erasing two-way finite automaton.
This automaton functions similarly to the classical two-way finite automaton; however, it
erases the input symbols just as the one-way finite automaton does and, in addition, can
start its computation at any position on the input tape. As a result, despite its ability to
move the read head on the tape in both directions, this automaton can never read the same
occurrence of a symbol more than once during its computation.

As its fundamental result, this thesis demonstrates that input-erasing two-way finite
automata are stronger than one-way or two-way finite automata, which both characterize
the regular language family. Indeed, it shows that the input-erasing two-way versions
define the linear language family, which properly contains the regular language family. In
addition, this thesis discusses two kinds of restrictions placed upon input-erasing two-way
finite automata and the way they work. The first kind concerns their computation. More
precisely, it restricts the performance of left and right moves in a variety of evenly alternating
ways and investigates how these restrictions affect their computational power. The other
kind explores input-related restrictions. That is, it studies the power of these automata
working under the assumption that their input strings or their parts belong to languages
from some prescribed language families, such as the regular and linear language families.

The present thesis is organized as follows. Chapter 2 recalls all the terminology needed
in this thesis, covering formal languages and their families, various types of formal gram-
mars, and finite automata. Chapter 3 introduces two-way finite automata, including their
accepting capabilities. Chapter 4 describes and formally defines input-erasing two-way finite
automata—the new type of two-way finite automata. Chapter 5 presents the fundamental
results achieved in this thesis. Namely, it demonstrates that input-erasing two-way finite
automata and linear grammars have the same expressive power and that different versions
of these automata have the same accepting capabilities. Chapter 6 investigates a variety
of evenly alternating restrictions placed upon the way these automata work. Chapter 7 ex-
plores the various input-related restrictions of these automata. Chapter 8 closes the present
study by summarizing its results and pointing out important open problem areas.



Chapter 2

Preliminaries

This chapter covers the concepts and terminology that are necessary for a comprehen-
sive understanding of this thesis. In particular, it introduces terms such as alphabets,
strings, and languages, along with two fundamental models—formal grammars and finite
automata—including some of their versions. The reader is assumed to be familiar with the
basics of set theory, elementary logic, and the theory of automata and formal languages
(see, for instance, [17, 29, 44]). The definitions, conventions, and theorems presented in
this chapter are inspired by [15, 23, 29, 30, 32, 42].

Convention 2.1. For any finite set of nonnegative integers X, max(X) denotes its mawi-
mum. For any integer n, abs(n) denotes its absolute value. For a set X, card(X) denotes
the cardinality of X—the number of members of X.

Definition 2.2. Let X and Y be sets; we say that X and Y are incomparable it X ¢ Y,
YZX,and XNY # 2.

Convention 2.3. Throughout this thesis, N denotes the set of natural numbers—that is,
N={1,2,...}, and Ny = {0} UN.

Convention 2.4. In what follows, we sometimes abbreviate sy if and only if s, where sy
and sy are two statements, to sy iff so.

2.1 Strings and Languages

This section introduces strings and languages in terms of formal language theory, including
some operations over them.

Definition 2.5. An alphabet is a finite, nonempty set of elements, which are called symbols.

Definition 2.6. Let ¥ be an alphabet. Any finite sequence of symbols from X is a string
over Y. The string that contains no symbols is called the empty string and is denoted by «.
The set of all strings over X (including ¢) is denoted by ¥*, and X = ¥* \ {¢}.

Convention 2.7. In what follows, for a string (a1, as,...,ay), for some n € N, we write
aias . ..a, instead of the sequential notation.

Definition 2.8. Let ¥ be an alphabet, and let x = ajas...a, be a string over X, where
a; € ¥, for all i = 1,2,...,n, for some n € Ny (the case when n = 0 means that = = ¢);
that is, € ¥*. The length of x, denoted by |z|, is defined as |z| = n. The reversal of



x, denoted by reversal(x), is defined as reversal(x) = apan—1...a;. For a € ¥, occur(z, a)
denotes the number of occurrences of a in x.

Notice that |e| = 0 and reversal(e) = e.

Definition 2.9. Let X be an alphabet, and let x,y € ¥* be two strings over ¥. The
concatenation of x and y, denoted by xy, is the string obtained by appending y to x.

Note that for every string z, ex = ze = x.

Definition 2.10. Let X be an alphabet, and let x € 3* be a string over Y. For all n € Ny,
the nth power of x, denoted by z™, is recursively defined as

(1) 2° = ¢, and
(2) 2" = za™ ! forn > 1.

Definition 2.11. Let ¥ be an alphabet. Any subset L C ¥* is a (formal) language over
Y. L is finite if card(L) = n, for some n € N; otherwise, L is infinite. L is singular if
card(L) = 1. L is regular if it is expressible using a regular expression (see, for instance,
Definition 3.23 in [30]).

Definition 2.12. Let X be an alphabet, and let L1, Ly € ¥* be two languages over ¥. The
concatenation of Ly and Lo, denoted by Ly Lo, is defined as L1Lo = {zy | z € L1,y € La}.

Definition 2.13. Let X be an alphabet, and let L € ¥* be a language over 3. For all
n € Ny, the nth power of L, denoted by L™, is recursively defined as

(1) LY = {e}, and
(2) L" =LL" !, for n > 1.

Definition 2.14. Any set whose members are languages is called a family of languages (or
a language family).

Convention 2.15. Let ;,,®, ;,®, and ,.® denote the families of singular, finite, and
regular languages, respectively. Furthermore, let .., ® and _;;® denote the families of
languages consisting of even-length and odd-length strings, respectively.

2.2 Grammars

Formal grammars constitute one of the fundamental concepts in formal language theory.
Informally, they represent language-generating devices that produce strings by repeatedly
rewriting symbols according to some rewriting rules until no symbol can be rewritten. In
this section, we introduce several different types of grammars and define the families of
languages they generate.

Definition 2.16. A phrase-structure grammar (PSG for short) is a quadruple
G = (N7T7P7S)7
where

e N is an alphabet of nonterminals;



e T is an alphabet of terminals such that N NT = &;

e PC(NUT)*N(NUT)* x (NUT)* is a finite relation called the set of (rewriting)
rules;

e S € N is the start nonterminal.
Convention 2.17. In what follows, instead of (z,y) € P, we write z — y € P.

Definition 2.18. Let G = (N, T, P,S) be a PSG. Over (N UT)*, we define the binary
direct derivation relation, symbolically denoted by =, as follows: for all x — y € P and
u,v € (NUT)*, uxv = uyv in G. In other words, G makes a derivation step from uzv to
uyv according to a rule of the form z — y. Let =", for some n > 0, =7, and =* denote
the nth power of =, the transitive closure of =, and the reflexive-transitive closure of =,
respectively. If a =* 5 in G, where a € (NUT)*N(NUT)* and g € (NUT)*, we say that
G makes a derivation from « to 5. The language generated by G, denoted by L(G), is the
set of strings defined as L(G) = {w € T* | S =* w}. Let w € T*. We say that G generates
w if and only if w € L(G).

Definition 2.19. Let G = (N, T, P, S) be a PSG. G is a context-sensitive grammar (CSG
for short) if each rule in P is of the form zAy — xzy, where z,y € (NUT)*, A € N, and
2z € (NUT)*". One possible exception is allowed; that is, a rule of the form S — &, whose
occurrence in P implies that S does not occur on the right-hand side of any rule in P. G
is a context-free grammar (CFG for short) if each rule in P is of the form A — z, where
A€ Nand z € (NUT)*. G is a linear grammar (LG for short) if each rule in P is of the
form A — 2By or A — x, where A, B € N and z,y € T*. G is a regular grammar (RG for
short) if each rule in P is of the form A — z, where A€ N and x € TN UT U {¢}.

Definition 2.20. Let G = (N, T, P, S) be an LG. G is an even linear grammar (ELG for
short) if A — xBy € P, where A,B € N and z,y € T*, implies that |z| = |y|.

Figure 2.1 visually illustrates a sequence of derivation steps in an LG.

I S — xAy
o Talale] -
T U : v Yy
P I
a [c[B]d] bl .. |
I B—z
|a |c e| |f d| b|
— —
T U z v Yy

Figure 2.1: A sequence of derivation steps in an LG, where S is the start nonterminal, A
and B are nonterminals, x, y, u, v, and z are strings of terminals, S — xAy and B — z
are rewriting rules, and a, b, ¢, d, e, and f are terminals.

Next, we give two examples demonstrating how the previously defined grammars work.



Example 2.21. Consider the CSG
G = ({S,A,B},{a,b,c}, P,S)
with the following six rules in P:

S — e, A — aABec, cB — Be,
S — A, A — abe, bB — bb.

Observe that G generates the language L(G) = {a™b"¢™ | n > 0}. Indeed, first, G rewrites
S to A. Then, it generates the same number of as, Bs, and cs by repeatedly replacing A
with aABc. Thus, all occurrences of a precede all occurrences of B and ¢. Furthermore,
G also replaces each occurrence of ¢B with Bc to ensure that all occurrences of B precede
all occurrences of ¢. Once G rewrites A to abc, it gradually removes all Bs by successively
replacing occurrences of bB with bb; thus, G eliminates all remaining nonterminals and
generates a’b'c’, for some i > 1. Note that G can also generate the empty string by simply
replacing S with € at the beginning of a derivation process.
For example, the string aaabbbcee can be generated by G in the following way:

S = A= aABc = aaABcBc = aaabcBcBc = aaabBccBe = aaabbecBe
= aaabbcBcc = aaabbBcce = aaabbbecc.

Recall that L(G) in Example 2.21 is a well-known non-context-free, context-sensitive
language (see Example 8.1 in [30]).

Example 2.22. Consider the LG
G = ({57 A}? {(L, bv C}a Pa S)v

with P containing the following rules:

S — Se, A — aAbb,
S — e, A — e,
S — aAbb.

G starts every derivation by generating an arbitrary number of cs to the right of S. After this
initial phase, G either rewrites S to e or replaces S with aAbb and continues the derivation
by repeatedly generating bb to the right and a to the left of A until A is rewritten to . As
a result, the languages generated by G is L(G) = {a™b**c¢™ | m,n > 0}.

For instance, the string aabbbbcce is generated by G as follows:

S = Sc = Scec = Scee = aAbbeee = aa Abbbbece = aabbbbecc.

Convention 2.23. Let ;54P, 0re®, 1.c®P, gro®, and ;P denote the families of languages
generated by CSGs, CFGs, LGs, ELGs, and RGs, respectively. That is, for all X € {CSG,
CFG, LG, ELG, RG}, set x® ={L(G) | G is an X}.

Theorem 2.24. sing(I) C ﬁn(p C Teg(p = RG(I) C ELG'(I) C LG(I. (- C’FG'q) C CSG'@'

Proof. n,® C 4, ® is clear from the definitions of the corresponding languages. g, ® C
reg® C ELe® C 6P C cpe® C 5q® follows from the Chomsky Hierarchy (see [8, 9]).
reg® = re® is obvious (see, for instance, Section 7.2 in [29]). ., ® C p;® is established
in [1], and ;o ® C ;P can be proven using the pumping lemma for even linear languages
(see [26]). In fact, L(G) from Example 2.22 is a linear language that cannot be generated
by any ELG; that is, L(G) € 1 o® \ pro®. O



2.3 Finite Automata

Finite automata are language-recognizing devices that represent one of the fundamental
models for regular languages. In this section, we formally introduce (one-way) finite au-
tomata, including some of their variants (namely, general, simple, and e-free versions), and
give some of their basic properties.

Conceptually, a (one-way) finite automaton consists of a finite set of states, an input
tape, a read head, and a finite state control. The input tape is divided into squares, each of
which contains one symbol. On the tape, in a left-to-right manner, the automaton operates
by performing a sequence of moves directed by its finite state control. During each of these
moves, the automaton changes its current state, reads the current input symbol under its
read head, and shifts the read head precisely one square to the right on the input tape.
Note that there are also types of finite automata that, during their moves, do not have
to read any symbols or can read multiple consecutive symbols at once and shift their read
heads accordingly. Notice that since the automaton always shifts its read head to the right,
no occurrence of any symbol can be re-read during the rest of the move sequence. The
automaton has one state defined as the start state and some states designated as final
states. With an input string on the input tape, the automaton starts each computation
from the start state with the leftmost symbol of the string under the read head. If it can
read the entire input string by a sequence of moves sketched above and, in addition, enter
a final state, then the input string is accepted.

A general schema of a finite automaton is shown in Figure 2.2.

| v
Finite state ‘ b |
control

Input tape
Figure 2.2: General schema of a (one-way) finite automaton.

Definition 2.25. A general finite automaton (GFA for short) is a quintuple
M= (Q,%,R,s,F),
where
e () is a finite, nonempty set of states;
e 3 is an input alphabet such that QNY = &;

e Re Q¥ x (@ is a finite relation called the set of rules;

s € @ is the start state;
o I C Q is the set of final states.
Convention 2.26. In what follows, instead of (o, q) € R, we write « — q € R.

Definition 2.27. Let M = (Q,%, R, s, F') be a GFA. Over QX*, we define the binary
move relation, symbolically denoted by =, as follows: for all @ — ¢ € R and u € ¥*,
au = qu in M. That is, M makes a move (or a computational step) from au to qu



according to a rule of the form o — ¢. As usual, =", for some n > 0, =7, and =* denote
the nth power of =, the transitive closure of =, and the reflexive-transitive closure of =,
respectively. If § =" v in M, where 5,7 € QX*, we say that M makes a computation from
B to . The language accepted by M, denoted by L(M), is the set of strings defined as
L(M)={weX*|sw="f,f € F}. Let we X* Wesay that M accepts w if and only if
w € L(M); otherwise, M rejects w.

Less formally, by applying a rule of the form px — ¢, where p,q € @Q and z € ¥*, M
reads z from its input tape and changes its current state from p to ¢. In this fashion, then,
M reads each input string w € ¥* sequentially from left to right and accepts it if, starting
from s with the leftmost symbol of w being the current input symbol, it ends up in a final
state after reading all the symbols of w.

Definition 2.28. Let M = (Q,%,R,s,F) be a GFA. M is e-free if and only if for all
p,q € Q and x € ¥*, pr — ¢ € R implies that x| > 1. M is said to be a simple finite
automaton (SFA for short) if and only if for all p,q € @ and z € ¥*, pr — ¢ € R implies
that |z| < 1.

Figure 2.3 illustrates a GFA move.
x u u

D b

Figure 2.3: A GFA move, where p and ¢ are states, x and u are strings, px — ¢ is a rule,
and a and b are symbols.

Next, we demonstrate the previously defined automata by two examples.

Example 2.29. Consider the e-free SFA
M = ({57 q, f}’ {a’ b}a R, s, {f})
with the following five rules in R (see Figure 2.4):

sa — s, qa — q, fa—f
sb — q, qb — f.

Starting from s, M reads an arbitrary number of as and then moves from s to ¢, reading b.
In ¢, like in s, M reads any number of as and then moves from ¢ to f, reading another
b. Finally, in f, M reads an arbitrary number of as once again. As a result, the language
accepted by M is L(M) = {a}*{b}{a}*{b}{a}".

a a a

OanOmnO

Figure 2.4: State diagram of the e-free SFA M from Example 2.29.



For example, the string abaabaaa is accepted by M as follows:
sabaabaaa = sbaabaaa = qaabaaa = qabaaa = gbaaa = faaa = faa = fa = f.

Example 2.30. Consider the e-free SFA

M = ({8, 41,492,493, 44,95, 46, Q7}7 {CL, b}a Ra S, {S})

with R containing the following rules (see Figure 2.5):

sa —q1, qi1a— g2, QG20 —qg3, (¢3a—S, q4a — (g5, (G5a — g6, (GeQ — g7, (70 — g4
sb—q4, qb—qs5, qb—qs, q3b—q7, @ub—s, qgb—q, qsb— q2, qrb— g3.

Observe that M accepts the language L(M) = {w € ¥* | occur(w, a) = 4m, occur(w,b) =
2n,m,n € No}. That is, M accepts only strings over {a, b} in which the number of as is
a multiple of four and, simultaneously, the number of bs is even. During a computation,
each state of M corresponds to a unique combination of remainders when the number of as
read so far is divided by four and the number of bs read so far is divided by two. Specifically,
the states s, g1, g2, and g3 correspond to the remainders 0, 1, 2, and 3 of the number of
as, respectively, when the number of bs is even, and similarly, the states q4, g5, g5, and g7
correspond to the same remainders of the number of as when the number of bs is odd.

Figure 2.5: State diagram of the e-free SFA M from Example 2.30.
For instance, M accepts the string bbabaaba in the following way:
sbbabaaba = qibabaaba = sabaaba = q1baaba = qsaaba = ggaba = q7ba = q3a = s.

Convention 2.31. Let ;pi®, opa®, gpi®, and gz P denote the families of languages
accepted by GFAs, e-free GFAs, SFAs, and e-free SFAs, respectively.

Theorem 2.32 (see [44]). For every GFA M, there is an e-free SFA M’ such that L(M') =
L(M) That iS, GFZ¢ = GFA® = Sin(p = SFAq)
Theorem 2.33 (see [44]). A language K is regular if and only if there is an e-free SFA
M such that L(M) = K. Therefore, ,,,® = ¢py .

Theorems 2.32 and 2.33 clearly show that finite automata characterize precisely the
family of regular languages.

) Teg

Corollary 2.34. @ = ;1 ® = ® = gpi® = g ®.
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Chapter 3

Two-Way Finite Automata

The present chapter introduces two-way finite automata, a model based on classical finite
automata (see Section 2.3) that extends their behavior by allowing the read head to move
both to the left and right on the input tape during the computational process. It formally
defines these automata, provides illustrative examples, and presents their accepting power.
The information in this chapter is based on [39, 43], with examples inspired by [24, 36].
As mentioned above, a two-way finite automaton works just like a standard (one-way)
finite automaton, except that it does not have to operate on its input tape strictly in a left-
to-right manner; instead, during each computational step, it can move its read head either
to the left or right. This ability to move the read head in both directions allows it to
re-read any occurrence of any symbol on the tape arbitrarily many times. Consequently,
the automaton can traverse input strings (or their parts) repeatedly, checking their various
properties separately. Like its one-way counterpart, the automaton starts each computation
from its start state with its read head placed over the leftmost symbol of an input string
on its input tape. If it can make a sequence of moves such that it shifts the head off the
right end of the tape and, in addition, enters a final state, the input string is accepted.
Figure 3.1 shows a general schema of a two-way finite automaton.

| <_VV_>

Finite state | alble |
control
Input tape

Figure 3.1: General schema of a two-way finite automaton.

Definition 3.1. A two-way finite automaton (2FA for short) is a quintuple
M= (Q,%,R,s,F),
where
e () is a finite, nonempty set of states;
e 3 is an input alphabet such that QNY = &;
o RC QX xQ{%r} is a finite relation called the set of rules, where 9 and I" are two

special symbols such that {7,7} N (QUX) = &;
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e 5 € () is the start state;
e F CQ is the set of final states.
Convention 3.2. In what follows, instead of (a, ) € R, we write « — 8 € R.

Definition 3.3. Let M = (Q, X%, R, s, F') be a 2FA. Over ¥*QX*, we define the binary move
relation, symbolically denoted by =, as follows: (i) for all pa — ¢ € R, where p,q € Q
and a € ¥, and u,v € ¥*, upav = uaqu in M, and (ii) for all pa — ¢ € R, where p,q € Q
and a € ¥, u,v € ¥* and b € X, ubpav = ugbav in M. That is, (i) M makes a right move
from upav to uaqu according to a rule of the form pa — ¢, and similarly, (ii) M makes
a left move from ubpav to ugbav according to a rule of the form pa — ¢9. As usual, =",
for some n > 0, =1, and =* denote the nth power of =, the transitive closure of =, and
the reflexive-transitive closure of =, respectively. If @« =* § in M, where o, 5 € X*QX*,
we say that M makes a computation from « to 5. The language accepted by M, denoted by
L(M), is the set of strings defined as L(M) = {w € ¥* | sw =* wf, f € F}. Let w € ¥*.
We say that M accepts w if and only if w € L(M); otherwise, M rejects w.

Figure 3.2 schematize 2FA moves.

U v
|b a c|
.
?02{0’ ﬁQNQ/’
u v u v
|bac| |bac|

Figure 3.2: A left 2FA move and a right 2FA move, where p and ¢ are states, u and v are
strings, pa = ¢ and pa = ¢ are rules, and a, b, and ¢ are symbols.

Next, we present two examples to illustrate the behavior of these automata.

Example 3.4. Consider the 2FA

M = ({Sa q1,92, 43, 44, g5, 96, f}a {(1, ba l_a _|}7 R7 S, {f})

with the following rules in R (see Figure 3.3):

sk — qif, @1 — ¢, q3a — q4'l, gsa — qel, q6b — g6’
qa — qif, qa — g3, q3b = @4, q6a — qel, g6 — [T,
Q@b — qir, 02b — g3, qab — g5

With a string on its input tape, M first scans the string from left to right and checks
that it starts with F (the left end marker of the tape), ends with - (the right end marker

12



of the tape), and contains only as and bs in between these two symbols. Next, starting
with 4 under its read head, M performs a sequence of left moves to shift the read head
three positions back on the tape and then checks that the string contains the sequence ab
precisely two symbols before 4. After this, M finally shifts its read head off -, entering the
final state f. Clearly, the language accepted by M is L(M) = {F}{a,b}*{ab}{a, b}*{-}.

,r )
P =

a
Qi
Fp 49 N b
S q1 q2 qs
O e ) e O
a
b
0\
@ o T B\

Figure 3.3: State diagram of the 2FA M from example 3.4.

a,
b,

M accepts, for instance, the string Faabab- as follows:

skaabab- = Fqraabab— = Faqgiabab— = Faaqibab- = Faabgrab- = Faabag b
= Faababq1 1 = Faabagab4 = Faabgsabd = Faaqibab = Fagsabab
= Faagebabd = Faabggabd = Faabagsb— = Faababged = Faababf.

Example 3.5. Consider the 2FA

M = ({57 q1,92,43,44, 45,96, 47, f}a {(I, ba '_a _|}’ Rv S, {f})

with R containing the following rules (see Figure 3.4):

s — qil, @b—= @,  @a—@l, a1—=¢9 ga—qgT, qra— gl
@b—qll,  qa—ql,  @ab—a@l, g¢a—qT, gb—q7,  qb— g,
qa — @2,  @b—a@l,  qua—qlf, g¢b—q,  gF—aqlf, q—= [T

M starts every computation by traversing its input tape from left to right, checking that it
contains a string consisting only of as and bs and delimited by - on the left and - on the
right, and that the number of as in the string is a multiple of four. After this, M continues
by scanning the string from right to left to ensure that it also contains an even number of bs.
Finally, by a sequence of right moves, M traverses the tape once again, shifts its read head
off H, and enters f. Hence, M accepts the language L(M) = {F}{w € £* | occur(w,a) =
4m, occur(w, b) = 2n, m,n € No}{-}.

Consider the string Fabaaba—. M accepts this string by the following sequence of moves:

skabaaba— = Fqiabaaba— = Fagebaaba— = Fabgoaaba— = Fabagzaba— = Fabaagsba
= Fabaabqia— = Fabaabaq) - = Fabaabgsa— = Fabaagsba— = Fabaggaba
= Fabggaaba— = Faggbaaba— = Fgsabaaba— = gs-abaaba— = Fgrabaaba
= Fagrbaaba— = Fabgraaba— = Fabagraba— = Fabaagrba—d = Fabaabgra
= Fabaabag;4 = Fabaaba-f.

13



Figure 3.4: State diagram of the 2FA M from example 3.5.

Notice that the language accepted by the 2FA from Example 3.5 is the same, except for
the delimitation of its strings by - and -, as that accepted by the SFA from Example 2.30.
In fact, although 2FAs can be modeled to work in the same way as one-way finite automata,
Example 3.5 demonstrates how they can address the same problems differently.

Convention 3.6. Let ,;,® denote the family of languages accepted by 2FAs. That is, set
ora® = {L(M) | M is a 2FA}.

As the following theorem states, 2FAs, like classical (one-way) finite automata (see
Section 2.3), accept precisely the family of regular languages.

Theorem 3.7 (see Theorem 1 in [43] or Theorem 15 in [39]).

reg(I) = SFA(I) = 2FA(I)'

14



Chapter 4

Input-Erasing Two-Way Finite
Automata

In this chapter, we introduce input-erasing two-way finite automata, a model based on two-
way finite automata (see Chapter 3) that, just like classical (one-way) finite automata (see
Section 2.3), does not re-read any symbols on the input tape. Specifically, we formally define
the general and simple versions of these automata, including their e-free alternatives. Just
as with classical finite automata, during every move, the former can read a string, which
may consist of several symbols, while the latter always reads no more than one input symbol.
The e-free versions behave the same as their originals, except they cannot perform moves
without reading any input symbols.

As already mentioned, an input-erasing two-way finite automaton works, in essence,
like a two-way finite automaton, except that it erases the input symbols. Indeed, once an
occurrence of an input symbol is read on the input tape, it is erased from it (mathemat-
ically speaking, this occurrence of the input symbol is changed to the empty string), so
the automaton can never re-read it again later during its computation. The automaton
starts working on an input string on its input tape from the start state with its read head
positioned anywhere within the string. If it can read (and therefore erase) the entire string
by a sequence of left, right, or stationary moves and, in addition, enter a final state, it
accepts the input string.

A general schema of an input-erasing two-way finite automaton is given in Figure 4.1.

— —
‘ | ‘ { Finite state } ‘ b | ‘
\( ] control ‘ )/
Input tape

Figure 4.1: General schema of an input-erasing two-way finite automaton.

Definition 4.1. An input-erasing two-way general finite automaton (IE2GFA for short) is
a quintuple
M = (Q’ Z7R7 87 F)7

where

e () is a finite, nonempty set of states;
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e 3 is an input alphabet such that QNY = &;

e RC(Q¥*UX*Q) x Q is a finite relation called the set of rules;

s € @ is the start state;
e F CQ is the set of final states.

Convention 4.2. In what follows, instead of (o, q) € R, we write « — ¢ € R.

Definition 4.3. Let M = (Q, %, R, s, F') be an IE2GFA. Let C = ¥*QX* be the set of all
configurations of M. Over C, we define the binary mowve relation, symbolically denoted by
=, as follows: for all « = ¢ € R and u,v € ¥*, uav = vqu in M. In other words, M makes
a move (or a computational step) from uav to uqu according to a rule of the form o — gq.
As usual, =", for some n > 0, =T, and =* denote the nth power of =, the transitive
closure of =, and the reflexive-transitive closure of =, respectively. If 5 =* ~ in M, where
B,7v € C, we say that M makes a computation from S to v. The language accepted by M,
denoted by L(M), is the set of strings defined as L(M) = {uv | u,v € ¥*, usv =* f, f € F'}.
Let w € ¥*. We say that M accepts w if and only if w € L(M); otherwise, M rejects w.

Convention 4.4. Let M = (Q,%, R, s, F') be an IE2GFA, and let r € R be a rule of the
form o — ¢. Then, lhs(r) and rhs(r) denote «, called the left-hand side of r, and ¢, called
the right-hand side of r, respectively.

Definition 4.5. Let M = (Q,%, R, s, F') be an IE2GFA, and let » € R. If lhs(r) = zq,
where ¢ € @Q and = € ¥*, then r is left. Analogously, if lhs(r) = gx, where ¢ € @ and
x € ¥*, then r is right. A move made by M according to a left rule is a left move, and
a move made by M according to a right rule is a right move. If [lhs(r)| < 2, then r is
simple. If R contains only simple rules, M is said to be an input-erasing two-way simple
finite automaton (IE2SFA for short). If |lhs(r)| = 1, then r is an e-rule (therefore, every
e-rule is simple). If R contains no e-rules, M is said to be e-free.

Figure 4.2, given below, visually illustrates IE2GFA moves.

[a] . [ ] |d]
U ) v U T

/—/%

/—/H /—/H J
[a]( @ Jlel Ta] e - u@ﬁ

Figure 4.2: A left IE2GFA move and a right IE2GFA move, where p and ¢ are states, u, v,
x, and y are strings, xp = ¢q and py = q are rules, and a, b, ¢, and d are symbols.

Convention 4.6. In what follows, without any loss of generality, we assume that for every
IE2GFA M = (Q, %, R,s, F), (QUX)N {9} = &, as we use 7 and I to represent move
directions (left and right) in state diagrams of IE2GFAs. Note that we do not specify any
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direction for any move that M makes according to an e-rule, as it is a left move and a right
move at the same time.

Next, we show two examples demonstrating the behavior of the automata defined here.

Example 4.7. Consider the e-free [E2SFA

M = ({57 q1, 92,43, f}7 {(l, b}? R, s, {f})’

where R consists of the following rules (see Figure 4.3):

sa — qi, q2a — @3, q3a_>fa af_>f’
Qb — qo, q2b — g3, b — f, bf — f.

Starting from s, M first makes two right moves, reading the string ab and entering the
state go. From ¢o, M makes two additional right moves, each of which reads a or b,
and together, they bring M to the state f. Finally, M completes its computation with
a series of left moves, ensuring that the portion of its input tape to the left of the initial
position of its read head contains only as and bs. Therefore, the language accepted by M

is L = {a,b}*{ab}{a,b}>.

9%a
r,a r,a 90

@ ’.a @ P,b@ P,b @ P,b @

Figure 4.3: State diagram of the e-free IE2SFA M from Example 4.7.

Consider the string bbaabaa. M accepts this string by the following computation:
bbasabaa = bbagibaa = bbagaaa = bbagsa = bbaf = bbf = bf = f.

Observe that the language accepted by the IE2SFA from Example 4.7 is the same as
that accepted by the 2FA from Example 3.4 (except for the delimitation of the strings by
F and - in the latter language). In fact, Example 4.7 demonstrates how the ability to erase
symbols and start processing the input tape from an arbitrary position could be beneficial
for modeling languages with IE2GFAs.

Example 4.8. Consider the IE2SFA
M = ({37 q1, 492, f17 f2}7 {a7 b7 C}v R7 S, {f17 f2})
with R containing the following rules (see Figure 4.4):

sb— qi, s = fi, sC = G2, fac = qa,

aqr — s, fie = fi, agqz = fa.
M starts by repeatedly making two consecutive moves—a right move from s to ¢; that
reads b, and a left move from ¢; back to s that reads a. This process allows M to read

any string of the form a’b’, where i > 0. After this initial phase, M either changes its
current state from s to fi; without reading any input symbol or makes a right move from s
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to qo, reading c. In f1, M performs a sequence of right moves, reading an arbitrary number
of ¢s. From ¢o, M makes a left move, reading a and entering fo. Then, M continues
by repeatedly making two consecutive moves—a right move from fo to go that reads c,
and a left move from ¢o back to fo that reads a. In this way, M ensures that for every

read occurrence of ¢, an occurrence of a is also read. As a result, M accepts the language
L = {a"b"c™, a™ "™ | m,n > 0}.

Figure 4.4: State diagram of the IE2SFA M from Example 4.8.

Let aaaabbce be an input string. Using M, it can be accepted as follows:
aaaasbbce = aaaaqibeec = aaasbeec = aaaqicc = aascc = aaqac = afoc = aqa = fo.

Notice that the language L(M) from Example 4.8 is not regular. Specifically, it is a non-

regular linear language (L(M) = ;5® \ ., ®). This clearly indicates that [E2GFAs have
different accepting power than both GFAs and 2FAs.

Convention 4.9. Let ;500piP, 500ma P 15254 P, and 5ogra ® denote the families of lan-
guages accepted by ITE2GFAs, e-free IE2GFAs, IE2SFAs, and e-free IE2SFAs, respectively.
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Chapter 5

Accepting Power

The present chapter demonstrates that IE2GFAs and LGs are equally powerful because
they both define the linear language family. Thus, IE2GFAs are stronger than GFAs,
which characterize the regular language family, a proper subset of the linear language
family. Furthermore, this chapter shows that IE2GFAs and IE2SFAs, along with their
e-free alternatives, possess the same accepting power.

5.1 Equivalence with Linear Grammars

We begin by demonstrating that IE2GFAs and LGs are mutually convertible and thus have
the same expressive power.

Lemma 5.1. For every IE2GFA M, there is an LG G such that L(G) = L(M).

Proof. Let M = (Q,%, R, s, F) be an IE2GFA M. From M, we next construct an LG G =
(N,T,P,S) such that L(G) = L(M). Introduce a new symbol S—the start nonterminal
symbol of G. Without any loss of generality, assume that S ¢ Q. Set N = Q U {S} and
T = 3. Initially, set P = {s — ¢}. Next, extend P in the following manner:

(1) for each f € F,add S — f to P;
(2) for each zq — p € R, where p,q € Q and z € ¥* add p — zq to P;
(3) for each gz — p € R, where p,q € Q and x € ¥*, add p — gz to P;

Basic Idea. G simulates any computation of M in reverse. It starts from the generation of
a final state (see step (1)). After this initial derivation step, G simulates every left move
made by M according to a rule of the form xq — p, where p,q € @ and z € ¥*, by using
a rule of the form p — xq (see step (2)). The right moves are simulated analogously (see
step (3)). This simulation process is completed by using s — ¢, thus erasing the start state
s in order to get a string of terminal symbols in G.

In order to demonstrate L(G) = L(M) rigorously, we first establish the following claim.
Claim 5.1.A. For all u,v € ¥* and p,q € Q,
q =" upv in G iff upv =" ¢ in M.

Proof of Claim 5.1.A. First, we establish the only-if part of this equivalence. That is, by in-
duction on the number of derivation steps i > 0, we show that ¢ = upv in G implies upv =*
q in M.
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Basis. Let i = 0, so ¢ =° upv in G. Then, ¢ = p and uwv = ¢. Since ¢ =° ¢ in M, the basis
holds true.

Induction Hypothesis. Assume that the implication holds for all derivations consisting of
no more than j steps, for some j € Np.

Induction Step. Consider any derivation of the form ¢ =7*! upv in G. Let this derivation
start with the application of a rule of the form

q — o

from P, where o € () and = € ¥*. Recall that Q = N \ {S}, and observe that S cannot
occur on the right-hand side of any rule. Thus, we can express ¢ =711 upv as

q = zo =’ zu'pv

in G, where zv/ = u. Then, by the induction hypothesis, u'pv =* o in M. As described
above, step (2) constructs ¢ — zo € P from zo — q € R, so

zu'py =* ro = q

in M. Because zu' = u, upv =* ¢ in M.

In the case that the derivation ¢ =/*! upv in G starts with the application of a rule of
the form ¢ — oz from P, where o € Q and x € X*, proceed by analogy.

Thus, the induction step is completed.

Next, we establish the if part of the equivalence stated in Claim 5.1.A; so we prove that
upv =* ¢ in M implies ¢ =* upv in G by induction on the number of moves i > 0.

Basis. For i = 0, upv =Y ¢ occurs in M only for p = g and uv = €. Clearly, ¢ =" ¢ in G.
Therefore, the basis holds true.

Induction Hypothesis. Assume that the implication holds for all computations consisting of
no more than j moves, for some j € Np.

Induction Step. Let upv =771 ¢ in M, and let this computation end with the application
of a rule of the form
o — q

from R, where 0 € Q and x € ¥*. Now, we express upv =11 ¢ as
zu'pv =7 2o = ¢

in M, where xzu’ = u. By the induction hypothesis, o0 =* uv/pv in G. From zo — q € R,
step (2) above constructs ¢ — xo € P. Thus, G makes

q= o =" zu'pv

with u = zu/'.

If the computation upv =71! ¢ in M ends with the application of a rule of the form
or — ¢q from R, where o € ) and x € ¥*, proceed analogously.

Thus, the induction step is completed, and Claim 5.1.A holds.

Considering Claim 5.1.A for p = s, we see that for all u,v € ¥* and q € Q, ¢ =*
usv in G iff usv =* g in M. As follows from the construction technique presented above,
G starts every derivation by applying a rule of the form S — f, where f € F', and ends it
by applying a rule of the form s — . Consequently, S = f =" usv = wv in G iff usv =*
fin M, so L(G) = L(M). Thus, Lemma 5.1 holds. O
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To illustrate the technique from the proof of Lemma 5.1, we give the following example.

Example 5.2. Consider the IE2SFA M from Example 4.8. Recall that
M = ({57 q1, 42, f17 f2}7 {a/7 b7 0}7 R7 S, {fl; fQ})a

where R = {sb — qi,aq1 — s,s — fi1,fic = fi,s¢ = q2,aq2 — fa, foc = ¢}, and
L(M) = {a"b"c™, a™T"b"c™ | m,n > 0}. From M, the construction technique described
in the proof of Lemma 5.1 produces the LG

G = ({S7saq17q27f17f2}7{a7b,c},P, S)
with P consisting of the following rules:

S_>f17 fl—>37 f2—>GQ2a (12—>SC7 Q1—>5b7
S — fa, f1— fic, g2 — fac, 5 — aqi, 5 — €.

G first rewrites S to either fi or fo. From fi, it generates an arbitrary number of cs to the
right by repeatedly rewriting f; to fic. After that, it replaces fi; with s, thus generating
sc', for some i > 0. From fo, it generates a’sc’, for some j > 1. This is done by repeatedly
replacing f> with ags and ¢o with foc and then rewriting ¢s to sc. After generating either
sc' or a/sc?, G continues by repeatedly replacing s with aq; and ¢; with sb. Thus, from
s, it generates a¥sb¥, for some k > 0. Finally, G rewrites s to €. Clearly, G generates the
language L(G) = {a™b"c™, a™t™b"¢™ | m,n > 0}. Hence, L(G) = L(M).

Observe that G exhibits behavior that is completely inverse to that of M. For instance,
the string aabbcce that M accepts by the computation

aasbbce = aaqibec = asbee = aqicc = sce = fice = fic= fi
is derived by G as follows:
S = f1 = fic= ficc = scc = aqicc = asbce = aaqibee = aasbbee = aabbec.
Lemma 5.3. For every LG G, there is an IE2GFA M such that L(M) = L(G).

Proof. Let G = (N,T,P,S) be an LG. From G, we next construct an IE2GFA M =
(Q, X, R, s, F) such that L(M) = L(G). Introduce a new symbol s—the start state of
M. Set Q' = {{A—aBy) | A — 2By € P,A,B € N,z,y € T*}. Without any loss of
generality, assume that @ "N = and s ¢ Q' UN. Set Q = Q' UN U{s}, ¥ =T, and
F ={S}. R is constructed as follows:

(1) for each A — x € P, where A € N and x € T, add sz — A to R;

(2) for each A — xBy € P, where A,B € N and z,y € T*, add B — (A — zBy) and
(A — zBy)y — A to R.

Basic Idea. M simulates any derivation of G in reverse. It starts by reading a string of
terminals generated by G in the last step of a derivation (see step (1)). After this initial
computational step, M simulates every derivation step made by G according to a rule of
the form A — xBy, where A, B € N and x,y € T™*, by using two consecutive rules of the
forms B — (A — xBy) and (A — xBy)y — A, where (A — xBy) is a newly introduced
state with the rule record to which it relates (see step (2)). The entire simulation process
is completed by reaching the state S, which represents the start nonterminal symbol of G,
and emptying the input tape.
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To establish L(M) = L(G) formally, we first prove the following claim.
Claim 5.3.A. For all u,v € T* and A,B € N,
uBv="Ain M iff A="uBv in G.

Proof of Claim 5.3.A. First, we establish the only-if part of this equivalence. By induction
on the number of moves ¢ > 0, we prove that uBv =% A in M implies A =* uBv in G.
Basis. Let i = 0, so uBv = Ain M. Then, A = B and uv = €. Clearly, A = A4 in
G. For i = 1, uBv = A never occurs in M for any u,v € T, since, by the construction
technique described above, M does not have any rule of the form B — A or By — A for
any z,y € T*. Recall that A, B € (Q\ Q') \ {s} = N, so no rules added by step (1) can be
applied here. Hence, the basis holds true.

Induction Hypothesis. Assume that the implication holds for all computations consisting of
no more than j moves, for some j € Nj.

Induction Step. Consider any computation of the form uBv =772 A in M. Let this com-
putation start with the application of two consecutive rules of the forms

xB — (C'— zBy) and (C — zBy)y — C

from R, where C € N, z,y € T*, and C — 2By € P. Thus, we can express uBv =2 A
as

w'zByv' = u/(C — zBy)yv’ = /Cv’ =7 A
in M, where 'z = u and yv’ = v. Clearly, by the induction hypothesis, A =* v/Cv’ in G.
Step (2) constructs B — (C' — zBy),(C — xBy)y — C € R from C — 2By € P, so

A=*d'Cv = W xByv
in G. Because v’z = u and yv’ = v, A =* uBv in G, and the induction step is completed.

Next, we establish the if part of the equivalence stated in Claim 5.3.A, so we show that
A =" uBv in G implies uBv =* A in M by induction on the number of derivation steps
i>0.
Basis. For i =0, A =% uBv occurs in G only for A = B and uv = ¢. Since A =° A in M,
the basis holds true.
Induction Hypothesis. Assume that the implication holds for all derivations consisting of
no more than j steps, for some j € Np.
Induction Step. Let A =/t yBv in G, and let this derivation end with the application of
a rule of the form

C — zBy

from P, where C € N and z,y € T*. Now, we express A =/ 4Bv as
A =7 4'Cv = WxByy'

in G, where v’z = u and yv’ = v. Hence, by the induction hypothesis, 'Cv’ =* A in M.
From C — zBy € P, step (2) above constructs B — (C' — zBy), (C — zBy)y — C € R.
Thus, M makes

w'rByv' = u'(C — zBy)yv' = 4/Cv' =* A
with v/ = v and yv' = v, so uBv =* A in M. Thus, the induction step is completed.
Therefore, Claim 5.3.A holds.
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Considering Claim 5.3.A for A = S, we have that for all u,v € T* and B € N,
uBv =* Sin M iff S =* uBv in G. As follows from the above construction technique,
M starts every computation by applying a rule of the form sz — C, where C € N and
z € T*, constructed from C' — z € P, and S is the only final state of M. Consequently,
uszv = uCv =* Sin M iff S =* uCv = wzv in G, so L(M) = L(G). Hence, Lemma 5.3
holds. O

«

The following example demonstrates the technique used in the proof of Lemma 5.3

Example 5.4. Return to the LG G from Example 2.22. Recall that
G=({S,A},{a,b,c},P,S),

where P = {S — Sec,S — ¢€,S — aAbb, A — aAbb, A — €}, and L(G) = {a"b*"c™ | m,n >
0}. By applying the technique from the proof of Lemma 5.3 to G, we construct the IE2GFA

M = ({s,S,A,(S — Sc), (S — aAbb), (A — aAbb)},{a,b,c}, R,s,{S})
with the following rules in R (see Figure 5.1):

s — S, S — (S — Se), aA — (A — aAbb), aA — (S — aAbb),
s— A, (S — Sc)e — S, (A — aAbb)bb — A, (S — aAbb)bb — S.

M starts each computation by moving from s to either A or S without reading any input
symbols. From A, it can arbitrarily many times perform two consecutive moves—a left
move from A to (A — aAbb) that reads a, and a right move from (A — aAbb) back to A
that reads bb. After that, M makes a left move from A to (S — aAbb), reading a, and
then a right move from (S — aAbb) to S, reading bb. Finally, by cycling between S and
(S — Sc), M can read an arbitrary number of ¢s to the right. Hence, the language accepted
by M is L(M) = {a"b*"c¢™ | m,n > 0}, and thus L(M) = L(G).

Figure 5.1: State diagram of the IE2GFA M from Example 5.4, where the labels 1, 2, and
3 stand for S — Sc, A — aAbb, and S — aAbb, respectively.

Observe that M works in a completely inverse way to G. For instance, consider the
string aaabbbbbbcc, which G generates by the derivation
S = Sc = Scc = aAbbce = aaAbbbbce = aaa Abbbbbbce = aaabbbbbbec.
M accepts this string by the computation

aaasbbbbbbce = aaa Abbbbbbec = aa{A — aAbb)bbbbbbee = aa Abbbbee
= a{A — aAbb)bbbbcc = aAbbcc = (S — aAbb)bbcc
= Scc = (S — Sc)cc = Se= (S — Sc)e = S.
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Theorem 5.5. ;5o0pi® = 16P.

Proof. The inclusion ;poapi® C ;5P follows from Lemma 5.1. The opposite inclusion,
16® C 1pogri®, follows from Lemma 5.3, so the theorem holds. O

5.2 Equivalence of Variants of Input-Erasing Two-Way Fi-
nite Automata

In this section, we show that IE2GFAs, e-free IE2GFAs, IE2SFAs, and e-free IE2SFAs have
the same accepting power.

€ _ € _
Theorem 5.6. ;pocpi® = 1525pA® = 152554 P

Proof. As every IE2SFA is a special case of an IE2GFA, we have ;550pi® C 1pogpi®. To
prove rpocra® C 1pogpi®, consider any IE2GFA M. From M, we construct an equivalent
IE2SFA M’ based upon the following idea. Let M read an m-symbol string, a; ... a,, to
the right during a single move. M’ simulates this move as follows:

(1) M’ records ag ...a, into its current state,

(2) M’ makes n subsequent right moves during which it reads a; . .. a, symbol by symbol,
proceeding from a; towards a,.

The left moves in M are simulated by M’ analogously. The details are left to the reader.
Thus, 1pagra® S rp2spa®, and 1psepa® = 1paspa® holds.

As is obvious, pogpa® C pegri®. The opposite inclusion can be established straight-
forwardly using the standard technique for removing e-rules (see, for instance, Section 3.2.1
in [30]). Consequently, ;pospi® = 15ogra®, and Theorem 5.6 holds. O

As every e-free IE2SFA is also an e-free IE2GFA, we clearly obtain the following corollary
from the previous theorem.

£ _ _ g —_
Corollary 5.7. 1pocpa® = 1526rA® = 152574 P = 152572 P-
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Chapter 6

Computational Restrictions

In this chapter, we introduce a variety of restrictions that require the performance of left
and right moves in an alternating way, and we investigate how these restrictions affect the
computational power of IE2GFAs and IE2SFAs. First, we formally define these computa-
tional restrictions. Then, we establish some relations between their corresponding language
families, as well as relations between these restricted language families and their original un-
restricted variants. Finally, we show that under one of these restrictions, IE2GFAs possess
the same expressive power as ELGs.

6.1 Definitions and Examples

In this section, we formally define the computational restrictions of input-erasing two-way
finite automata and illustrate them with an example.

Definition 6.1. Let M = (Q, %, R, s, F') be an IE2GFA, and let C = £*QX* be the set of
all configurations over M. Let a =* §in M, where «, 8 € C. If, in o« =* 3, every sequence
of two consecutive moves satisfies the condition that the first of these two moves reads
symbols in one direction while the second move reads symbols in the opposite direction;
more precisely, if for every two consecutive moves, ¢ and j, in a =* 3, i is left if and only
if j is right, then o =* 3 is alternating, symbolically written as o =7, 3.

Let a =7, B8 in M consist of n moves, for some even n > 0, where o, 8 € K.

(1) If, in « =%, B, for each odd 4 such that 0 < ¢ < n, both the ith and the (i + 1)th
moves read the same number of input symbols, then o =7, 3 is an even computation,

symbolically written as a =%,,,, 3.

(2) IfyeC,vy= ain M, and a =%, fin M, then v = « =% .. § is an initialized

even even

even computation, symbolically written as v =7 ., ..cn B-

The languages accepted by M wusing alternating computation, even computation, and
initialized even computation are defined as follows:

L(M)alt = {’LL’U | u,v € E*,US’U :>th f)f € F}a
L(M)even = {UU | U,V € Z*ausv :Zven fvf € F},
L(M)init-even = {uv | u,v € X, usv =751 cven fo [ € F}.

To illustrate the previous definition, we give the following example.
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Example 6.2. Consider the IE2GFA

M = ({S)(ha q2, 43, f}a {CL, b7 ¢, d7 6}7 R7 S, {S) f})a

where R contains the following rules (see Figure 6.1):

sa — q1, sb — qo, sc — qs, s = f,
qa — q1, @2b — qo, q3c — g3, df — f,
aqp — s, bgs — s, cq3 — 8, fee — f.

Without any computational restrictions placed upon it, M first reads, for each occurrence
of a, b, or ¢ that it reads to the left, a nonempty sequence of consecutive occurrences of
that exact same symbol (a, b, or ¢) to the right. After that, M continues by reading an
arbitrary number of ds to the left and any even number of es to the right. Hence, the
language accepted by M is L(M) = {d}*{z1 ... xmzpr .. 2t | z1,..., 2y € {a,b,c},m >
0,n1,...,nm > 1}{ee}*.

9,d

r, ee

Figure 6.1: State diagram of the IE2GFA M from Example 6.2.

For instance, consider the string w = dcbaaabcecee. M can accept w by the following
sequence of moves:

decbasaabeccee = debagiabeccee = debagibeccee = debsbeccee = debgocecee = descecee

= dcgsccee = degscee = degqsee = dsee = dfee = df = f.

Now, suppose that M uses alternating computation. Under this restriction, M rejects
w, as it can never make two consecutive moves in the same direction. In fact, the language
accepted by M in this way is L(M)q; = {d™wreversal(w)e?, d"e*™ | w € {a,b,c}*,0 <
n < m,m —n < 1}. Observe that for any string of the form d™wreversal(w)e?", where
0<n<m,m-n<1,and w € {a,b,c}T, the move according to s — f € R always acts
as a right move. For any string of the form d"~'e?”, where n > 1, that exact same move
always acts as a left move, and for any other string in L(M),y, it can act either as a left
move or a right move depending on the performed accepting computation on the string.

Next, assume that M works under even computation. Compared to alternating com-
putation, this further restricts the behavior of M so that it can never accept any input in
f, regardless of its form. Consequently, this restriction reduces the language accepted by
M to L(M)epen, = {wreversal(w) | w € {a,b,c}*}.

Finally, consider M operating under initialized even computation. In this case, starting
from s, M moves to f without reading any symbols (thus, € can be accepted) or to g1, g2,
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or q3, reading a, b, or ¢ to the right, respectively. In g1, g2, and ¢3, M must continue by
reading the corresponding symbol to the right again without changing its state; otherwise,
it cannot reach a final state at the end of any computation of this type. After that, M
moves back to s, reading the corresponding symbol to the left, and then continues to work
the same way as under even computation. This behavior of M results in the language
L(M)init-even = {wzreversal(w) | z € {aaa, bbb, ccc},w € {a,b,c}*} U{e}.

Convention 6.3. Let 56piPant, 1m2craPeven; 1m26rAPinit-cven, 1m257APalts 182574 P evens
and ;pogpi Pinit-cven, denote the families of languages accepted by IE2GFAs and IE2SFAs

using alternating computation, even computation, and initialized even computation, respec-
tively. Analogously, let ;poqmuPat; rm2gra®Peven, 126rAPinit-cven, rp2sraPaits 152574 Peven,
and ;pogma Pinit-even denote the corresponding families of languages in terms of e-free ver-
sions of these automata.

6.2 Effect on Accepting Power

In this section, we investigate the effect of the previously defined restrictions on the accept-
ing power of IE2GFAs and their variants.

Lemma 6.4. For every IE2GFA M, there is an IE2GFA M’ such that L(M')y = L(M') =
L(M).

Proof. Let M = (Q, %, R, s, F') be an IE2GFA. From M, we construct the IE2GFA
M'=(Q,%,RU{qg—qlqeQ},s,F)

Clearly, L(M') = L(M). Observe, however, that between every two consecutive moves that
M can make, M’ can always perform an additional move that does not read any symbols
(and thus acts as both a left move and a right move at the same time). This allows M’ to
simulate any computation of M as an alternating one. Hence, L(M") . = L(M). O

€ _ 1> _ I3
Theorem 6.5. ;po0pi® = 1poarAPat = 15257A Pait-

Proof. The inclusions pospiPait € 1pocri®Pat C pogri® follow directly from the definition
of an IE2SFA and the definition of alternating computation (see Definitions 4.5 and 6.1).
The opposite inclusions, ;poapi® C 1poariPat € 152574 Palt, follow from Theorem 5.6 and
Lemma 6.4. O

Theorem 6.6. [EQSFAq)alt C [EQSqu)alt‘

Proof (Basic Idea). Clearly, pospa®arr C pogri®Par. To demonstrate that ;pogpa®ar C
152spaPait, consider L = {a"b"c™ | n,m > 0}. Clearly, L € ;5ogri®a. Next, we sketch
how to prove L ¢ ;pogpa®ar by contradiction. Assume that there exists an e-free IE2SFA
M such that L(M)q; = L. Take any a'b'c’, for some i,j > 0. M has to start its successful
computation in between as and bs in order to verify the same number of occurrences of those
symbols. After this verification, M has to read the remaining j cs to the right. However,
this reading cannot be performed by M working under alternating computation. Thus,

L € [EQSqu)alt \ IEQSFA(I)G”’ so Theorem 6.6 holds. OJ

Theorem 6.7. ;55051 Peven C o

even — *
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Proof. As each even computation consists of an even number of moves, each language in
152cEAPeven Clearly contains only even-length strings. Thus, ;poqpi®even C o O

even ~ °

Theorem 6.8. ;550piPeven is incomparable with any of these language families—;, @,

fin®, and ., P.

sing

Proof. Let L € 1poapi®even. By Theorem 6.7, x € L implies that |z| is even. Thus, any
{y} € 4ing® with |y| being odd, such as {a}, is outside of ;pypiPeven. Clearly, {aa} €
182GFAPeven N ging®. Notice that {a"b" | n > 0} € 1pogri®Peven \ sing®. The rest of this
proof is left to the reader, as it follows the same reasoning. O

Lemma 6.9. For every IE2GFA M, there exists an e-free IE2SFA M’ such that L(M') =
L(M/)even — L(M)even-

Proof. Let M = (Q, %, R, s, F') be an IE2GFA. From M, we next construct an e-free IE2SFA
M =(Q',%, R, s, F") such that L(M') = L(M’) eyen = L(M) eyen. Introduce a new symbol
s'—the start state of M’. Let k = max{|lhs(r)| — 1 | r € R}. Set Q = {{xqy), (yqz) | q €
Q,z,y € X% |z| + ly| <2k —1,0 < |y| —|z| < 1}. Without any loss of generality, assume
that ' ¢ Q. Set Q' = QU {s'}. Initially, set R’ = @ and F' = {(f),(f7) | f € F}. If
s € F, add s’ to F'. Extend R’ by performing steps (1) through (4), given next, until no
more rules can be added to R’.

(1) Ifay...anp — ¢, qap41 ... a2, — 0 € R, where p,q,0 € Q and a; € X, 1 < i < 2n, for
some n > 1, extend R’ by adding

an(pT) = (aq...ap—10Gp41 ... a2, ),
(a1 ...ap—10an11 ... a2, Napt1 — (a1 ...ap—10Gp412 ... a2, ),

ap—1(a1 ...0Qp—10Gp42 ...a2,7) — (a1 ...ap—20an42 .. .a2,7),

(oagn NYag, — (09).
In addition, if p = s, also include a,s" — (a1 ...ap—10ap41 . ..a2,7) in R'.

(2) If pay,...a1 = q,a2p ... ant19 — 0 € R, where p,q,0 € Q and a; € X, 1 <1 < 2n, for
some n > 1, extend R’ by adding

(PrYay — (agn - .. apy10an_1 ... a1l),
an+1{a2n -« . Ap410an—1 ... a17) = (A2n - . . Qp+20a5_1 ... a17),

(agn, . .. Api20Gp_1...a17)ap—1 = (a2p . .. Apy20an_o . ..a1l),

agn (agnol’) — (o).
In addition, if p = s, add s'a,, — (a9, . ..apnt10a,—-1...a17) to R, too.

(3) For each p — ¢,q — o € R and 1’ € R', where o0,p,q € Q and lhs(r’") = a(09), for
some a € X, add a{pT) — rhs(r’) to R’; in addition, if p = s, add as’ — rhs(r’) to R/,
too.
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(4) For each p — ¢,¢ — o € R and 7’ € R, where o,p,q € Q and lhs(r’) = (ol")a, for
some a € X, add (pr')a — rhs(r’) to R’; moreover, if p = s, add s'a — rhs(r’) to R as
well.

Repeat the following extension of F’ until no more states can be included in F”.

(5) For each p — ¢q,q — o € R, where 0,p,q € Q and (09), (or') € F’, add (p7) and (pr)
to F’; in addition, if p = s, also add s’ to F”.

Basic Idea. As is obvious, M’ represents an e-free IE2SFA. M’ simulates any even computa-
tion in M by making sequences of moves, each of which reads (and thereby erases) a single
symbol. To explain step (1), assume that M performs a two-move even computation by
rules ai...anp — q,q0n+1...a2, — 0 € R, where 0,p,q € Q and a; € %, 1 < i < 2n, for
some n > 1. Consider the sequence of rules introduced into R’ in step (1). Observe that
once M’ applies its first rule, it has to apply all the remaining rules of this sequence in an
uninterrupted one-by-one way, and thereby, it simulates the two-move computation in M.
Notice that the first rule, a,(p7) — (aj...an—10an+1 -..0a2,7), is a left rule. Step (2) is
analogous to step (1), except that the first rule of the introduced sequence is a right rule.
To explain step (3), assume that (i) M performs an even computation according to two
e-rules p — q,q — 0 € R, where 0,p,q € Q, and that (ii) R’ contains r’ with lhs(r") = a{0)
(r" is introduced into R’ in step (1) or (3)). Then, this step introduces a(p9) — rhs(r’)
into R'. By using this newly introduced rule, a(p9) — rhs(r’), M’ actually skips over the
two-move even computation according to p — g and ¢ — o in M, after which it enters
the state rhs(r’), which occurs as the right-hand side of the first rule of a rule sequence
introduced in step (1). Step (4) parallels step (3), except that r is a right rule in step (4),
while it is a left rule in step (3).

Consider F’. Assume that an accepting even computation in M ends with an even
sequence of moves according to e-rules (including the empty sequence). Observe that at
this point, by the extension of F” in step (5), M’ accepts, too.

To establish L(M')even, = L(M ) eyen, formally, we first prove the following two claims.
Claim 6.9.A. When M is e-free, for all u,v € ¥* and p,q € Q,

w(pTyv =%, (1) in M iff upv =%, .. ¢ in M,

even
where upv =%,.,, ¢ starts with a left move (unless it consists of no moves).

Proof of Claim 6.9.A. We begin by proving the only-if part of this equivalence. That is, by
induction on the number of moves i > 0, we show that for e-free M, u(pT)v =%, (¢9) in M’

even
implies that there is upv =%,,,, ¢ in M that starts with a left move (or consists of no moves
at all).

Basis. Let i = 0, so u(pT)yv =%,.,, (¢7) in M’. Then, p = ¢q and uv = . Clearly, ¢ =2,., ¢
in M. For i =1, u{pTv =1, (¢7) never occurs in M’, since, by Definition 6.1, each even
computation is supposed to have an even number of moves; however, u(pT)v =1 .. (¢9)

has one move. Thus, the basis holds true.

Induction Hypothesis. Assume that the implication holds for all computations consisting of
no more than j moves in M’, for some j € Ny.

Induction Step. Consider any computation of the form u(pT)v = r2n (¢) in M, for some
n > 1. Let this computation start with the application of 2n consecutive rules of the forms

an(pT) = (ay...ap—10Gp41 .. .a2,),
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(a1 ...ap-10ap41 . ..a2,Nant1 — (ay...ap—10Gp42 ... a2, ),

ap—1(a1 ... Qp—10Gp42 ... a2,7) — (a1 ...ap—20an42 .. .a2,7),

(oagn Nagy, — (07)

from R, where 0 € Q and a; € ¥ for all 1 < k < 2n. Thus, we can express u{pT)v ﬁﬁj;”

(¢7) as

’ / / /
uag... an<p‘7>an+1 L.V = uag ... an_1<a1 ce . Qp—10G0p+1 - - - agnﬁ>an+1 ... Qopv
’ /
=vuay...an-1(a1...ap-10an12 ... a2, Napt2 ... a2,v

/ /
=v'ay...an—2(ar...apn—20an12...a2,Napta ... a2,v

= 1/ (0a2, Vag, v’ = u' (0N =4 (q9)

in M, where v/ay ...a, =uand a1 ...a2,0" = v. According to the induction hypothesis,
w'ov' =%,., qin M, and this computation starts with a left move (or consists of no moves).
Step (1) above constructs a,(p7) = (a1 ...ap-10ap41 - ..a2,), ..., (0az, Nas, — (07) € R’
from ay...anp = t,tany1 ... a2, — 0 € R, for some t € ), so M makes

*

/ / / / / /
UWay...apPAny1 --.A2p0 = UWidpt1 ... A2p0 = WOV =0, G-

Taking into account the properties of the computation u'ov’ =% . ¢, since v'a;...a, = u
and apy1 ... a2,v" = v, it follows that upv =%,.,, ¢ in M. As we can see, upv =%, ., ¢ starts
with a left move, which completes the induction step.

Next, we prove the if part of the equivalence stated in Claim 6.9.A. By induction on
the number of moves i > 0, we show that for e-free M, if there is upv =%, ¢ in M that
starts with a left move (or consists of no moves), then u(p)v =%, (¢7) in M’

Basis. Let i = 0, so upv =Y . ¢ in M. Then, p = g and uv = . Clearly, (¢7) =,.,, (¢7) in
M'. Fori =1, upv =1, qnever occurs in M, since, by the definition of even computation
(see Definition 6.1), every upv =%, ¢ consists of an even number of moves; however,

upv =1, q consists of a single move. Thus, the basis holds true.

Induction Hypothesis. Assume that the implication holds for all computations consisting of
no more than j moves in M, for some j € Ny.

Induction Step. Consider any computation of the form upv =32 q in M. Let this compu-
tation start with the application of two consecutive rules of the forms

ai...app —tand tapy1 ... a2, — 0

from R, where 0,1 € Q and a; € X for all 1 < k < 2n, for some n > 1. Hence, we can
express upv =2 q as
Jeven q

ay ... AnPani1 - - - Apv = u/tanﬂ gt = o =

in M, where v/ay ...a, =u and a,y1 ...a2,v" = v. According to the induction hypothesis,
u' (oW =% .. (¢7) in M'. From ay ...app — t,tani1 ... a2, — 0 € R, step (1) constructs

even

an(pT) = (ay...ap—10Gp41 ... a2, ),
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(a1 ...ap-10ap41 . ..a2,Nant1 — (ay...ap—10Gp42 ... a2, ),

ap—1(a1 ... Qp—10Gp42 ... a2,7) — (a1 ...ap—20an42 .. .a2,7),

(0as,Naos, — (07) € R/,
so M’ makes

/ / / /
way...an(pNant1...agv = v'ar...an—1{(a1 ... ap—10an41 ... a2, Nap41 ... a2,
/ /
=vay...an-1(a1...ap—10an12 ... a2, Napt2 ... a2,

/ /
=v'ay...an—2(ar...an—20an12...a2,Napta ... a2,v

= u/{0az, Vag,v' = u' (0N =%, ... (g9).

Notice that by the construction technique of M’', v/ (0%)v" =%,.,, (¢7) can never start with
aright move. This, together with the fact that v’a; ...a, = vand a,1 ...a2,v" = v, implies

that u(pTyv =%, (¢7) in M’. Thus, the induction step is completed, and Claim 6.9.A holds.

even

Claim 6.9.B. When M is e-free, for all u,v € ¥* and p,q € Q,
(qry in M iff upv =3, q in M,

even

u(p’v =7

even
where upv =%, ., ¢ starts with a right move (unless it consists of no moves).
Proof of Claim 6.9.B. Prove this claim by analogy with the proof of Claim 6.9.A.

Claims 6.9.A and 6.9.B demonstrate the correctness of steps (1) and (2) from the above
construction technique. However, they do not address the elimination of e-rules of M in
steps (3), (4), and (5). For this reason, we next establish Claims 6.9.C, 6.9.D, and 6.9.E.

Claim 6.9.C. For all z € ¥*,y € X1, a € ¥, and p,t € Q such that |z| +1 = |y|,

*

a({p9) = (wty9) in M’ iff there are o,q € Q such that zapy =7,,, vaqy = oy =t in M.

Proof of Claim 6.9.C. First, we establish the only-if part of this equivalence. By induction
on the number of iterations of step (3) ¢ > 0, we show that a(pT) = (xty9) in M’ implies
that there are o, q € @ such that zapy =%, raqy = oy =t in M.

even
Basis. For i = 0, a(p7) = (xtyq) in M’ can only be performed using a rule of the form
a{p9) — (xty9) added to R in step (1). Then, since step (1) constructs a(p7) — (xty7) € R’
from zap — g,gy — t € R, for some g € @, it follows that zapy = gy = t in M. Thus, the
basis holds true.
Induction Hypothesis. Assume that the implication holds for no more than j iterations of
step (3), for some j € Np.
Induction Step. Consider any a(p7) = (xtyq) in M’ performed using a rule of the form
a(p9) — (xty) that belongs to R’ from the (j 4+ 1)th iteration of step (3). From this, it
follows that there exist p — g, g — h € R, for some g, h € @, and a(h9) — (xty9) € R’ that
was added to R’ during the jth iteration of step (3). Then, by the induction hypothesis,
there are o,q € @ such that xahy =7%,.,, raqy = oy = t in M, so M can make

even

xzapy = xagy = xahy =%, raqy = oy = t.

By the definition of even computation, xapy =%,., raqy = oy = t in M. Hence, the
induction step is completed.
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Next, we establish the if part of the equivalence stated in Claim 6.9.C. By induction on

the number of moves i > 0, we show that zapy =1,., raqy = oy =t in M implies a(p) =
(xtyT) in M'.
Basis. Let i = 0, so zapy =2,., raqy = oy = t in M. Then, p = q. Clearly, according to
step (1), a(g7) — (ztyT) € R, so alq) = (xty7) in M’. Let i = 1, so zapy =1,., raqy =
oy = t in M. This can never happen because, by Definition 6.1, every even computation
consists of an even number of moves; however, p =1 ¢ consists of one move, which is an
odd number of moves. Thus, the basis holds true.

Induction Hypothesis. Assume that the implication holds for all computations of the form
zapy =% . raqy = oy =t in M with 0 < k < j, for some j € Ny.

Induction Step. Consider any computation of the form zapy =I2 raqy = oy = tin M,
and let it start with the application of two consecutive rules of the forms

p—>gand g — h
from R, where g, h € Q). Then, we can express zapy éﬁ;ﬁ raqy = oy =1 as

rapy = xagy = xahy =, raqy = oy =t

even

in M. Clearly, by the induction hypothesis, a(h9) = (zty7) in M’. Hence, a(h) —
(xty9) € R'. From a(h9) — (xty7) € R and p — ¢g,9 — h € R, step (3) constructs
a(p) — (xty9) € R, so a(p) = (atyT) in M’. Thus, the induction step is completed, and
Claim 6.9.C holds.

Claim 6.9.D. For all x € X1,y € ¥* a € 3, and p,t € Q such that |z| = |y| + 1,

*
even

(prYa — (ztyr) € R iff there are o, q € Q such that xpay = rqay = ro =t in M.

Proof of Claim 6.9.D. Prove this claim by analogy with the proof of Claim 6.9.C.
Claim 6.9.E. For all p € Q,

(p9), (pr) € F' iff there is f € F such that p =% . fin M.

even

Proof of Claim 6.9.E. First, we establish the only-if part of this equivalence. By induction
on the number of iterations of step (5) i > 0, we prove that (¢7), (¢) € F’ implies that
there is f € F such that ¢ =%, fin M.

Basis. For i = 0, by the above construction technique, only (f4), (fr) € F’ for all f € F.
Clearly, f =0  fin M, so the basis holds true.

even
Induction Hypothesis. Assume that the implication holds for no more than j iterations of
step (5), for some j € No.

Induction Step. Consider any (p9), (pr') € Q' belonging to F’ from the (j + 1)th iteration
of step (5). Then, there exist p — ¢,p — 0 € R, for some o,q € @Q, and (07), (o) € Q' that
were added to F’ during the jth iteration of step (5). By the induction hypothesis, there
is f € F such that o =%, .. fin M, so M can make

even

p=>qg=>o0=%_f.

even

*
even

Hence, by the definition of even computation, p = fin M, which completes the induc-

tion step.
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Now, we establish the if part of the equivalence stated in Claim 6.9.E. By induction
on the number of moves i > 0, we show that p =¢ . f, where f € F, in M implies
(p), (pr') € F'.

Basis. Let i = 0, so p={,,, fin M. Then, p = f. Clearly, (f9), (fI') € F', as (¢7), (¢") €
F'forall g € F. Fori =1, p=-L,, f never occurs in M because, by Definition 6.1, every
even computation is supposed to have an even number of moves. However, p =1  f has

even
one move. Therefore, the basis holds true.

Induction Hypothesis. Assume that the implication holds for all computations consisting of
no more than j moves in M, for some j € N.

Induction Step. Consider any computation of the form p éﬂjﬁn fin M with f € F. Let
this computation start with the application of two consecutive rules of the forms

p—qgand ¢g—o
from R, where o,q € Q. Thus, we can express p :>];{;2n f as
P=q= 0= |

in M. Clearly, by the induction hypothesis, (09), (or') € F’. Since (09), (o) € F’ and
p—q,q — o € R, step (5) adds (p7) and (pr") to F’. Thus, the induction step is completed,
and Claim 6.9.E holds.

Based on Claims 6.9.A, 6.9.B, 6.9.C, 6.9.D, and 6.9.E, given above, we can conclude
that for all u,v € ¥* and p,q € Q, u(pN)v =%, (¢7) or u(pr)v =% ., (¢") in M’, where
(q9),(qr) € F', iff there is f € F such that upv =%,,, ¢ =%, f in M. Considering this
equivalence for p = 5, u(s v =%, (@) OF w(SP)0 =4y, (a) in M, where (g), (") € F',
iff there is f € F such that usv =%,,, ¢ =5, [ in M. As follows from the construction
technique, M’ starts every computation from its initial state s’, from which the same moves
can be made as from the states (s7) and (sr’). In other words, M’ starts each computation
using either a rule of the form as’ — t, for which a(s9) — ¢’ € R/, or a rule of the
form s'a — t/, for which (sP)a — t' € R/, where a € ¥ and ¢ € @Q'. Consequently,
us'v =%, (¢7) or us'v =%, (¢") in M', where (¢9), (¢”) € F’, iff there is f € F such
that usv =%, ¢ =%, f in M. Hence, L(M')cyen, = L(M) even-

Obviously, L(M')eyen, € L(M') follows directly from the definition of even computation.
The opposite inclusion, L(M') C L(M')cyen, follows directly from the construction tech-
nique above. Indeed, for each state of M’ except s’, according to the construction of R/, all
moves that lead to it read symbols in one direction, while all moves that can be performed
from it read symbols in the opposite direction. From s, both left moves and right moves

can be made, as no move ever leads to this state. Therefore, Lemma 6.9 holds. ]

To illustrate the technique from the proof of Lemma 6.9, we provide the following
example.

Example 6.10. Consider the IE2GFA

M = ({87 a1, 42, f}7 {a7 b, c, d}a R, s, {f})>
where R contains the following six rules (see Figure 6.2):
§ — 41, (mf_“]% fdd_>q2a

Q1_>f) q2bb—>f7 CCQ2—>f-
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r,dd
(=) __1»)

r,bb

9, ce

Figure 6.2: State diagram of the IE2GFA M from Example 6.10.

Clearly, L(M)cpen, = {a®"b*",c?"d?*™ | n > 0}. Next, we apply the technique from the proof
of Lemma 6.9 to M. However, since this technique introduces many unreachable states into
the resulting automaton, we omit them from its definition for simplicity. This gives us the

e-free IE2SFA
M' = (Q' {a,b,c,d}, R, s {(f),(fr),s'}),

with Q" = {s', (f9), (afbb7), (afb), (fb1), (fT), (ccfdr), {cfdr),{cfT)} and R’ consisting of

the following rules (see Figure 6.3):

as’ — (afbb1), s'd — (ccfdr),
(afbb)b — (afb9), cleefdry — (cfdry,
alafb) — (fb9), (cfdr)yd — (cfr),
(BB = (F), elefr) = (f7),
a(fq) — (afbb9), (fryd — (ccfdr).

Figure 6.3: State diagram of the e-free IE2SFA M’ from Example 6.10.
On the string cccedddd, which M accepts by the even computation

cceesdddd = ceceqrdddd = ceccfdddd = ceceqadd = cefdd = ceqo = f,
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M’ performs the even computation

ceees'dddd = ccec{cefdryddd = ceclefdr)ddd = ccc(cfr)dd = cc(fT)dd
= cc(cefdryd = c(cfdr)d = c(cfr) = (fT).

Observe that L(M') = L(M') eyen = L(M) cven-
Theorem 6.11. [EQGFj¢eUen = IEQSFA(PS'U@TL'

Proof. 1posra®even C 152cFAPeven follows directly from the definition of an e-free IE2SFA
(see Definition 4.5). 1pocri®Peven € mogra Peven follows from Lemma 6.9, so this theorem
holds. O

Lemma 6.12. For every IE2GFA M, there is an IE2GFA M’ such that L(M)init-cven =
L(M) even -

Proof. Let M = (Q,%, R, s, F') be an IE2GFA. Without any loss of generality, assume that
s' ¢ Q. Clearly, the IE2GFA

M =(QuU{s}, X, RU{s — s},8, F).
satisfies L(M")init-even = L(M ) cyen, s0 Lemma 6.12 holds. O

Theorem 6.13- IEQGqu)even C IEQGqu)init-even-

Proof. 1pocri®Peven C 1pocriPinit-cven follows directly from Lemma 6.12. Next, we prove
that poapiPinit-cven \ 1520riPeven # @. Consider the language K = {a}. Clearly,
the IE2GFA

M = ({s, f},{a}, {sa = f},s,{f})

satisfies L(M )init-even = K. However, by Theorem 6.7, there is no IE2GFA M’ such
that L(M/)even = K, so K € ]EQGqu)imt—even \ [EQGFj(I)even- Hence, ]EQGF,i@even C
[EQG’F,Z(I)init—even~ O

Lemma 6.14. For every IE2GFA M = (Q,%,R,s, F'), there exists an IE2SFA M’ =
(Q, %, R, s, F") such that

(i) € R' implies rhs(r) # &, |lhs(r)

= 1 implies lhs(r) = ¢, and s’ ¢ F”;
(11) L(M/) = L(M/)init—even = L(M)imt—even-

Proof. Let M = (Q,%, R, s, F) be an IE2GFA. From M, we construct an IE2SFA M’ =
(Q',2, R, ¢, F') satisfying the properties of Lemma 6.14. Let M = (Q, Y, R, §,}3’) be the
e-free IE2SFA constructed from M by the technique described in the proof of Lemma 6.9.
Recall that L(M) = L(M)even = L(M)epen and (g9, (¢) € Q for all ¢ € Q. Introduce
a new symbol s’—the start state of M’. Set Q = {{zqy) | ¢ € Q, 7,y € ¥*,1 < |z| + |y| <
k —1,abs(|z| — |y|) < 1}, where k = max{|lhs(r)| | » € R}. Without any loss of generality,
assume that QNQ =@ and & ¢ QU Q. Set Q' = (Q\ {8}) UQU {s'} and F' = F'\ {5}.
Initially, set R = R\ {a8 — ¢,8a — ¢ | ¢ € Q,a € ¥}. Then, extend R’ in the following
way:

(1) for each rule of the form as — ¢ or sa — ¢ from R, where a € ¥ U {e} and ¢ € Q,
add both s'a — (¢7) and s'a — (¢7") to R/;
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(2) for each rule of the form a;j ...anapt1...a2,8 = q Or Sa7...aRAR1] - .. A2y — q from
R, where g € Q, a; € 3,1 <i <2n, and n > 1, extend R’ by adding

s = {a1...anqant1 ... a2n),
anay ...anqany1 ... a2n) — (a1 ... Qp—1qani1 - .. a2p),
(@1...0n-1qQn41 ... G2p)Ant1 — (A1 ... Ap_1GAn42 . .. A2n),
Ap—-1(a1 ... Qp—1qani2 ... a2n) — (A1 ... Qp—2qAni2 ... a2,),

(qazn)az, — (q9)

<a1 . ApqQnyq - a2n>an+1 — <a1 .
anay ...anqania ... azm) — (a; .

(aj .

<CL1 c Qp—19an42 . .. a2n>an+2 — (a1

)
A Qn42 . .. A2n),
e Qp—1QAn42 - . . A2,

p—1GQn43 - .. A2p),

ar(a1q) — (qr);

(3) for each rule of the form ag...anant1-..a2,8 — q OF Saq ... ARAR11 - - - G2y — ¢ from
R, where g € Q, a; € 3,0 < i < 2n, and n > 1, extend R’ by adding

san — (ag...an_1qany1 - . . azy),
ap—1{ag . ..ap—1q0p+1 ... a2,) = (@0 ... Ap—2qQn41 - .. a2p),

(ag ... ap—2qani1 ... a2n)an+1 — (Ag ... Ap—2qan42 .. . a2,),

<q(12n>a2n — <q<—|>a
(ag ... ap-1qan41 ... a2n)an+1 — (Ao ... Ap—1qan42 . . . a2n),

an—1{ag . ..ap—1qap+2 ... a2,) — (@0 ... Ap—2qani2 ... a2,),

ao(aoq) — (qr).

Basic Idea. M’ simulates any initialized even computation in M by a sequence of moves,
the first of which reads at most one symbol, while all the remaining moves read exactly
one symbol at a time and can, in fact, always be made in such a way that they form an
even computation. To explain step (1), simply assume that M performs the first move of
an initialized even computation according to a rule of the form as — ¢ or sa — ¢, where
g € Q and a € X. Then, this step introduces s'a — (¢‘7) and s'a — (¢I") into R’. Clearly, by
applying one of these rules, M’ simulates the first move of the initialized even computation
in M. Notice that both of the newly introduced rules, s'a — (¢9) and s'a — (q'), are
right because, by the definition of initialized even computation, there are no restrictions
based on the direction of the first move of this computation. To explain step (2), assume
that M performs the first move of an initialized even computation according to a rule of
the form ay ...anap41 ... 0205 = q O saj...apGp41 - .. a2n — q, where ¢ € @ and a; € X,
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1 < i < 2n, for some n > 1. Consider the sequence of rules introduced into R in step (2).
Observe that once M’ applies its first rule, it has to continue by applying the rules from
this sequence until it reaches either the state () or (¢r"). During this process, M’ reads
the string aj ...anany1 ... a2, Thus, the first move of the initialized even computation
in M is simulated. Notice that the first rule, s — (aj...anqan41...a2,), is an e-rule.
This is because the sequence aj ... apan11 - .- a2, contains an even number of symbols, but
any initialized even computation always consists of an odd number of moves. Step (3)
is analogous to step (2), except that the first rule of the introduced sequence is of the
form s'a, — (ag...an—1qan+1-..a2,), where ¢ € Q and a; € X, 0 < i < 2n, n > 1, as
ag - .. GpQny1 - - - G2p consists of an odd number of symbols. The rest of an initialized even
computation in M, more precisely, its even part, is simulated by M’ in the same way as by
M (for details see the proof of Lemma 6.9).

Now, we establish L(M")init-even = L(M )init-even formally. From the proof of Lemma 6.9,
it follows that for all p,q € Q and u,v € ¥*, u(gNv =%,., (p7) or u(gryv ==, (pr) in
M', where (p9), (pr') € F', iff there is f € F such that ugv =%,., P =%en f in M. Then,
according to steps (1), (2), and (3) of the construction technique of M’, the following holds:

(i) us’av = u{qgNv =%, P or us'av = u(ql)v =%, (Pr) in M’', where (p9), (pr) €
F’, iff there is f € F such that uasv = uqu =%, p =%, [ Or usav = uqu =%, ..
P =% [ In M, where a € ¥ U {e};

even

(i) for all n > 1,

/
UAY . .. QS Apg] - - A2V = UAT .« . . Ap (A1 . . . QpGAp4] -« - Q20 )Gt - - . A2,V
= Uay ... Gp—1{aA1 ... Ap—1GAn41 - - A2 )t - - - A2V
= Uay ... Gp—1{QA1 .. Ap—1GAn42 - . - A2 )2 - - . A2V

= Uay ... Gp—2(a1 ... Ap—2GAn42 . . . A2 )Ant2 - . . A2V

*
= u(qagn)az,v = u(qgNv =7,., (p7)
or
/
UAY .. QS Apg] « - - A2V = UAT .« . Ap (A1 . . . ApQQpi] - - Q20 )Gyt ] - - - A2V
= Uy ...ap{ay ...apqan42 .. . G21)0An+2 . . . A2,V

= UAT .. p—1{(A1 ... Ap—1QQn42 . . A2 ) Apt2 - - . A2V

= UAT ... Op—1{(A1 ... Ap—1QQn 43 . .. A2 ) Apt3 - . . A2V

= uay <a1Q>v = u<q|—>>v :>Z'uen <p|—>>

in M', where (p9), (pr') € F', iff there is f € F such that

*
even

forusay...amv = uqU =guen P = even |

*
UAT . .. A2 SV => UGV = pop P = cven

in M, where a; € ¥, 1 <1 < 2n;
(iii) for all n > 1,

/
UAQ .« . Ap—18 A « . . A2V = UAQ - - . Ap—1{GQ - . . Ap—1qAp+t1 - - . A2 ) Ayt ] - - - A2V

= Uag ... ap—2(ag ... Ap—2qQni1 ... A2 ) Apt] - - . A2V
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= Uag ... ap—2{(ag ... Ap—2qQn42 ... A2 ) Apt2 - . . A2V

= u<qa2n)a2nv = u(q“l)v :>>2ven <p<—|>
or
uag . .. ap_18ap ... a2pV = Uay ... ap-1ag . . . Ap_1qAni1 - - - A2,)Apt1 - - - A2V

= UAY ... p—1{(A0 . . . Ap—1QAn42 . . . A2 ) Ayt - - . A2V

= UAT ... Gp—2(A0 ... Ap—2QQn12 ... A2 ) Apt2 - . . A2V

= uap{apq)v = u(qr)v =4,en (OF)
in M', where (p9), (pr') € F', iff there is f € F such that
UAQ - . . A2 SV = UGV = or D = epen | OF USAQ . . . Q20 = UGV =500 D = oven |
in M, where a; € ¥, 0 <17 < 2n.

Clearly, from states of the forms (¢9) and (gr"), where ¢ € Q, M’ can only make left moves
and right moves, respectively. Thus, by the definition of initialized even computation, we
can express the previous equivalences as follows:

(i) us'av =%, cpen (P7) or us’av =% ., . (pr) in M', where (p9), (pr') € F’, iff there is
f € F such that uasv =7, coen P = tven [ Or usav =7 .. . p =% . fin M, where
a€XU{e};

(ii) for all n > 1,

/ *
init-even <p(—|> Or UAY .. .ApS Ant1 - - - A20V = init_cven (pl—)>

in M’, where (p9), (pr") € F', iff there is f € F such that

ua . .. ans/anH . AoV =

* * * *
UQy - .- 2n 8V = ipitcven P = cven f OT USAL ... A2nV = jnst_even P = cven f
in M, where a; € ¥, 1 <17 < 2n;

(iii) for all n > 1,

/ * / *
UAQ « . Ap—18 Ay + - Q200 =it even (PT) O UAQ . .. Ap—18 A . . Q200 =1t cven (D7)

in M’, where (p9), (pr') € F', iff there is f € F such that

* * * *
uag - - - A28V = init_cven P = cven f OT USA( - - - A2nV = jnst_cven P = even f

in M, where a; € ¥, 0 < i < 2n.

Based on the above information, we can safely conclude that for all wi,ws € ¥* and p € Q,
wis'wy =% cven (D) or wis'we =%, o (pF), where (p9), (pr') € F', iff there is f € F
such that wisws =% . cvon P = ven J i M. Hence, L(M")init-cven = L(M ) init-even-
Obviously, L(M")init-even € L(M'). Observe, however, that by the construction of M,
there is no w € ¥* such that w € L(M')\ L(M")init-even, 80 also L(M") € L(M')init-even- In
addition, notice that s’ can never occur on the right side of any rule, that every e-rule always
has s’ on its left-hand side, and that s’ can never be a final state. Therefore, Lemma 6.12

holds. O
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The next example demonstrates the construction technique described in the previous
proof of Lemma 6.14.

Example 6.15. Consider the e-free IE2GFA

M = ({3,q7 f}y{% b7 C},R,S,{f})

with the following five rules in R (see Figure 6.4):

as — f, fb—q,
scc — f, bq — f,
cbes — f.
9%a
r,cc Pb
O==0W0
9b

Figure 6.4: State diagram of the e-free IE2GFA M from Example 6.15.

Now, we apply the technique from the proof of Lemma 6.14 to M. Note that, as in
Example 6.10, we do not list the unreachable states of the resulting automaton for simplicity.
Thus, we obtain the IE2SFA

M' = ({s', (cfe), (fe), (ef), (f N, (f7), (bf)} {a, b, e}, R 8" {(F), (F)})

with R’ containing the following rules (see Figure 6.5):

s'a— (f7), s = {(cfe), clefe) = (fe),  clef) = (fT), (Mo —(bfT),
sa — (fr), s'b — (cfe), (cfe)ye — (cf), (feye — (f), b(bfr)y — (f).

r,c

Figure 6.5: State diagram of the IE2SFA M’ from Example 6.15.
Consider the string bbcbebb, which M accepts by the initialized even computation

bbcbesbb = bbfbb = bbgb = bfb = bq = .
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M’ accepts this string by the initialized even computation

bbes'bebb = bbe(cfc)cbb = bbe(cf)bb = bb{fr)bb = bb(bfT)b = b{fT)b = b{bfT') = (fT').
Observe that L(M') = L(M")init-even = L(M )init-cven = {0"xb" | x € {a, cc, cbc},n > 0}.
Theorem 6.16. ;55051 Pinit-cven = 1R2grA Pinit-cven -

Proof. The inclusion ;5595 Pinit-cven € p2g i Pinit-even i obvious. The opposite inclusion,
152cEAQinit-cven. C 1pogrd Pinit-even, follows from Lemma 6.14. O

Theorem 6.17. ;po5p4 Pinit-cven C oqqP-

Proof. According to Definition 6.1, each initialized even computation consists of an odd
number of moves. Therefore, no e-free IE2SFA can ever accept any even-length string in
this way, since it always reads exactly one symbol per move. Consequently, each language
in ;pogpa Pinit-even consists of odd-length strings only, S0 pogma Pinit-cven C »gq P- ]

From Theorems 6.7 and 6.17, we obtain the following corollary.
COI‘OHaI‘y 6.18. IEQGqu)even ﬂ IEQSFA(bZnZt-e'UCn = Q.

Theorem 6.19. ;5554 Pinit-cven C [EgSqu)init—even-

Proof. Clearly, jpogpaPinit-cven C 15ogid Pinit-cven. Next, we show that this inclusion is
proper. Consider the language K = {e}. Clearly, K € ;5574 Pinit-even. However, as follows
from Theorem 6.17, there is no e-free IE2SFA M satisfying L(M )nit-even = K. Therefore,
152574 Linit-even \ 1mosrA Linit-even 7 &, and Theorem 6.19 holds. O

Theorem 6.20. ;55554 Pinit-cven is incomparable with any of these families of languages—
®, ;,®, and ., P.

sing

Proof. Let L € 1pogpa®init-cven- By Theorem 6.17, 2 € L implies that |z| is odd, so

{aa} ¢ 1pospaPinit-cven. However, {aa} € sing®- Clearly, {a} € 1posra Pinit-even N 550y @ and
{a™bc™ | n > 0} € 1pogpaPinit-cven \ sing®- Thus, 15o5p Pinit-even and g, ® are incomparable.
The rest of this proof proceeds analogously. O

Lemma 6.21. For every IE2GFA M, there is an e-free IE2SFA M’ such that L(M') =
L<M/)alt - L<M)init—even~

Proof. Let M = (Q,%, R, s, F) be an IE2GFA, and let M = (Q, X, R, 3, F) be the IE2SFA

constructed from M by the technique from the proof of Lemma 6.14. Recall that L(M) =
L(M)init-even = L(M)init-even, 7 € R implies rhs(r) # 8, |lhs(r)| = 1 implies lhs(r) = §, and

§ ¢ F. Next, we construct the e-free IE2SFA
M'=((Q\{3) U{s'}, 2 R &, F),
where s’ ¢ Q,

R =(R\{3a—q|,qeQ,aecTu{e}})
U{as’—>q,s'a—>q\§a—>q€f1’,q€@,a€2}
Ufas' = q|8—=pap—qeR,pqgeQ,aecX}
U{s’a—>q]§—>p,pa—>q€f%,p,q€@,a€2}
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and X X X
[ ITU{s’} ift{feF|s— feR}#0,
F otherwise.

Note that the construction of M implies that there are no rules of the form as§ — ¢ in JA%,
where ¢ € Q and a € X, so we do not need to consider them in the construction of R'.
Observe that L(M') = L(M") 4 = L(M ) nit-even- Therefore, Lemma 6.21 holds. O

Lemma 6.22. For each e-free IE2SFA M, there is an IE2SFA M’ such that L(M')init-even =
L(M) .

Proof. Let M = (Q,%, R, s, F') be an e-free IE2SFA| and let Q = {{gM,{qr) | ¢ € Q}.
Without any loss of generality, assume that Q N Q =gand s ¢ QU Q Now, construct
the TE2SFA

M =(QUQU{s'}, S, R, s, F'),

where

R =RuU{sa— (p) |as - p€ R,p€ Q,a € X}
U{s'a— (p9) |sa —peR,peQ,ac}
U{(ria—qlpa—qcR,pqcQacX}
U{a(pT) = qlap = g€ R,p,qcQ,acX}
u{s’ — s}

and F' = FU{{(f9,(fr) | f € F}. Observe that L(M")init-even = L(M)q;. Hence,
Lemma 6.22 holds. O

Theorem 6.23. ;50054 Pinit-cven = 152574 Pait-

Proof. 1pocri®Pinit-cven C gogpaPan follows from Lemma 6.21. The opposite inclusion,
[EQSFA¢alt - ]EQGFj@init-eveny follows from Lemma 6.22. L]

6.3 Equivalence with Even Linear Grammars

This section demonstrates that the computational power of IE2GFAs working under ini-
tialized even computation is the same as the generative power of ELGs.

Lemma 6.24. For every IE2GFA M, there is an ELG G such that L(G) = L(M)init-even-

Proof. Let M = (Q,%,R,s,F) be an IE2GFA. From M, we next construct an ELG
G = (N,T,P,S) such that L(G) = L(M)init-even- Introduce a new symbol S—the start
nonterminal of G. Set N’ = {(qd) | ¢ € Q,d € {9,r}}. Without any loss of generality,
assume that S ¢ N'. Set N = N'U{S} and T'= X. P is then constructed as follows:

(1) for each f € F,add S — (f9) and S — (fT") to P;

(2) for each rule of the form zs — q or sz — ¢ from R, where ¢ € Q and z € ¥*, add
(¢7) = z and (¢r') — = to P;

(3) for each xq — p,py — o € R, where 0,p,q € Q, z,y € ¥* and |z| = |y|, add
(09) — x(¢My to P;
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(4) for each qy — p,xzp — o € R, where 0,p,q € Q, z,y € ¥X* and |z| = |y|, add
(ory — x(q")y to P;

Basic Idea. G simulates any initialized even computation of M in reverse. It starts by
generating a nonterminal of the form (f9) or (fr") with f € F, which corresponds to a final
state (see step (1)). After this initial derivation step, G simulates every two-move even
computation made by M according to two consecutive rules of the forms zqg — p and
py — o, where o,p,q € @ and x,y € ¥*, by using a rule of the form (09) — z(¢%)y (see
step (3)). Notice that the first rule, g — p, is a left rule. Step (4) is analogous to step (3),
except that the first of the two consecutive rules is a right rule. As can be seen, if the even
part of an initialized even computation in M starts with a left rule, it is simulated in G
by a derivation over nonterminals of the form (¢), where ¢ € Q; otherwise, it is simulated
by a derivation over nonterminals of the form (¢r") with ¢ € ). The simulation process is
completed by applying a rule of the form (¢9) — = or (¢I') — z, where ¢ € @ and x € ¥*.
Thus, the symbol sequence read by the first move of an initialized even computation in M
is generated, and a string of terminals in G is obtained (see step (2)).

Let us now establish L(G) = L(M)nit-even formally. We start by proving the following
two claims.

Claim 6.24.A. For all u,v € ¥* and p,q € Q,

(@) =" u(pTv in G iff upv =7%,,,, ¢ in M,

even

*

where upv =%,

., ¢ starts with a left move (unless it is an empty sequence of moves).

Proof of Claim 6.24.A. First, we establish the only-if part of this equivalence. By induction
on the number of derivation steps ¢ > 0, we prove that (¢7) =" u(pT)v in G implies that
there is upv =%,.,, ¢ in M that starts with a left move (or consists of no moves).

Basis. Let i = 0, so {¢) = u(p9)v in G. Then, ¢ = p and uv = ¢. Since ¢ =9,.,, ¢ in M,
the basis holds true.

Induction Hypothesis. Assume that the implication holds for all derivations consisting of
no more than j steps, for some j € Np.

Induction Step. Consider any derivation of the form (g7) =J*! w(p9v in G. Let this
derivation start with the application of a rule of the form

(¢) = z(0My
from P, where o € Q, z,y € ¥*, and |z| = |y|. Thus, we can express (¢7) =7+ u(p9)v as
() = 20Ny =7 zu/ (pI)v'y

in G, where zu' = u and v'y = v. By the induction hypothesis, v'pv’ =%,.,, 0 in M, and
this computation starts with a left move (or consists of no moves at all). Step (3) constructs

(¢ — z(0My € P from two consecutive rules zo — t,ty — q € R, for some t € @, so
xu'pv'y =% ., xoy =ty = q

in M. Since zu’ = u, v'y = v, and |z| = |y|, taking into account the properties of
u'pv’ =%, 0, it follows that upv =%, ¢ in M. As we can see, upv =%, ¢ starts with

a left move. Thus, the induction step is completed.
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Next, we establish the if part of the equivalence stated in Claim 6.24.A. By induction
on the number of moves i > 0, we prove that if there is upv =%, . ¢ in M that starts with
a left move (or consists of no moves), then (¢9) =* u(pT)v in G.

Basis. For i = 0, upv =Y,,,, ¢ occurs in M only for p = ¢ and uv = ¢. Clearly, (¢7) = (¢%)

in G. For i = 1, upv =1, ¢ never occurs in M, since, by Definition 6.1, every even
computation is supposed to have an even number of moves; however, upv =1, .. ¢ has one
move. Thus, the basis holds true.

Induction Hypothesis. Assume that the implication holds for all computations consisting of

no more than j moves, for some j € Np.

Induction Step. Let upv :>J;,re2n q in M, and let this computation end with the application

of two consecutive rules of the forms
ro — tand ty — q
from R, where o,t € Q, z,y € ¥*, and |z| = |y|. Express upv =32 g as

xu'pv'y :>7;U€n oy = ty = q
in M, where xu' = v and v’y = v. Observe that u'pv’ —J . o starts with a left move (or
consists of no moves at all). Thus, by the induction hypothesis, (09) =* v (p7)v’' in G.
From xo — t,ty — q € R, step (3) constructs (¢9) — z(0%)y € P, so G can make

() = x{0%)y =" zu/ (pNy.

Because zu’ = u and v'y = v, it follows that (¢7) =* u(pT)v in G. Thus, the induction step
is completed, and Claim 6.24.A holds.

Claim 6.24.B. For all u,v € ¥* and p,q € @Q,

(") =" u(pr)v in G iff upv =7,,,, ¢ in M,
where upv =%, ¢ starts with a right move (unless it is an empty sequence of moves).
Proof of Claim 6.24.B. This can be proved analogously with the proof of Claim 6.24.A.

As a consequence of Claims 6.24.A and 6.24.B, for all u,v € ¥* and p,q € @, we have
(¢7y =" u(pT)v or (¢r) =* w(pr)v in G iff upv =%, ¢in M. As follows from the above
construction technique, G starts every derivation by applying a rule of the form S — (fd),
where f € F and d € {9,7}, and ends it by applying a rule of the form (pd) — z, where
pE€Q, e X and d € {1,I}, constructed from s — p € R or sx — p € R by step (2).
Consequently, S = (f7) = u(pT)v = uzv or S = (fr) =" w(pr)v = urv in G iff
UTSV = UPV =5y, [ OF usTv = upv =%, f in M. Hence, by the definition of initialized
even computation, S = (f7) =" u(pTv = uzrv or § = (fr) =" u(Pr)v = wrv in G
iff ursv =7 . cpen foOr uszv =% o f in M. As a result, L(G) = L(M)init-even, SO

Lemma 6.24 holds. O

The technique used in the previous proof of Lemma 6.24 is illustrated in the following
example.
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Example 6.25. Consider the IE2SFA

M = ({S, q1, 92, f}v {CL, b}v R, s, {f})v

where R consists of the following rules (see Figure 6.6):

5 = q1, aqr — qi, Q@ — q2, af — f,
sa — qi, Qa — qi, @ — f, fo—f.

Observe that L(M)nit-even = {a™b™ | 0 < n < m}. Indeed, under initialized even compu-
tation, M first moves from s to g1, reading € or a. Then, it reads an arbitrary even number
of as, the same number in each of the two directions. Finally, M reads an equal number of
as to the left and bs to the right.

9%a
r a r.b

ROENORNORNO

Figure 6.6: State diagram of the IE2SFA M from Example 6.25.

From M, the construction technique from the proof of Lemma 6.24 produces the ELG

G = ({S’ <f(—|>7 <f|—)>7 <QI<—|>7 <QI|—)>7 <q2ﬁ>, <Q2r)>a <3<_]>7 <S|—>>}7 {a7 b}7 P7 S)

with the following rules in P:

S = (f, (fN = Aar), (1) — e, (g21) = (s),
S = (fr), (fr) = Aal), (air) — e, (gal’) = (sl),
(f1) = alfN0, (@17) = a{g1Na, (1) — a, (1) — a(sr)a,
(f7) = al(fr)b, (@a1r) = a{@iM)a, (ir) —a

As we can see, G starts each derivation by rewriting S to (fd), for some d € {7,'}. After
this initial derivation step, G continues by generating an equal number of as to the left and
bs to the right by repeatedly replacing (fd) with a(fd)b. Then, it rewrites (fd) to (q1d)
and generates any even number of as by repeatedly replacing (q1d) with a(q1d)a. Finally,
G rewrites (g1d) to either € or a. Clearly, L(G) = L(M)init-even-

For instance, for the initialized even computation

aaasaabb = aaaqiabb = aaaqibb = aaq1bb = aaqbb = aafbb = aafb = afb=af = f
in M accepting the string aaaaabb, the corresponding derivation in G is
S = (fr) = a(fr)b = aa(fr)bb = aa{q:1")bb = aaa{qi")abb = aaaaabbd.

Lemma 6.26. For every ELG G, there is an IE2GFA M such that L(M)init-cven = L(G).

44



Proof. Let G = (N, T, P,S) be an ELG and M = (Q, %, R, s, F') be an IE2GFA constructed
from G using the technique described in the proof of Lemma 5.3. Recall that F' = {S}. As
follows from the proof of Lemma 5.3, uszv = uCv =* S in M iff S =* uCv = uzvin G
for all C' € N and u,v,z € T*. According to the technique used for the construction of
M, for each A — zBy € P, where A,B € N and z,y € T*, there are two consecutive
rules B — (A — zBy), (A — zBy)y — A € R, which are always applied one immediately
after the other in the given order. Thus, uCv =* S consists of an even number of moves
and is alternating, so uCv =%, S. Furthermore, since G is even, |z| = |y| always holds;
hence, uCv =7, S is an even computation, so uCv =7 S. Consequently, uszv =

even

uCv =7%,,, Sin M iff S =* uCv = uzv in G. Hence, by the definition of initialized even

computation, uszv =7 ., .S in M iff S =* uCv = uzv in G, s0 L(M)init-cven = L(G).
Therefore, Lemma 6.26 holds. [

Theorem 6-27- [EQGF,Z(I)im't—even — ELGE .
Proof. The inclusion ;poapi®Pinit-cven € gr&® follows from Lemma 6.24. The inclusion
e ® C 15ocri Pinit-even follows from Lemma 6.26. Hence, the theorem holds. O

6.4 Summary

Figure 6.7 summarizes the achieved results concerning the computational restrictions of
input-erasing two-way finite automata studied in this chapter.

£ _ IS5 _ IS5
Lc?® [ 122GFA® = 1525rA® ]z[ 1526FA®ait = 1R257APalt }

\

;
/ \ € _ EH . .
7 ELG(I) N {[EQGFA(I)im't—even - IEQSFA‘I)WU-BWGTL [EQSFA(I)alt
N N \
\

/ - N
. - N
L N

€ _
[IEQGFA(I)EUBH - IEQSFACDGWTL}

PRERZ
1

-7,
R
- R

\
N

Figure 6.7: Relations between the language families of computationally restricted IE2GFAs
and TE2SFAs and some other language families. A double line denotes equality, a solid
arrow denotes proper inclusion, and a dash-dotted line denotes incomparability.
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Chapter 7

Input-Related Restrictions

This chapter studies input-related restrictions of IE2GFAs. More specifically, it investigates
the accepting power of these automata working under the assumption that their input
strings or their parts belong to languages from some prescribed language families, such as
the regular and linear language families. Theorems 7.1 and 7.2 show that regular-based
input restrictions give rise to no increase in the power of IE2GFAs. Theorems 7.3 and 7.4
demonstrate that regular-based input restrictions can even lead to a decrease in the power of
TE2GFAs to that of ordinary GFAs. These results are of some interest only when compared
to the investigation of similar restrictions placed upon other rewriting systems, in which
these restrictions give rise to a significant increase in their power. For instance, most
selective grammars with regular-based selectors, which restrict the rewritten strings, are as
strong as Turing machines (see Chapter 10 in [11] for a summary). In view of this increase
in power in terms of other rewriting mechanisms, at a glance, we might hastily expect
analogical results in terms of IE2GFAs, but the present chapter demonstrates that this is
not the case. Finally, however, in Theorem 7.5, we show that linear-based input restrictions
can increase the power of IE2GFAs.

Note that since ;550 ® = 152spa®, We can, without any loss of generality, work with
e-free IE2SFAs instead of IE2GFAs in Theorems 7.1 through 7.4.

Theorem 7.1. Let M = (Q, %, R, s, F') be an e-free IE2SFA, and let A, B C ¥* be regular.
Then, there exists an IE2SFA M’ such that

L(M') ={uv |usv =" fin M, f € F,u€ A,v € B},
so L(M') is linear.

Proof. Let M = (Q,%, R, s, F) be an e-free IE2SFA, and let A, B C ¥* be regular. Let
A = L(M;) and B = L(M,), where M; = (Qi;, %, R;, s;, F;) is an e-free SFA for all i €
{1,2}. From M, My, and M, we construct an IE2SFA M’ = (Q', X, R',s', F') such that
L(M'") ={uv |usv=* fin M, f € F,u € A,v € B}. Introduce a new symbol s'—the start
state of M’. Set Q = {{qq1q2) | ¢ € Q,q; € Qi,i € {1,2}}. Without any loss of generality,
assume that s’ ¢ Q. Set Q' = QU {s'} and F' = {(fs1f2) | f € F, fo € Fy}. Initially, set
R’ = @. Then, extend R’ by performing steps (1) through (3), given next.

(1) For each f; € Fy, add s’ — (sf1s2) to R'.
(2) For each ap — ¢ € R and gqia — p1 € Ry, where p,q € Q, p1,q1 € Q1, and a € X, add
a{pp1gz) — (qq1g2) to R’ for all g2 € Q2.
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(3) For each pa — ¢ € R and pea — g2 € Ry, where p,q € Q, p2,q2 € Q2, and a € 3, add
(pq1p2)a — (aq1q2) to R’ for all g1 € Q1.

Basic Idea. M’, in effect, works in a two-directional way. To the right, it simulates a com-
putation made by M and, simultaneously, a computation made by My (see step (3)).
To the left, it simulates a computation made by M and, simultaneously, a computation
made by M; in reverse (see step (2)). Consider step (1) to see that M’ accepts its input
if and only if all the three automata—M, M;, and Ms—accept their inputs as well, so
LM ={uv |usv="fin M,f € Fuec Ave B}

Let us now establish L(M') = {uv | usv =* fin M, f € F,u € A,v € B} formally. We
start by proving the following claim.

Claim 7.1.A. For all u,v € ¥*, p,q € Q, p1,q1 € Q1, and p2, g2 € Qo,
u(ppip2)v =* (qq1q2) in M" iff upv =* ¢ in M, qyu = p; in My, and pov =* g9 in My.

Proof of Claim 7.1.A. First, we establish the only if part of this equivalence. By induction
on the number of moves i > 0, we prove that u(pp1p2)v = {qq1q2) in M’ implies upv =* ¢
in M, ggu =* p1 in My, and pov =* g9 in Mo.

Basis. Let i = 0, so u(pp1p2)v = (qq1q2) in M’. Then, p = q, p1 = q1, p2 = ¢2, and uv = €.
Clearly, p =% p in M, p; =° p; in My, and py =0 py in My, so the basis holds true.

Induction Hypothesis. Assume that the implication holds for all computations consisting of
no more than j moves in M’, for some j € Ny.

Induction Step. Consider any computation of the form u({pp1p2)v =71 (gq1q2) in M. Let
this computation start with the application of a rule of the form

a(ppip2) — {001p2)

from R', where o € Q, 01 € Q1, and a € X. Thus, we can express u(pp1p2)v =71 (qq1¢2)
as

w'a(pprp2)v = v/ {001p2)v =7 (qq1q2)
in M’, where u'a = u. By the induction hypothesis, u'ov =* ¢ in M, gyu’ =* 01 in M7, and
pov =* g2 in Ms. Since step (2) constructs a{ppip2) — (0o1p2) € R’ from o1a — p1 € Ry
and ap — o € R,
vapy = u'ov =% ¢
in M and
qu'a =% oja = py

in M. Because v'a = u, upv =* ¢ in M and qiu =* p; in M.

In the case that the computation u({ppip2)v =7+ (gqiqe) in M’ starts with the appli-
cation of a rule of the form (pp1p2)a — (op102) from R, where o € Q, 03 € Q2, and a € X,
we can proceed analogously.

Thus, the induction step is completed.

Now, we establish the if part of the equivalence stated in Claim 7.1.A, so we show
that upv =% ¢ in M, quu =7 p1 in My, and pov =F ¢o in My, where j + k = 4, implies
u(pp1p2)v =* (qq1q2) in M’ by induction on the number of moves i > 0.

Basis. Let i =0,50j =0, k=0, upv =° g in M, qiu =° p; in My, and pov =0 g9 in Ms.
Then, p = q, p1 = q1, p2 = q2, and uv = €. Since (pp1p2) = (pp1p2) in M’, the basis holds
true.
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Induction Hypothesis. Assume that the implication holds for all computations consisting of
no more than [ moves in M, for some [ € N.

Induction Step. Consider any upv =1 ¢ in M, qyu =™ py in My, and pov =" ¢o in Mo,
where m +n = I. Let upv =1 ¢ in M start with the application of a rule of the form

ap — o
from R and qiu ="1! p; in M; end with the application of a rule of the form

o1a — p1

I+1

from Ry, where 0 € @), 01 € Q1, and a € 3. Express upv ='7" ¢ as

wapv = u'ov =1 q

in M and qyu ="' p; as
qu'a =" o1a = p

in My, where v'a = u. By the induction hypothesis, we have u'(0o1p2)v =* (¢q142) in M'.
From ap — 0 € R and o1a — p1 € Ry, step (2) constructs a{ppip2) — (0o1p2) € R’. Thus,
M’ makes

u'a{ppipa)v = u'(001p2)v =" (qq142)-

Since u'a = u, u(pp1p2)v =* (qq192) in M.

Next, consider any upv =1 ¢ in M, gyu =™ p; in My, and pyv =" ¢o in My, where
m~+n = . Let upv =1 ¢ in M start with the application of a rule of the form pa — o from
R and pov =" g9 in My start with the application of a rule of the form psa — 09 from
Ry, where 0 € QQ, 02 € Q2, and a € X. Then, proceed by analogy with the previous case.

Thus, the induction step is completed, and Claim 7.1.A holds.

Consider Claim 7.1.A for p = s, ¢1 = s1, and p2 = s9. At this point, for all u,v € ¥*,
q € Q, p1 € Q1 and g2 € Q2, u(sp1s2)v =* (¢s1q2) in M’ iff usv =* ¢ in M, syu =* py
in My, and sov =* g9 in Ms. As follows from the construction of R’, M’ starts every
computation by applying a rule of the form s’ — (sf1s2) with f1 € Fy. Consequently,
us'v = u(sfis2)v =* (gs1q2) in M’ iff usv =* ¢ in M, syu =* f1 in My, and sav =* ¢o
in M>. Considering this equivalence for ¢ = f and ¢o = fo, where f € F and fo € Fb,
we obtain us'v = u(sfisa)v =* (fs1f2) in M iff usv =* f in M, syu =* f1 in M, and
Sov =* fo in M. Recall that F' = {(fs1fe) | f € F,fo € Fy}. Therefore, L(M') =
{uv | usv =* fin M, f € F,u € L(M;),v € L(M3)}. Since L(M;) = A and L(M2) = B,
LM ={uv |usv =" fin M, f € F,u € A,v € B}, so Theorem 7.1 holds. O

Theorem 7.2. Let M = (Q,%, R, s, F') be an e-free IE2SFA, and let A C ¥* be regular.
Then, there exists an IE2SFA M’ satisfying

L(M") ={uv |usv =" fin M, f € F,uv € A},
so L(M') is linear.

Proof. Let M = (Q,%, R, s, F') be an e-free IE2SFA, and let A C ¥* be regular. Let A =
L(M), where M = (Q, Y, R, F) is an e-free SFA. From M and M, we next construct an
IE2SFA M' = (Q', %, R/, s', F') such that L(M') = {uv | usv =* fin M, f € F,uv € A}.
Introduce a new symbol s'—the start state of M’. Set Q = {{¢pq) | ¢ € Q,p,¢ € Q}.
Without any loss of generality, assume that s’ ¢ Q. Set Q' = Q U {s'} and F' = {(f5f) |
f €F, feF}. Initially, set R = @. Then, extend R’ by performing the following steps:
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(1) for each ¢ € Q, add ¢ — (s4q) to R;

(2) for each ap — ¢ € R and ga — p € R, where p,q € Q, p,G € Q, and a € %, add
a{ppo) — (qqo) to R’ for all 6 € Q;

(3) for each pa — ¢ € R and pa — ¢ € R, where p,q € Q, p,G € Q, and a € %, add
(pop)a — (q64) to R’ for all 6 € Q.

Basic Idea. As can be seen, M’ works in a two-directional way. To the right, it simulates
a computation made by M and, simultaneously, a computation made by M (see step (3)).
To the left, it simulates a computation made by M and, simultaneously, a computation
made by M in reverse (see step (2)). Considering step (1), observe that M’ accepts its
input if and only if both M and M accept their inputs, too, so L(M') = {uv | usv =*
fin M, fe€Fue A}

Complete this proof by analogy with the proof of Theorem 7.1. O

Theorem 7.3. Let M = (Q, %, R, s, F') be an e-free IE2SFA, A C X* be finite, and B C ¥*
be regular. Then, there exists an SFA M’ such that

L(M") ={uv |usv =" fin M, f € F,u € A,v € B},
so L(M') is regular.

Proof. Let M = (Q,%,R,s,F) be an e-free IE2SFA, A C ¥* be finite, and B C X* be
regular. Next, we construct an SFA M’ = (Q', 3, R', ', F') such that L(M') = {uv | usv =*
finM,feFuecAwve B}. Let n = max{|z| | z € A}. Let M = (Q,%, R, 5, F) be an
e-free SFA such that L(M) = B. Set Q' = {(z), (zqq) | z € ¥*,0 < |z| < n,q € Q,§ € Q},
s =(e),and F' = {(ff) | f € F,f € F}. R is constructed in the following way:

(1) for each (x), (za) € @', where x € ¥* and a € ¥, add (z)a — (za) to R/;
(2) for each z € A, add (x) — (xs§) to R';

(3) for each ap — ¢ € R and (zapq), (xqd) € Q', where p,q € Q, § € Q, a € ¥ and
x € ¥*, add (zapq) — (xqq) to R';

(4) for each pa — ¢ € R, pa — § € R, and (zpp), (vqd) € Q', where p,q € Q, p,§ € @,
and z € ¥*, add (zpp)a — (zqq) to R’

Basic Idea. M’ starts every computation by reading a string from the language A and
recording it into its current state (see step (1)). After this initial phase, M’ begins to
simulate computations made by M and M (see step (2)). All left moves made by M
are simulated by M’ exclusively within its states by successively erasing symbols from the
recorded string (see step (3)). All right moves made by M and, simultaneously, a computa-
tion made by M are simulated by M’ simply by processing the remaining part of the input
tape (see step (4)).

Next, we demonstrate L(M') = {uv | usv =* fin M, f € F,u € A,v € B} rigorously.
We start by proving the following claim.

Claim 7.3.A. For all u,v € £*, p,q € Q, and p, § € Q such that 0 < lu| < n,

(upp)v =* (qq) in M" iff upv =* ¢ in M and pv =* ¢ in M.
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Proof of Claim 7.3.A. First, we establish the only if part of this equivalence. By induc-
tion on the number of moves i > 0, we show that (upp)v = (qq) in M’ implies upv =*
q in M and pv =* ¢ in M.

Basis. Let i = 0, so {(upp)v = (¢¢) in M’. Then, p = ¢, p = §, and uv = . Clearly,
p="pin M and p = p in M, so the basis holds true.

Induction Hypothesis. Assume that the implication holds for all computations consisting of
no more than j moves in M’, for some j € Ny.

Induction Step. Consider any computation of the form (upp)v =71 (¢g) in M’. Let this
computation start with the application of a rule of the form

<u’ap}5> — <u’oﬁ>
from R’, where o € Q, u'a = u, and a € ¥. Thus, we can express (upp)v =771 (g4) as
<u’ap]§>v = <u'0]§>v =J (qq)

in M’. Since (vop)v =7 (g¢) in M’, by the induction hypothesis, u'ov =* ¢ in M and
pv =* ¢ in M. Step (3) constructs (v’ app) — (u'op) € R' from ap — 0 € R, so

wapy = uov =" ¢

in M. Since u'a = u, we have upv =* q in M.
Next, suppose that the computation (upp)v =711 (¢§) in M’ starts with the application
of a rule of the form
(uppya — (u00)

from R, where 0o € Q, 6 € Q, and a € ¥. Express (upp)v =11 (qq) as
(upp)av’ = (uod)v" =7 (qq)

in M’, where v'a = v. By the induction hypothesis, uov’ =* ¢ in M and 6v' =* ¢ in M.
Since step (4) constructs (upp)a — (uod) € R’ from pa — o € R and pa — 6 € R, it follows
that
upav’ = uov’ =* ¢
in M and
pav’ = ov' =* §
in M. Because av’ = v, upv =* ¢ in M and pv =% § in M.

Thus, the induction step is completed.

Now, we establish the if part of the equivalence stated in Claim 7.3.A, so we show that
upv ="' ¢ in M and pv =7 ¢ in M, where j < i, implies (upp)v =* (¢¢) in M’ by induction
on the number of moves i > 0.

Basis. Let i = 0,50 j = 0, upv =° ¢ in M, and pv = ¢ in M. Then, p=4q,p=4q, and
uv = €. Since (pp) = (pp) in M’, the basis holds true.

Induction Hypothesis. Assume that the implication holds for all computations consisting of
no more than k& moves in M, for some k € Ny.
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Induction Step. Consider any upv =**! ¢in M and pv =! ¢ in M, where | < k. Let
upv =F*1 ¢ in M start with the application of a rule of the form

ap — o
from R, where o € Q and a € ¥. Then, express upv =1 ¢ as
u'apy = u'ov =¥ ¢
in M, where v = «/a. Since u'ov =* ¢ in M and pv =! § in M, by the induction hypothesis,
(Wopyv =* (qq) in M'. From ap — o € R, step (3) constructs (v'app) — (u'op) € R', so
(u'app)v = (v'op)v =" (qq)

in M’. Because v'a = u, (upp)v =* (qG) in M’.
Next, consider any upv =**1 ¢ in M and pv =1 §in M with | < k. Let upv =Ft1
q in M start with the application of a rule of the form

pa — o
from R and pv ='*1 § in M start with the application of a rule of the form

pa — 0
from R, where 0 € Q, 0 € Q, and a € ¥. Express upv =1 ¢ as

upav’ = uov’ =¥ ¢
in M and pv =11 § as
pav’ = ov' =1
in M, where av’ = v. By the induction hypothesis, (uoo)v" =* (¢q) in M'. From pa — o €
R and pa — 6 € R, step (4) constructs (upp)a — (uod) € R, so
(upp)av’ = (uod)v” =" (qq)

in M’. Since av’ = v, (upp)v =* (q4) in M.
Thus, the induction step is completed, and Claim 7.3.A holds.

Considering Claim 7.3.A for p = s and p' = s, we see that for all u,v € ¥*, g € Q, and
G € Q such that 0 < |u| < n, (usd)v =* (¢g) in M’ iff usv =* ¢ in M and $v =* G in M.
As follows from the construction of R/, M’ starts every accepting computation by a sequence
of moves of the form (¢) =* (x) = (xs8), where z € A. Consequently, (g)v =* (u)v =
(uss)v =* (q¢) in M' iff usv =* ¢ in M, v =* ¢ in M, and u € A. Now, consider this
equivalence for ¢ = f and § = f, where f € F and f e F. That is, (e)v =* (u)v =
(uss)v =* <ff> in M’ iff usv =* fin M, 80 =* fin M, and v € A. Since F’ = {(ff> |
f e F, feF}, it follows that L(M') = {uv | usv =* fin M,f € Fu e A,v e L(M)}.
Thus, given that L(M) = B, we have L(M’) = {uv | usv =* f in M, f € F,u € A,v € B}.
Therefore, Theorem 7.3 holds. O

Theorem 7.4. Let M = (Q,%,R,s,F) be an e-free IE2SFA, and let A, B,C' C ¥* be
regular. Then, there exists an SFA M’ such that

LM ={v|usvw="fin M,f € F,u€ A,jv € B,w e C},

so L(M') is regular.
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Proof. Let M = (Q,%,R,s,F) be an e-free IE2SFA and A, B,C C ¥* be regular. Let
A= L(Ml), B = L(MQ), and C = L(Mg), where Mz = (Qi,zl‘,Ri,Si,Fi) is an e-free SFA
forall i € {1,2,3}. From M, M;, My, and M3, we construct an SFA M’ = (Q', X, R',s', F")
satisfying L(M') = {v |usvw =* fin M, f € F,u € A,v € B,w € C}. Introduce a new
symbol s'—the start state of M’. Set Q = {{gq1q2s31), (qq1f2q32) | ¢ € Q,q; € Qi €
{1,2,3}, fo € F»}. Without any loss of generality, assume that s’ ¢ Q. Set Q' = Q U {s'}
and F' = {(fs1f2f32) | f € F, f; € F;,i € {2,3}}. R’ is constructed by performing steps
(1) through (5), given next.

(1) For each f; € Fy, add s’ — (sf1s2s31) to R'.
(2) For each q € Q, q1 € Q1, and fo € Fy, add {(qq1 f2s31) — {(qq1 f2s32) to R'.
(

3) For each ap — ¢ € R and q1a — p1 € Ry, where p,q € Q, p1,q1 € Q1, and a € X, add

(pp1g2s3l) — (qq1qes31) and (pp1f2q32) — (qq1.f2432) to R for all g2 € Q2, g3 € Q3,
and fo € Fh.

(4) For each pa — ¢ € R and pea — g2 € Ry, where p,q € Q, p2,q2 € Q2, and a € 3, add
(pq1p2s3l)a — (qqiq2s31) to R’ for all 1 € Q1.

(5) For each pa — ¢ € R and psa — g3 € Rs, where p,q € Q, ps3,q3 € Q3, and a € X, add
(pq1f2p32) — (qq1f2432) to R’ for all 1 € Q1 and f3 € F>.

Basic Idea. M’ works in two phases. During the first phase, it simulates all right moves
made by M and, simultaneously, a computation made by M, by processing the input tape
(see step (4)). During the second phase, it simulates all right moves made by M and,
simultaneously, a computation made by M3, entirely without reading any input symbols
(see step (5)). In addition, during both of these phases, M’ simulates all left moves made
by M and, simultaneously, a computation made by M; in reverse, again, using only e-rules
(see step (3)). Finally, consider steps (1) and (2) to see that M’ accepts its input if and only
if M, My, My, and M3 accept their inputs as well, so L(M') = {v | usvw =* fin M, f €
Fue Ajve B,we C}.

To establish L(M') = {v | usvw =* fin M, f € F,u € A,v € B,w € C} formally, we
first prove the following two claims.

Claim 7.4.A. For allv € ¥*, p,q € Q, p1,q1 € Q1, and pa2, g2 € Qo,

xpv =% qin M,
(pp1p2s3)v =* (qq1q2s3l) in M’ iff there is x € X* such that { ¢y =* py in M;, and
p2v =* qo in Mo.

Proof of Claim 7.4.A. First, we establish the only if part of this equivalence. By induction
on the number of moves i > 0, we show that (pp1p2s31)v = (gq1g2s31) in M’ implies that
there is x € ¥* such that xpv =* ¢ in M, ¢1ox =" p1 in M7, and pev =* ¢o in M.

Basis. Let i = 0, so (pp1p2s31)v =9 (qq1gas31) in M’. Then, p = q, p1 = q1, P2 = q2, and
v=c¢. Clearly, p =" pin M, p; =° p; in My, and ps = py in My, so the basis holds true.
Induction Hypothesis. Assume that the implication holds for all computations consisting of
no more than j moves in M’, for some j € Ny.
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Induction Step. Consider any computation of the form (ppipas31)v =7+ (gq1qas31) in M.
Let this computation start with the application of a rule of the form

(pp1p253l) — (001p2ssl)
from R, where o € Q and 01 € Q1. Now, express (pp1p2s3l)v =771 (qq1q2531) as
(pp1p2ssl)v = (0o1p2ssl)v =7 (qqiqassl)

in M’. Since (001pas31)v =7 (qqiqes3l) in M’, by the induction hypothesis, 2'ov =* ¢
in M, ' =* o1 in My, and pov =* ¢2 in My, for some 2/ € ¥*. Step (3) constructs
(pp1p2ssl) — (0o1passl) € R’ from ap — o € R and o1a — p; € Ry, for some a € ¥, so

2apv = 2'ov =% ¢

in M and
qr’'a = o1a = p1

in M;. Hence, assuming that z = 2’a, we have xpv =* ¢ in M and ¢z =* p; in M.

If the computation (ppipessl)v =11 (gqiqas31) in M’ starts with the application of
a rule of the form (ppipassl)a — (op1o2s3l) from R', where o € Q, 02 € 2, and a € X,
proceed analogously.

Thus, the induction step is completed.

Next, we establish the if part of the equivalence stated in Claim 7.4.A. By induction
on the number of moves i > 0, we prove that xpv =’ qin M, qiz =7 py in M;, and
pov = g9 in Mo, where j + k = i, implies (pp1p2s31)v =* (qqiqes3l) in M,

Basis. Let i =0,50j =0, k=0, zpv = ¢ in M, g1z =° p; in My, and pov = g9 in Mo.
Then, p = ¢, p1 = q1, P2 = ¢2, and xv = &. Since (pp1paszl)v = (pp1p2ssl) in M’, the
basis holds true.

Induction Hypothesis. Assume that the implication holds for all computations consisting of
no more than [ moves in M, for some [ € Np.

Induction Step. Consider any zpv =1 ¢ in M, g1z =™ py in My, and pov =" g9 in Mo,
where m +n = I. Let xpv =1 ¢ in M start with the application of a rule the form

ap — o

m+1

from R and 1z = p1 in M7 end with the application of a rule of the form

o1a — p1
from Ry, where 0 € Q, 01 € Q1, and a € . Express zpv =11 g as
'apv = 2'ov = g

in M and gz =™ p; as
qz'a =" o1a = p

in My, where 2’a = z. By the induction hypothesis, (0o1p2ssl)v =* (qqig2s3l) in M.
From ap — o € R and oja — p1 € Ry, step (3) constructs (pp1passl) — (oo1p2ssl) € R/,
SO

(pp1p2s3l)v = (oo1p2ssl)v =" (qq1q2531)
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in M’. Therefore, (pp1p2ssl)v =* (qq1q2s31) in M’.

Next, consider any zpv =1 ¢ in M, g1z =™ py in My, and pov =" ¢ in My, where
m+n = [. Let zpv =1 ¢ in M start with the application of a rule of the form pa — o from
R and pov =" ¢y in M, start with the application of a rule of the form psa — 09 from
Ro, where 0 € Q, 02 € (Q2, and a € X. Then, proceed by analogy with the previous case.

Thus, the induction step is completed, and Claim 7.4.A holds.

Claim 7.4.B. For all q,0 € Q, q1,01 € Q1, fo € F5, and g3, 03 € Q3,
yqw =" o in M,
(qq1 f2q32) =" (001 f2032) in M’ iff there are y, w € X* such that < o1y =* ¢; in M;, and
qzsw =* o3 in Ms.
Proof of Claim 7.4.B. Prove this claim by analogy with the proof of Claim 7.4.A.

Observe that M’ starts every accepting computation by applying a rule of the form
s’ — (sf1s2831), where fi € F1, and also uses a rule of the form {(qq; foss1) — (qq1 f2532),
where ¢ € Q, ¢1 € Q1, and fy € Fy, at some point during each such computation (see
steps (1) and (2)). From these observations together with Claims 7.4.A and 7.4.B, it
follows that for all ¢,0 € Q, q1,01 € Q1, 03 € Q3, f1 € F1, fo € Fy, and v € X¥,
s'v = (sfisassl)v =* (qq1 f2831) = (qq1f2832) =* (081 f2032) in M’ iff there are u,w € X*
such that usvw =* o in M, sju =* f1 in My, sov =* fo in My, and ssw =" o3 in Mj.
Considering this equivalence for o = f and o3 = f3, where f € F and f3 € F3, we can
see that s'v = (sf1sassl)v =* (qq1 fas3l) = (qq1f2532) =* (fs1f2f32) in M’ iff there are
u,w € ¥ such that usvw =* f in M, syu =" f1 in My, sov =% fo in My, and ssw =* f3
in Ms. Recall that F' = {(fsifofs2) | f € F, f; € F;,i € {2,3}}. Hence, L(M') = {v |
usvw =* fin M, f € F,u € L(My),v € L(Ma),w € L(Ms)}. As L(M;) = A, L(M) = B,
and L(M3) = C, we have L(M') = {v | usvw =* fin M,f € F,u € A,v € B,w € C}.
Therefore, Theorem 7.4 holds. ]

Theorem 7.5. There exist an IE2GFA M = (Q, X, R, s, F), A €
that

®, and B € ;5P such

reg

{uv Jusv =" f, f € F,ue€ A,v € B}

is not linear.
Proof. Consider the e-free IE2SFA

M = ({87 Q7 f}? {a’ b’ C}? R7 87 {f})
with R = {sb — q,aq — s,sc — f, fc — f} (see Figure 7.1), A = {a}*, and B = {b"c" |
n > 0}. Clearly, L(M) = {a"b"c™ [ m,n > 0}, A € ,,,®, and B € [ o®. However, observe
that the language K = {uv | usv =* f,f € F,u € A,v € B} = {a"b"c" | n > 0} is not

linear. In fact, K € »gq® \ ope® (see Example 2.21). Thus, the theorem holds. O
r,c
r,b
I
9%a

Figure 7.1: State diagram of the e-free IE2SFA M from the proof of Theorem 7.5.
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Chapter 8

Conclusion

The present thesis has proposed and studied new versions of two-way finite automata re-
ferred to as input-erasing two-way finite automata. In essence, they perform their compu-
tation just like the classical versions of these automata, except that (1) they erase the input
symbols just like one-way finite automata do, and (2) they start their computation at any
position on the input tape.

First, we recalled all the terminology necessary for this thesis, ranging from basic notions
such as strings and languages to formal grammars and one-way finite automata. After this,
we described the classical concept of two-way finite automata. We explained how they work
and illustrated their features.

The key part of this thesis then introduced input-erasing two-way finite automata and
investigated their properties. We formally defined these new automata, highlighted their
key differences from the classical model, and demonstrated how they work. The main result
is that these automata define the same language family as linear grammars. We proved this
by showing that any such automaton can be transformed into an equivalent linear grammar
and vice versa. We also demonstrated that general and simple variants of these automata,
including those without e-rules, are all equally powerful.

Next, we investigated three restrictions imposed on the way the proposed automata
work—namely, alternating, even, and initialized even computations. We established rela-
tions between the language families resulting from these restrictions and demonstrated that
under initialized even computation, these automata are as strong as even linear grammars.

Lastly, we discussed several restrictions placed upon the input of the proposed automata.
We showed that those based on regular languages do not lead to any increase in their com-
putational power. Some even reduce it to the regular language family. In contrast, however,
linear-based input restrictions can extend the accepting capabilities of these automata even
to some non-context-free languages.

As part of this thesis, we also implemented a program that simulates the newly intro-
duced input-erasing two-way finite automata. It is designed as a console application and
can simulate both their restricted (alternating, even, and initialized even) and unrestricted
computations. The primary purpose of this program is to demonstrate how the proposed
automata work and how they can behave in practice. The implementation details of this
program and its manual can be found in Appendix A.

Since the proposed automata possess the same power as linear grammars and are thus
stronger than classical one-way and two-way finite automata, they can be used for more
complex analyses, especially for recognizing linear or palindromic patterns. For example,
in bioinformatics, they could be easily used to identify complementary strands of DNA
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molecules (see [37]). Further investigation of their possible applications in biological se-
quence analysis (see [16]) or in other fields of study could be an interesting subject for
future research.

Although this thesis has established several fundamental results concerning input-era-
sing two-way finite automata and their restricted versions, there still remain several open
problem areas to study. These include

(i) an investigation of more classical topics of automata theory, such as determinism and
minimization;
(ii) a further investigation of input-related restrictions, for instance, in terms of subregular

language families;

(iii) a conceptualization and investigation of input-erasing two-way finite automata in an
alternative way by analogy with other modern concepts of automata, such as regulated
and jumping versions (see [31, 32]); and

(iv) an introduction and investigation of other types of automata, such as pushdown au-
tomata (see [17]), conceptualized by analogy with the input-erasing two-way finite
automata given in the present thesis.
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Appendix A

Input-Erasing Two-Way Finite
Automaton Simulator

In this appendix, we describe the implemented tool that simulates IE2GFAs (see Def-
inition 4.3). This tool can simulate any IE2GFA under alternating computation, even
computation, and initialized even computation (see Definition 6.1), as well as without any
computational restrictions. First, we give a brief overview of the technologies chosen for
its implementation. Then, we describe the implementation itself, including the design of
this tool, and provide a comprehensive usage manual. Finally, we test the tool and discuss
some of its properties and future improvements.

Technology

Since the simulator is intended primarily for demonstration purposes, it is implemented
in Python 3.13" for its ease of use, extensive standard library, and broad support. These
factors compensate for the potentially slower execution speed of the resulting program,
caused mainly by the interpreted nature and high level of abstraction of this programming
language.

Furthermore, for lexical and syntax analysis of input IE2GFA specifications, the sim-
ulator uses a parser generated by ANTLR v4” (ANother Tool for Language Recognition)
[34]. This tool can generate any parser using only a grammar specification that defines
its desired behavior. It can also be easily used with Python by means of the packages
antlr4-tools® and antlr4-python3-runtime’.

Design and Implementation

The simulator is implemented as a console application. As its input, it expects a file
containing the specification of an IE2GFA, and strings on which it should simulate this au-
tomaton. Simulation results are then printed either to the standard output or to a specified
file, depending on its input arguments.

!The documentation for Python 3.13 is available at https://docs.python.org/3.13/.

2ANTLR v4 is available at https://www.antlr.org.

3antlr4-tools is available at https://pypi.org/project/antlr4-tools/.
4antlr4-python3-runtime is available at https://pypi.org/project/antlr4-python3-runtime/.
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The source code of the simulator is divided into several modules (files). The entry
point of the program is the main function in the main.py module. The args.py module
provides the parse_cmd_args function that processes the input arguments of the program,
which are described below in this appendix. It is implemented using ArgumentParser from
the argparse module, which belongs to the standard library. Next, the file_helpers.py
module provides helper functions for file handling, the output_helpers.py module offers
helper functions for formatting simulation results, and the shared.py module contains
constants shared by several other modules. The core of the simulator, however, consists
of the ie2gfa_listener_interp.py and ie2gfa modules. The former is responsible for
parsing input IE2GFAs, while the latter simulates them. We describe these two parts of
the simulator in more detail.

Parsing Input IE2GFA Specification

As mentioned above, the simulator performs lexical and syntax analysis of input IE2GFA
specifications using a parser generated by ANTLR. The source grammar® describing the
expected structure of these specifications, which is used to generate the parser, is located
in the ie2gfa.g4 file. The parser is listener-based®. First, it builds a parse tree of an
input IE2GFA (more precisely, of its specification) and checks for any lexical and syntax
errors. Then, it traverses the parse tree. During this process, for each internal parse tree
node, the parser calls the enter and exit methods corresponding to the nonterminal that
the node represents. The enter method is called the first time the node is encountered,
and the exit method is called after all its children have been processed. ANTLR pro-
vides all these enter and exit methods with empty implementations in the automatically
generated ie2gfal.istener class. However, it is possible to override them in a subclass of
this class. Therefore, the TE2GFAListenerInterp class is implemented. This subclass of
the ie2gfalistener class, located in the ie2gfa_listener_interp.py module, checks for
semantic errors in the input IE2GFA and prepares its internal representation used by the
simulator.

IE2GFA Simulation

Internally, the simulator represents and simulates every input IE2GFA using the IE2GFA
class located in the ie2gfa.py module. Although the states of the input IE2GFA are
denoted by nonempty strings in its specification (the structure of which is described later
in this appendix), the simulator maps them to nonnegative integers and works with them
in this form. Since the input IE2GFA can be any IE2GFA, even nondeterministic, its
simulation process is based on searching its configuration space in a depth-first manner.
Thus, if the input IE2GFA can make several different moves from its current configuration,
the simulator simulates one of them and later backtracks to continue with another one.

In general, the simulation process of an input IE2GFA on an input string is as follows.
The simulator selects one of the start configurations of the IE2GFA for the given string
and starts applying the rules of this automaton to it. This way, the simulator either
finds a computation through which the IE2GFA accepts the string or determines that no
such computation exists from the selected start configuration. If the string is accepted,

5The general ANTLR grammar form is described in Chapter 15 in [34] or at https://github.com/antlr/
antlr4/blob/4.13.2/doc/grammars.md.

SANTLR parse-tree listeners are described in Section 2.5 in [34] or at https://github.com/antlr/
antlr4/blob/4.13.2/doc/listeners.md.
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the simulation ends; otherwise, the simulator repeats the same process with one of the
remaining start configurations. If no such configuration remains, the simulated IE2GFA
rejects the string.

Although each simulation is performed as described above, certain IE2GFA moves can
be simulated simultaneously. These are the moves that read the same symbol sequence
in the same direction. Therefore, at each point during the simulation, instead of a single
current state, the simulator maintains a set of states in which the simulated IE2GFA can
currently be. This allows it to perform certain IE2GFA computations simultaneously and
thus speed up the simulation process.

In its default setting, the simulator cannot simulate IE2GFAs that contain cycles con-
sisting of e-rules (in their diagrams), as it could cycle in them indefinitely. However, it can
be run in a mode that avoids re-exploring already explored IE2GFA configurations. This
allows it to simulate IE2GFAs with e-rule cycles and also speed up simulations of some
other IE2GFAs at the cost of a significant increase in memory requirements for simulations.

Note that all simulations of restricted (alternating, even, and initialized even) and un-
restricted IE2GFA computations are performed in the same way. The only difference lies
in the strategy of selecting moves for simulation.

Usage

This section provides instructions for installing and running the simulator.

Instalation

In order to use the simulator, all its dependencies must first be resolved. For convenience,
it is highly recommended to use a Python virtual environment, which can be created using
the venv module’. To create the virtual environment with all necessary packages installed,
run the command make venv. Alternatively, use the following two commands:

python3 -m venv .ie2gfa_sim-venv
.ie2gfa_sim-venv/bin/pip install -r requirements.txt

Next, to generate the parser for input IE2GFA specifications from its grammar specification
in the ie2gfa.g4 file using ANTLR, run the command make parser. Alternatively, use
the command

.ie2gfa_sim-venv/bin/antlr4 -Dlanguage=Python3 -o src/antlrdparser ie2gfa.gd
Finally, before running the simulator, activate the virtual environment using the command
source .ie2gfa_sim-venv/bin/activate

To resolve the dependencies and generate the parser without using the virtual environ-
ment, run the following two commands:

pip install -r requirements.txt
antlr4 -Dlanguage=Python3 -o src/antlr4parser ie2gfa.gé

"The documentation for the venv module is available at https://docs.python.org/3/library/venv.html.
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Running

The simulator can be run using the following command:
./ie2gfa_sim [-h] [-d DATA_FILE] [-o OUTPUT_FILE] [-ul-al-el-i] [-c] [-p] SPEC_FILE

The only mandatory positional argument, SPEC_FILE, represents the file containing the
specification of an IE2GFA that is to be simulated. The remaining arguments are described
as follows:

(1) -h, --help: Print the help message to the standard output.

(2) -d, --data_file DATA_FILE: The file containing strings on which the IE2GFA is to
be simulated. Each string should be on a separate line. All leading and trailing spaces
on each line are ignored. Any blank line represents e. If this file is not specified, these
strings are read from the standard input.

(3) -o, ——output_file OUTPUT_FILE: The file for storing the simulation results. If not
specified, the results are printed to the standard output.

(4) -u, --unrestricted: Simulate the IE2GFA without any computational restrictions
(the default simulation mode).

-a, ——alternating: Simulate the IE2GFA under alternating computation.

-e, ——even: Simulate the IE2GFA under even computation.

-c, ——computation_details: For each accepted input string, extend the simulation
results with the sequence of rules used to accept it.

(5)
(6)
(7) -i, --initialized_even: Simulate the IE2GFA under initialized even computation.
(8)

(9) -p, —-prune: During the simulation of the IE2GFA on each input string, avoid re-
exploring already explored IE2GFA configurations. This can speed up simulations of
nondeterministic IE2GFAs, whose nondeterministic choices lead to different positions
of the read head on the input tape, and it also allows the simulator to simulate
IE2GFAs with e-rule cycles. However, it comes with a significant increase in memory
requirements for simulations.

Note that the options -u, -a, -e, and -i are mutually exclusive, so no two of them can be
set simultaneously. The simulator uses UTF-8 encoding to work with files.

Return Codes

After a successful run, the simulator prints the simulation results to the standard output or
to the specified output file and returns 0. However, if the simulator fails to run correctly,
an error message is printed to the standard error, and one of the following error codes is
returned:

e 2: Invalid input arguments.
e 11: Syntax error in the input IE2GFA specification.

e 12: Semantic error in the input IE2GFA specification (occurrence of a state that is
not listed in the set of states or of a symbol that is not in the input alphabet).

e 99: Internal error of the simulator (for example, when the simulator cannot open the
specification file, the data file, or the output file).
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IE2GFA Specification Format

The simulator supports two formats of the input IE2GFA specification—complete and
short. The former is based on the structure of the formal description of IE2GFAs (see
Definition 4.3) and follows these rules:

e FEach line comment must be prefixed with //. The text following this prefix is then

ignored until the end of the line. Similarly, each block comment must start with /*
and end with */. The text between these two markers is then ignored.

Fach symbol in the input alphabet of an input IE2GFA must belong to the set of
symbols defined by the regular expression [!-’*+.-;=7-z|~]. Similarly, each state
of an input TE2GFA must be a nonempty string over that same set of symbols.

In each TE2GFA rule, the state and the read symbol sequence on the left-hand side
of the rule (if the symbol sequence is nonempty) must be separated by < if the rule is
left and by > if the rule is right. If the rule does not read any symbols, neither < nor
> should be used on its left-hand side. The left-hand side and the right-hand side of
the rule must be separated by ->.

All whitespace characters are ignored; however, they must never split -> in any
IE2GFA rule.

The short IE2GFA specification format is defined similarly to the complete one, except

that it does not require the explicit specification of the set of states and the input alphabet.
Examples of both of these IE2GFA specification formats are given below.

Examples

Here, we provide two examples of the usage of the simulator.

Example 1

Consider the file ie2gfa_spec_complete.txt containing the following IE2GFA specifica-
tion (in the complete IE2GFA specification format):

(

)

// L ={a"nb"nc"m | m, n >= 0}

{s, q, £}, // the set of states
{a, b, c}, // the input alphabet
{
s>b -> q,
a<q -> s,
s>c -> f,
f>c > £
T, // the set of rules
s, // the start state
{s, £} // the set of final states

Further, consider the file data_filel.txt containing the following strings:
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aaabbbccc
aaaaaaabbb
cccce

Running the simulator using the command
./ie2gfa_sim ie2gfa_spec_complete.txt -d data_filel.txt

produces the following results:

Simulated IE2GFA: ie2gfa_spec_complete.txt
Computation type: unrestricted

Simulation 1

String: aaabbbccc
Result: ACCEPTED

Simulation 2

String: aaaaaaabbb
Result: REJECTED

Simulation 3

String: cccc
Result: ACCEPTED

Example 2

Consider the file ie2gfa_spec_short.txt containing the following IE2GFA specification
corresponding to the IE2GFA from Example 4.7 (in the short IE2GFA specification format):

( // L ={a,b}"*{ab}{a, b}"2

s, // the start state
{

s>a -> ql,

ql>d -> g2,

q2>a -> q3,

g2>b -> g3,

q3>a > f,

q3>b > £,

a<f -> £,

b<f > f
1, // the set of rules
{£} // the set of final states

)

Additionally, consider the file data_file2.txt containing the following strings:
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abab
abbabaa
ababbaab

Running the simulator with the command
./ie2gfa_sim ie2gfa_spec_short.txt -d data_file2.txt -c

results in the following:

Simulated IE2GFA: ie2gfa_spec_short.txt
Computation type: unrestricted

Simulation 1

String: abab
Result: ACCEPTED

Used sequence of rules:
1: s>a -> q1

2: q1>b -> g2
3: g2>a -> g3
4: g3>b -> £

Simulation 2

String: abbabaa
Result: ACCEPTED

Used sequence of rules:

1: s>a -> q1
2: q1>b -> g2
3: g2>a -> g3
4: g3>a > f
5: b<f -> £
6: b<f > £
7: a<f > f

Simulation 3

String: ababbaab
Result: REJECTED

Testing and Evaluation

The simulator was tested on the example inputs provided in the examples directory. How-
ever, even though it works correctly on them, testing confirmed the following problem
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related to the simulation of certain nondeterministic IE2GFAs. Consider the e-free IE2SFA
M given in Figure A.1 below with w = ba™b", for some n > 0, as its input string. Clearly,
M rejects w. However, to reach this conclusion, the simulator must perform all possible
computations of M on w. Since, starting from the configuration ba™sb™, M can make moves
according to both of its rules from the majority of the configurations that it reaches, the
number of such computations grows exponentially with n. However, as no two different
moves from the same configuration can be simulated simultaneously due to their opposite
directions, the simulator performs these computations, in essence, one at a time. Unfortu-
nately, this becomes quite time-consuming, even for smaller values of n. This problem is
partially solved by the option not to re-explore any already explored configurations. For
this reason, however, the simulator must be able to store these configurations, which sig-
nificantly increases its memory requirements. In the current implementation, this is done
by recording sets of already explored states for all positions of the read head on the input
tape reached during a simulation. Since the number of such positions is upper-bounded by
the function (m +1) + m+...+1 = L(m +2)(m + 1), where m represents the length of
an input string, the number of such records can grow relatively quickly.

9%a
rb

Figure A.1: State diagram of the e-free IE2SFA M = ({s},{a,b}, {as — s,sb — s},s,{s}).

As mentioned earlier, the simulator works with sets of states of an input IE2GFA.
Each such set encountered during a simulation is mapped to a unique integer value that
represents it, so it is stored only once. However, to further reduce the memory requirements
of a simulation, these sets could be represented more efficiently, for instance, by binary
decision diagrams (see [7]). Furthermore, the simulator could also be extended in the
future with a graphical user interface or the ability to simulate IE2GFA computations step
by step.
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Appendix B

Contents of the External

Attachments

The external attachments are organized as follows:

/
| ie2gfa-simulator/
examples/

ie2gfa_sim
ie2gfa.gd

xnejed09-thesis.pdf
xnejed09-thesis-print.pdf
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IE2GFA simulator implementation
Examples of input IE2GFA specifications
and strings

Script to run the simulator

Grammar for generating the IE2GFA spe-
cification parser for the simulator with

ANTLR
To prepare the environment for running

the simulator
Running instructions and usage examples

Python dependencies of the simulator
Source files of the simulator

Directory related to the text of this thesis
TEX source files of this thesis

PDF version of this thesis

PDF version of this thesis for printing
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