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✺✳✸ ❩♦❜r❛③❡♥✐❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✻ ❱ýs❧❡❞❦② ✹✻
✻✳✶ ❚❡st♦✈❛♥✐❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
✻✳✷ Prá❝❡ ❞♦ ❜✉❞ú❝♥❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✼ ❩á✈❡r ✺✷

❆ ❖❜s❛❤ ❉❱❉ ✺✻

❇ ▼❛♥✉❛❧ ✺✼

✶



❑❛♣✐t♦❧❛ ✶

Ú✈♦❞

❈✐❡➞♦♠ t❡❥t♦ ♣rá❝❡ ❜♦❧♦ ✈②t✈♦r✐➫ ↔❛st✐❝♦✈ý s②sté♠ ❬✷✺❪ ❬✶✹❪✱ ❦t♦rý ❜✉❞❡ s✐♠✉❧♦✈❛➫ ❦✈❛♣❛❧✐♥②
✈ r❡á❧♥♦♠ ↔❛s❡ s ✈②✉➸✐tí♠ ♣❧❛t❢♦r♠② ❈❯❉❆✳ ❙✐♠✉❧❛↔♥ý s②sté♠ ❥❡ ③❛❧♦➸❡♥ý ♥❛ ▲❛♥❣❡♦✈❡❥
♠❡tó❞❡✳ ❱ s✐♠✉❧á❝✐✐ s❛ ♣♦✉➸í✈❛ ❢②③✐❦á❧♥② ♠♦❞❡❧ ♥❡st❧❛↔✐t❡➞♥❡❥ t❡❦✉t✐♥②✱ ❦t♦rý ❥❡ ♣♦♣ís❛♥ý
r♦✈♥✐❝❛♠✐ ◆❛✈✐❡r✲❙t♦❦❡s❛✳ ❚✐❡t♦ r♦✈♥✐❝❡ sú ✐♠♣❧❡♠❡♥t♦✈❛♥é ♣♦♠♦❝♦✉ ♠❡tó❞② ❙P❍✳

❱ ♣♦↔ít❛↔♦✈❡❥ ❣r❛✜❦❡✱ ❦t♦rá ❢✉♥❣✉❥❡ ✈ r❡á❧♥♦♠ ↔❛s❡ s❛ s♥❛➸í♠❡ ✈➸❞② r❡♣r♦❞✉❦♦✈❛➫
↔❛s➫ s✈❡t❛ t❛❦✱ ❛❜② ❜♦❧❛ ↔♦ ♥❛❥r❡❛❧✐st✐❝❦❡❥➨✐❛✳ ❇♦❤✉➸✐❛➞ ❥❡ ➫❛➸❦é s✐♠✉❧♦✈❛➫ t✐❡t♦ ❥❛✈② ❦✈ô❧✐
♦❜♠❡❞③❡♥ý♠ ✈ý❦♦♥♦♠ ♣♦↔ít❛↔♦✈✳ ❱ä↔➨✐♥❛ s✐♠✉❧át♦r♦✈ ❢✉♥❣✉❥❡ ♦✤✐♥❡✳ ❚♦ ③♥❛♠❡♥á✱ ➸❡
✈ý♣♦↔t② ♥✐❡ sú ❞♦st❛t♦↔♥❡ rý❝❤❧❡ ♥❛ t♦✱ ❛❜② s❛ ❞❛❧✐ ✈ýs❧❡❞❦② ③♦❜r❛③♦✈❛➫ ✈ r❡á❧♥♦♠ ↔❛s❡✱
♣r❡t♦ s❛ ❣❡♥❡r✉❥ú ♣♦st✉♣♥❡✳ ❱❡➞❦ý ♥❡❞♦st❛t♦❦ tý❝❤t♦ s✐♠✉❧át♦r♦✈ ❥❡✱ ➸❡ ♥❡✉♠♦➸♥✉❥ú ✉➸í✲
✈❛t❡➞♦✈✐ ✐♥t❡r❛❦❝✐✉✳ ❙✐❧❛ ♠♦❞❡r♥ý❝❤ ❣r❛✜❝❦ý❝❤ ❦❛r✐❡t ✉➸ ③❛↔í♥❛ ♣r❡❦♦♥á✈❛➫ t✐❡t♦ ❤r❛♥✐❝❡✳
❉♥❡s ✉➸ ♠ô➸❡♠❡ ♥❛♣ís❛➫ ♣r♦❣r❛♠② ❛ s♣✉s✐➫ ✐❝❤ ♥❛ ❣r❛✜❝❦ý❝❤ ❦❛rtá❝❤✱ ❦t♦ré ♠❛❥ú ✈❡➞❦ý
♣♦↔❡t ✈ý❦♦♥♥ý❝❤ ❥❛❞✐❡r ❛ ✉♠♦➸➡✉❥ú ✈②♣♦↔ít❛➫ ✈➨❡♦❜❡❝♥é ú❧♦❤②✳ ❚át♦ t❡❝❤♥♦❧ó❣✐❛ ❥❡ ✈ýr❛③♥❡
rý❝❤❧❡❥➨✐❛ ❛❦♦ ✈ý♣♦↔❡t ✈ ❈P❯✳

❖❜rá③❡❦ ✶✳✶✿ ❷❛st✐❝♦✈ý s②sté♠ s✐♠✉❧✉❥ú❝❡ t❡❦✉t✐♥✉ ③ ❬✶✽❪✳

❙ ❦✈❛♣❛❧✐♥❛♠✐ s❛ str❡tá✈❛♠❡ ❦❛➸❞ý ❞❡➡✳ ❑❡↕ ♣✐❥❡♠❡ ✈♦❞✉✱ ✉♠ý✈❛♠❡ s❛ ❛❧❡❜♦ ♥❛♣rí❦❧❛❞
❦❡↕✱ ✈♦♥❦✉ ♣r➨í✳ ❙ú ✈➨❛❞❡ ♦❦♦❧♦ ♥ás✳ Pr❡t♦ ❥❡ ❞ô❧❡➸✐té ♣♦❝❤♦♣✐➫✱ ❛❦♦ s❛ s♣rá✈❛❥ú✱ ❛❦♦ ✈②✲
③❡r❛❥ú✳ ■❝❤ ❞②♥❛♠✐❝❦é ❝❤♦✈❛♥✐❡ ❥❡ ♣♦♣ís❛♥é ❞✐✛❡r❡♥❝✐á❧♥ý♠✐ r♦✈♥✐❝❛♠✐✳ ❙✐♠✉❧á❝✐❛ ❦✈❛♣❛❧í♥

✷



♣❛trí ♠❡❞③✐ ➫❛➸➨✐❡ ú❧♦❤② ↔❛st✐❝♦✈ý❝❤ s✐♠✉❧á❝✐í✳ ❙②sté♠ s✐♠✉❧✉❥ú❝✐ ❣r❛♥✉❧ár♥❡ ♠❛t❡r✐á❧②✱ ❛❦♦
❥❡ ♥❛♣rí❦❧❛❞ ♣✐❡s♦❦✱ s❛ ♠♦❞❡❧✉❥❡ ❥❡❞♥♦❞✉❝❤➨✐❡✳ ❯ tý❝❤t♦ t②♣♦✈ ♥✐❡ ❥❡ ♣♦tr❡❜♥é r✐❡➨✐➫ ③❧♦➸✐té
s❛❞② ❞✐✛❡r❡♥❝✐á❧♥ý❝❤ r♦✈♥í❝✳

✸



❑❛♣✐t♦❧❛ ✷

❙✐♠✉❧á❝✐❡ ❦✈❛♣❛❧í♥

❱ t❡❥t♦ ❦❛♣✐t♦❧❡ ❜✉❞❡ ♣♦❞r♦❜♥❡❥➨✐❡ ♣♦♣ís❛♥á t❡ór✐❛ s✐♠✉❧á❝✐❡ ❦✈❛♣❛❧í♥ ❛ ♣❧❛t❢♦r♠② ❈❯❉❆✳

✷✳✶ ❷❛st✐❝♦✈é s✐♠✉❧á❝✐❡

❑❡↕ ③♦❜r❛③✉❥❡♠❡ ♦❜❥❡❦t② ✈ ♣♦↔ít❛↔♦✈❡❥ ❣r❛✜❦❡✱ t❛❦ ♣♦tr❡❜✉❥❡♠❡ ✐❝❤ t✈❛r✱ ♣♦✈r❝❤✳ ❑ ♣♦♣✐s✉
t✈❛r✉ s❛ ♣♦✉➸í✈❛❥ú ♣♦❧✐❣♦♥✐á❧♥❡ s✐❡t❡✳ ❋②③✐❦á❧♥❡ ❛♥✐♠á❝✐❡ t❛❦ý❝❤t♦ s✐❡tí ❢✉♥❣✉❥ú ❧❡♥ ♣r❡
♦❜❥❡❦t②✱ ❦t♦ré ♠❛❥ú ♣r❡s♥❡ ❞❡✜♥♦✈❛♥ý t✈❛r✱ ❛❦♦ ♥❛♣rí❦❧❛❞ ♥á❜②t♦❦ ↔✐ ➨❛t②✳ ❙ ❢✉③③② ♦❜❥❡❦✲
t♠✐ sú ♣r♦❜❧é♠②✳ ❋✉③③② ♦❜❥❡❦t ♠ô➸❡ ❜②➫ ✈♦❞❛✱ ♦❤➡♦str♦❥✱ ♠r❛❦②✱ ❞②♠ ↔✐ ♣♦➸✐❛r✳ ❖❜❥❡❦t②
t❛❦é❤♦ t②♣✉ ❥❡ ➫❛➸❦é ♠♦❞❡❧♦✈❛➫ s ♣♦❧✐❣♦♥✐á❧♥②♠✐ s✐❡➫❛♠✐✱ ❧❡❜♦ ♠❛❥ú ❞②♥❛♠✐❝❦② ♠❡♥✐t❡➞♥ý
t✈❛r ❛ ❤❧❛❞❦ý ♣♦✈r❝❤✳ ❑ s✐♠✉❧♦✈❛♥✐✉ t❛❦ý❝❤t♦ ♦❜❥❡❦t♦✈ ♠✉sí♠❡ ♣♦③♥❛➫ ♦❜❥❡♠ ♥❛♠✐❡st♦
♣♦✈r❝❤✉✳ P♦❞➞❛ ♣ríst✉♣✉ ✈♦❧✉♠❡tr✐❝❦é s✐♠✉❧á❝✐❡ ❞❡❧í♠❡ t②♣✐❝❦② ♥❛ ❞✈❡ ♠❡tó❞②✿ ❊✉❧❡r♦✈❡ ❛
▲❛❣r❛♥❣❡♦✈❡✳ ❱ ❊✉❧❡r♦✈❡❥ ♠á♠❡ ✈♦♣r❡❞ ❞❡✜♥♦✈❛♥ú ♠r✐❡➸❦✉ ✈ tr♦❥❞✐♠❡♥③✐♦♥á❧♥♦♠ ♣r✐❡st♦r❡✱
✈②♣♦↔ít❛♠❡ ③♠❡♥② t❧❛❦✉ ❛ rý❝❤❧♦st✐ ✈ ❥❡❞♥♦t❧✐✈ý❝❤ ❜♦❞♦❝❤ ❞❛♥❡❥ ♠r✐❡➸❦②✳ ▲❛❣r❛♥❣❡♦✈❛
♠❡tó❞❛ ✉r↔✉❥❡ ✈❧❛st♥♦st✐ ❥❡❞♥♦t❧✐✈ý❝❤ ↔❛stí❝✳ ❚✉ ♥✐❡ ❥❡ ♣♦tr❡❜♥á ♠r✐❡➸❦❛✱ ↔❛st✐❝❡ s❛ ♣♦✲
❤②❜✉❥ú s♣♦❧✉ s ❦✈❛♣❛❧✐♥♦✉✳

❑♦♥❝❡♣t ↔❛stí❝✱ ❛❧❡❜♦ ↔❛st✐❝♦✈ý❝❤ s②sté♠♦✈ ♣r✈ý❦rát ♣r❡❞st❛✈✐❧ ❘❡❡✈❡s ❬✸✵❪✱ ❛❜② s✐♠✉❧♦✲
✈❛❧ ❢✉③③② ♦❜❥❡❦t② ✈ ♣♦↔ít❛↔♦✈❡❥ ❣r❛✜❦❡✳ ❉❡❢♦r♠á❝✐✉ tr♦❥✉❤♦❧♥í❦♦✈❡❥ s✐❡t❡ ❦✈❛♣❛❧✐♥② ♥✐❡ ❥❡
❥❡❞♥♦❞✉❝❤é r✐❡➨✐➫✱ ❛❧❡ ❞❡❢♦r♠♦✈❛➫ ↔❛st✐❝❡ ❛ ♥ás❧❡❞♥❡ ❡①tr❛❤♦✈❛➫ ♣❧♦❤✉ ❥❡ ♦✈❡➞❛ ❥❡❞♥♦❞✉❝❤➨✐❡✳

P❛r❛♠❡tr❡ ↔❛stí❝

❷❛st✐❝❡ s✐ ♣❛♠ät❛❥ú s✈♦❥❡ ♣❛r❛♠❡tr❡✱ ❦t♦ré ♣♦♣✐s✉❥ú ✐❝❤ ❛❦t✉á❧♥② st❛✈✳ ❚✐❡t♦ ♣❛r❛♠❡tr❡ sú
♣♦③í❝✐❛ ✭p✮✱ ❤♠♦t❛ ✭m✮✱ ♦❜❥❡♠ ✭V ✮ ❛ ❤✉st♦t❛ ✭ρ✮✳ ▼ô➸✉ s❛♠♦③r❡❥♠❡ s❛ ♣♦❤②❜♦✈❛➫ ✈ ♣r✐❡st♦r❡
s ✉r↔✐t♦✉ rý❝❤❧♦s➫♦✉ ✭v✮ ✈ ③á✈✐s❧♦st✐ ♥❛ ❛❦t✉á❧♥♦♠ ③rý❝❤❧❡♥í ✭a✮✳

❉②♥❛♠✐❦❛ ↔❛stí❝

❏❡❞♥♦t❧✐✈é ↔❛st✐❝❡ ♠ô➸✉ ♠❡♥✐➫ s✈♦❥❡ ✈❧❛st♥♦st✐ ♣♦↔❛s ➸✐✈♦t❛✳ P♦✉➸✐tí♠ ◆❡✇t♦♥♦✈❤♦ ❞r✉❤é❤♦
③á❦♦♥❛ ❬✸✶❪ ③rý❝❤❧❡♥✐❡ ✭a✮ ③á✈✐sí ♦❞ ✈♦♥❦❛❥➨í❝❤ sí❧ ✭f✮ ❛ ♦❞ ❣r❛✈✐t❛↔♥é❤♦ ③rý❝❤❧❡♥✐❛ ✭g✮✳

a =
dv

dt
=

f

m
+ g ✭✷✳✶✮

❱♦♥❦❛❥➨✐❡ s✐❧② ❥❡ ❥❡❞♥♦❞✉❝❤é ✈②♣♦↔ít❛➫ ❛❦ ♣♦③♥á♠❡ ❣r❛✈✐t❛↔♥é ③rý❝❤❧❡♥✐❡ ❛ ❤♠♦t✉ ✭m✮ ↔❛s✲
t✐❝❡✳ ❩ tý❝❤t♦ ♣❛r❛♠❡tr♦✈ ♠á♠❡ ③rý❝❤❧❡♥✐❡ ↔❛st✐❝❡✳ ❙t❛↔í ✉➸ ❧❡♥ ♥✉♠❡r✐❝❦② ✐♥t❡❣r♦✈❛➫ ✈②♣♦↔í✲
t❛♥ú ❤♦❞♥♦t✉ ♣♦❞➞❛ ↔❛s✉ ❛ ❞♦st❛♥❡♠❡ ❛❥ rý❝❤❧♦s➫ ✭v✮ ↔❛st✐❝❡✳ ❯➸ ❥❡ ❧❡♥ tr❡❜❛ ❛❦t✉❛❧✐③♦✈❛➫
♣♦③í❝✐✉✱ ↔♦ ❥❡ tr✐✈✐á❧♥❡✳

✹



❖❜rá③❡❦ ✷✳✶✿ ❉②♥❛♠✐❦❛ ↔❛stí❝✳

✷✳✷ ❘♦✈♥✐❝❡ ◆❛✈✐❡r✲❙t♦❦❡s

❘♦✈♥✐❝❡ ◆❛✈✐❡r✲❙t♦❦❡s sú ③á❦❧❛❞♦♠ s✐♠✉❧á❝✐❡ ❦✈❛♣❛❧✐♥②✳ ❙ú t♦ ❞✐✛❡r❡♥❝✐á❧♥❡ r♦✈♥✐❝❡✱ ❦t♦ré
sú r✐❡➨✐t❡➞♥é ❛♥❛❧✐t✐❝❦② ❧❡♥ ✈ ❥❡❞♥♦❞✉❝❤ý❝❤ ♣r✐♣❛❞♦❝❤✳ ❖❜❡❝♥❡ s❛ r✐❡➨✐❛ ♥✉♠❡r✐❝❦ý♠✐ ♠❡tó✲
❞❛♠✐✳ ❘♦✈♥✐❝❡ ♣♦♣✐s✉❥ú ❝❤♦✈❛♥✐❡ ♥❡st❧❛↔✐t❡➞♥❡❥ ♥❡✇t♦♥♦✈s❦❡❥ ❦✈❛♣❛❧✐♥②✳ ❉ô❧❡➸✐t♦✉ ✈❧❛st✲
♥♦s➫♦✉ t❛❦❡❥ ❦✈❛♣❛❧✐♥② ❥❡✱ ➸❡ ❞②♥❛♠✐❝❦á ✈✐s❦♦③✐t❛ ❥❡ ❦♦♥➨t❛♥t❛ ú♠❡r♥♦st✐ ♠❡❞③✐ ♥❛♣ätí♠ ❛
rý❝❤❧♦s➫♦✉ ❞❡❢♦r♠á❝✐❡✳

τ = −η
dv

dt
✭✷✳✷✮

τ ❥❡ ❞♦t②❦♦✈é ♥❛♣ät✐❡ ✈ t❡❦✉t✐♥❡✱ u ❥❡ rý❝❤❧♦s➫ t♦❦✉ ❛ η ❥❡ ❞②♥❛♠✐❝❦á ✈✐s❦♦③✐t❛✳ Pr❡ t❛❦é
❦✈❛♣❛❧✐♥② ❞♦st❛♥❡♠❡ ◆❛✈✐❡r✲❙t♦❦❡s❡✈❡ r♦✈♥✐❝❡

ρ

(

∂v

∂t
+ v · ∇v

)

= −∇p+ µ∇2v + f ✭✷✳✸✮

v · ∇ = 0, ✭✷✳✹✮

❦❞❡ ρ ❥❡ ❤✉st♦t❛ ❦✈❛♣❛❧✐♥②✱ v ❥❡ ✈❡❦t♦r rý❝❤❧♦st✐✱ · ❥❡ ♦♣❡rá❝✐❛ s❦❛❧ár♥❡❤♦ sú↔✐♥✉✱ ∇
♦③♥❛↔✉❥❡ ❣r❛❞✐❡♥t✱ p ❥❡ t❧❛❦✱ µ ❥❡ ✈✐s❦♦③✐t❛✱ f ❥❡ ✈❡❦t♦r ❡①t❡r♥ý❝❤ sí❧✳ ❘♦✈♥✐❝❡ ✈②❝❤á❞③❛❥ú
③♦ ③á❦♦♥❛ ③❛❝❤♦✈❛♥✐❛ ❡♥❡r❣✐❡ ♣r❡ ❦✈❛♣❛❧✐♥②✳ ◆❛ ➞❛✈❡❥ str❛♥❡ ❥❡ sú↔✐♥ ❤✉st♦t② ❛ ③rý❝❤❧❡♥✐❛✳
❩rý❝❤❧❡♥✐❡ s❛ s❦❧❛❞á ③ ❞✈♦❝❤ ↔❛stí✱ ♥❡r♦✈♥♦♠❡r♥á ∂v

∂t
③á✈✐s✐❛❝❛ ♥❛ ↔❛s❡ ❛ ❦♦♥✈❡❦tí✈♥❛ v ·∇v✳

❑♦♥✈❡❦tí✈♥❛ ↔❛s➫ ✈ s❡❜❡ ③❛❤r➡✉❥❡ ③rý❝❤❧❡♥✐❡ s♣ôs♦❜❡♥é t❧❛❦♦✈ý♠ s♣á❞♦♠ ✭❣r❛❞✐❡♥t♦♠✮✱
③rý❝❤❧❡♥✐❡ ③ ♦❜❥❡♠♦✈ý❝❤ sí❧ ❛ ③rý❝❤❧❡♥✐❡ ♣♦tr❡❜♥é ❦ ♣r❡❦♦♥❛♥✐✉ tr❡❝í❝❤ sí❧✳

✷✳✸ ▼❡tó❞② ❊✉❧❡r❛ ❛ ▲❛♥❣r❛♥❣❛

❘✐❡➨❡♥✐❡ r♦✈♥í❝◆❛✈✐❡r✲❙t♦❦❡s ♠ô➸❡ ❜②➫ ↔❛s♦✈♦ ✈❡➞♠✐ ♥ár♦↔♥é✱ ♥❛❥♠ä ♣r❡ ✸✲r♦③♠❡r♥ú r❡♣r❡③❡♥✲
tá❝✐✉✳ ❉ô✈♦❞♦♠ ❥❡✱ ➸❡ ♥✉♠❡r✐❝❦é r✐❡➨❡♥✐❡ ♦❜✈②❦❧❡ ✈❡❞✐❡ ❦ ♥❡❧✐♥❡ár♥②♠ ♣❛r❝✐á❧♥②♠ ❞✐❢❡r❡♥✲
❝✐á❧♥②♠ r♦✈♥✐❝✐❛♠✳ ❚✐❡ ♠ô➸✉ ❜②➫ r✐❡➨❡♥é ♥❛ ③á❦❧❛❞❡ r♦③❞❡❧❡♥✐❛ ♦❜❥❡♠✉ ❞♦ ♠✐❡➸❦②✳ ❚✐❡t♦
♠❡tó❞② sú ③✈②↔❛❥♥❡ ♦③♥❛↔♦✈❛♥é ❛❦♦ ❡✉❧❡r♦✈s❦é ♠❡tó❞②✳

❆❧t❡r♥❛tí✈♦✉ ♠❡tó❞② ❊✉❧❡r ❥❡ ♠❡tó❞❛ ▲❛❣r❛♥❣❡ ✭↔❛st✐❝♦✈♦ ③❛❧♦➸❡♥á✮✳ ❚át♦ ♠❡tó❞❛ ♣r❛❝✉❥❡
t❛❦✱ ➸❡ t❡❦✉t✐♥✉ r♦③❞❡❧í ♥❛ ❥❡♠♥é ↔❛st✐❝❡ ❛ ❛♣❧✐❦✉❥❡ r♦✈♥✐❝❡ ❦✈❛♣❛❧í♥ ③ ↔❛st✐❝♦✈❡❥ ♠❡❝❤❛♥✐❦②✳

❱ ♣♦❞st❛t❡ ❊✉❧❡r♦✈s❦á ♠❡tó❞❛ ✈②❝❤á❞③❛ ③ ✜①♥é❤♦ ♦❜❥❡♠✉✱ ❝❡③ ❦t♦rý t❡↔✐❡ t❡❦✉t✐♥❛✳ ❩
▲❛❣r❛♥❣❡♦✈❡❥ ❢♦r♠✉❧á❝✐❡ ✈②♣❧ý✈❛✱ ➸❡ s❧❡❞✉❥❡ ✐♥❞✐✈✐❞✉á❧♥❡ ↔❛st✐❝❡ ♣♦❤②❜✉❥ú❝❡ s❛ ❝❡③ ♣r✐❡st♦r
✈ ↔❛s❡✳

✺



❊✉❧❡r♦✈❛ ❢♦r♠✉❧á❝✐❛

❘♦✈♥✐❝❛ ♣♦♣✐s✉❥ú❝❛ ③❛❝❤♦✈❛♥✐❡ ❤♠♦t② ✴ ❦♦♥t✐♥✉✐t② ❥❡ ❞❛♥á ✈③➫❛❤♦♠✿

∂ρ

∂t
+∇ · (ρ✈) = 0 ✭✷✳✺✮

❩❛❝❤♦✈❛♥✐❡ ♠♦♠❡♥t✉ ❥❡ ❞❛♥á r♦✈♥✐❝♦✉✿

ρ

(

∂✈
∂t

+ ✈ + v · ∇✈

)

= −∇p+∇ · τ + ❢ , ✭✷✳✻✮

❦❞❡ ✈ ❥❡ rý❝❤❧♦st♥é ♣♦❧❡✱ ρ ❥❡ ❤✉st♦t❛✱ P ❥❡ t❧❛❦✱ τ ❥❡ ✈✐s❦ó③♥❡ ♥❛♣ät✐❡✳ ❷❛s➫ ❛❞✈❡❦❝✐❡
(v · ∇✈) ✈ ◆❛✈✐❡r✲❙t♦❦❡s♦✈❡❥ r♦✈♥✐❝✐ ♠ô➸❡♠❡ ♣♦♣ís❛➫ ❛❦♦ ↔❛s♦✈♦ ♥❡③á✈✐s❧é ③rý❝❤❧❡♥✐❡
t❡❦✉t✐♥② ✈③❤➞❛❞♦♠ ♥❛ ♣r✐❡st♦r✳ ❱ ♣♦❞st❛t❡ ❦✈❛♣❛❧✐♥❛ ❥❡ tr❛♥s♣♦rt♦✈❛♥á ♣♦ ✈❧❛st♥♦♠ t♦❦✉✳

❖❜rá③❡❦ ✷✳✷✿ ➆tr✉❦túr❛ t❡❦✉t✐♥② ♣♦↕❧❛ ❊✉❧❡r♦✈❡❥ ❢♦r♠✉❧á❝✐❡ ✈ ✷❉✳ ❱❧❛st♥♦st✐ t❡❦✉t✐♥② sú
✈②♣♦↔ít❛♥é ✈ ❜♦❞♦❝❤ ♠r✐❡➸❦②✳

▲❛❣r❛♥❣❡♦✈❛ ❢♦r♠✉❧á❝✐❛

❘♦✈♥✐❝❛ ♣♦♣✐s✉❥ú❝❛ ③❛❝❤♦✈❛♥✐❡ ❤♠♦t② ✴ ❦♦♥t✐♥✉✐t② ❥❡ ❞❛♥á ✈③➫❛❤♦♠✿

dρ

dt
= −ρ∇ · ✈ ✭✷✳✼✮

P♦✉➸✐tí♠ ❞❡r✐✈át✉✱ ❦t♦rý ❥❡ ➨♣❡❝✐✜❦♦✈❛♥ý t❛❦t♦✿ d✈
dt

= ∂✈
∂t

+ v · ∇v✱ ❞♦st❛♥❡♠❡ ▲❛❣r❛♥❣❡♦✈✉
❢♦r♠✉❧á❝✐✉ ③❛❝❤♦✈❛♥✐❛ ♠♦♠❡♥t✉✿

d✈
dt

= −
1

ρ
∇p+

1

ρ
∇ · τ + ❢ ✭✷✳✽✮

▼ô➸❡♠❡ ✐❣♥♦r♦✈❛➫ ③❛❝❤♦✈❛♥✐❡ ❤♠♦t②✱ ❛❦ ❜✉❞❡♠❡ ♣r❡❞♣♦❦❧❛❞❛➫✱ ➸❡ ✈➨❡t❦② ↔❛st✐❝❡ ♠❛❥ú
r♦✈♥❛❦ú ❤♠♦t✉ ❛ ♠á♠❡ ❦♦♥➨t❛t♥ý ♣♦↔❡t ↔❛stí❝✳

◆❛❦♦♥✐❡❝ ❞♦st❛♥❡♠❡ ✈ýr❛③✿

ai = −
1

ρi
∇pi +

1

ρi
∇ . τi + ❢ i = fpressure

i + f stress
i + f external

i ✭✷✳✾✮

✻



❦❞❡ ai ❥❡ ③rý❝❤❧❡♥✐❡ ↔❛st✐❝❡✱ fpressure
i ❥❡ t❧❛❦♦✈á s✐❧❛✱ f stress

i ❥❡ ♥❛♣ät✐❡ s♣ôs♦❜❡♥é ✈✐s❦♦③✐t♦✉
❛ f external

i ❥❡ s✉♠❛ ❡①t❡r♥ý❝❤ sí❧ ✭♥❛♣r✳ ❣r❛✈✐tá❝✐❛✱ ♦❞rá➸❛♥✐❡ ♦❞ st❡♥②✮✳
❖st❛t♥é r♦✈♥✐❝❡ sú ❥❡❞♥♦❞✉❝❤♦ ♦❞✈♦❞✐t❡➞♥é ③ ♣r❡❞❝❤á❞③❛❥ú❝✐❝❤✱ ❛❧❡❜♦ ❥❡ ♠♦➸♥é ♥á❥s➫

♥❛♣r✳ ✈ ❬✷✸❪ ❛ ❬✷✶❪✳

❖❜rá③❡❦ ✷✳✸✿ ➆tr✉❦túr❛ ↔❛st✐❝♦✈❡❥ t❡❦✉t✐♥② ♣♦↕❧❛ ▲❛❣r❛♥❣❡♦✈❡❥ ❢♦r♠✉❧á❝✐❡ ✈ ✷❉✳ ❷❛st✐❝❡ sú
r❡♣r❡③❡♥t♦✈❛♥é ❜♦❞♠✐✳ ❑r✉❤② ♣r❡❞st❛✈✉❥ú ♦❜❥❡♠ ❥❡❞♥♦t❧✐✈ý❝❤ ↔❛stí❝✳

✷✳✹ ❙♠♦♦t❤❡❞ ♣❛rt✐❝❧❡ ❤②❞r♦❞②♥❛♠✐❝s

❙♠♦♦t❤❡❞ ♣❛rt✐❝❧❡ ❤②❞r♦❞②♥❛♠✐❝s ❥❡ ♠❡tó❞❛ ❦ ❛♣r♦①✐♠á❝✐❡ r✐❡➨❡♥✐❛ ♥✉♠❡r✐❝❦ý❝❤ r✐❡➨❡♥í
r♦✈♥í❝ ❞②♥❛♠✐❦② t❡❦✉tí♥✳ ❩á❦❧❛❞♥♦✉ ♠②➨❧✐❡♥❦♦✉ ❥❡ r❡♣r❡③❡♥t♦✈❛➫ ♦❜❥❡♠ ✈③♦r❦♦✈❛♥ý ♠❡tó✲
❞♦✉ ▼♦♥t❡ ❈❛r❧♦ ✈②❤❧❛❞❡♥ý❝❤ ✐♥t❡r❛❣✉❥ú❝✐❝❤ ↔❛stí❝✳ ❏❡ t♦ ♠♦➸♥é tý♠✱ ➸❡ r❡♣r❡③❡♥t✉❥❡♠❡
♦❜❥❡♠ ❛❦♦ ♠♥♦➸✐♥✉ ♣r✈❦♦✈ ✭↔❛stí❝✮ ❛ ♣♦✉➸í✈❛♠❡ t✐❡t♦ ↔❛st✐❝❡ ❛❦♦ ✐♥tr❡♣♦❧❛↔♥é ❜♦❞②✱ ♣r❡
❦t♦ré ❥❡ ♠♦➸♥é ✈②♣♦↔ít❛➫ ✈❧❛st♥♦st✐ t❡❦✉t✐♥②✳ ▼❡tó❞❛ ❙P❍ ❜♦❧❛ ♣ô✈♦❞♥❡ ✈②✈✐♥✉tá ♣r❡ ❛s✲
tr♦❢②③✐❦✉✱ ❛❧❡ ❞♥❡s s❛ ♣♦✉➸í✈❛ ♥❛ r❛❞✉ ♣r♦❜❧é♠♦✈✳ ❉❡r✐✈á❝✐♦✉ s✐❧② ✈✐s❦♦③✐t② ❛ t❧❛❦✉ ♣r✐❛♠♦
✈ r♦✈♥✐❝✐ ◆❛✈✐❡r✲❙t♦❦❡s ❥❡ ♠♦➸♥é ✈❡➞♠✐ ❡❢❡❦tí✈♥❡ s✐♠✉❧♦✈❛➫ ❝❤♦✈❛♥✐❡ t❡❦✉tí♥ s rô③♥②♠✐ ❤✉s✲
t♦t❛♠✐✳

▼❡t♦❞❛ ♠á ♥✐❡❦♦➞❦♦ ③❛✉❥í♠❛✈ý❝❤ ✈❧❛st♥♦stí ✈ ❦♦♥t❡①t❡ s✐♠✉❧á❝✐❡ ✈ r❡á❧♥♦♠ ↔❛s❡✳ ❏❡❞♥❛
③ ♥✐❝❤ ❥❡✱ ➸❡ ♠ô➸❡♠❡ ❥❡❞♥♦❞✉❝❤♦ ♣❛r❛❧❡❧✐③♦✈❛➫✱ ↔♦ ③♥❛↔♥❡ ✉rý❝❤❧✐ ❞♦❜✉ tr✈❛♥✐❛ ✈ý♣♦↔t♦✈✳
❸❛❧➨✐❛ ✈ý❤♦❞❛ ❥❡ tr✐✈✐á❧♥❡ ③❛❝❤♦✈❛♥✐❡ ❤♠♦t②✱ ✈②s♦❦á ú↔✐♥♥♦s➫ ❛ ❥❡❞♥♦❞✉❝❤♦ s❧❡❞♦✈❛t❡➞♥ý
♣♦✈r❝❤✳ ■♥t❡r❛❦❝✐❛ s ❦♦♠♣❧❡①♥ý♠✐ ❤r❛♥✐❝❛♠✐ ♣❡✈♥ý❝❤ ❧át♦❦ ❥❡ t✐❡➸ ♦♠♥♦❤♦ ❥❡❞♥♦❞✉❝❤➨✐❛ ❛❦♦
s tr❛❞✐↔♥ý♠✐ ❡✉❧❡r♦✈s❦ý♠✐ s✐♠✉❧á❝✐❛♠✐✱ ♣r❡t♦➸❡ ♥✐❡ ❥❡ ♣♦tr❡❜♥é ✈②♣♦↔ít❛➫ ③❧♦➸✐té ♠✐❡➸❦②✳

◆❛❥✈ä↔➨í♠ ♥❡❞♦st❛t❦♦♠ ❥❡ t♦✱ ➸❡ ♠ô➸❡ ❜②➫ ➫❛➸❦é✱ ❛❧❡❜♦ ✈ý♣♦↔❡t♥❡ ♥ár♦↔♥é ❡①tr❛❤♦✈❛➫
❥❡♠♥ý ♣♦✈r❝❤ ③ ↔❛stí❝✳ ❚át♦ ♠❡tó❞❛ ♠ô➸❡ ✈②➸❛❞♦✈❛➫ ✈❡➞❦ý ♣♦↔❡t ↔❛stí❝✱ ❛❜② ❞♦s✐❛❤❧❛ r❡❛❧✐✲
st✐❝❦é ✈ýs❧❡❞❦②✳

❱ ❧✐t❡r❛túr❡ ❬✷✻❪ ❥❡ ❞♦st✉♣♥ý ❞♦❜r❡ ♥❛♣ís❛♥ý ↔❧á♥♦❦ ♦ ♣♦✉➸✐tí ❙P❍ ♦r✐❡♥t♦✈❛♥ý ♥❛ ❡♥✈✐✲
r♦♠❡♥tá❧♥❡ ✈❡❞②✳

✼



✷✳✺ ❘♦✈♥✐❝❡ ❙P❍

❱ ♠❡tó❞❡ ❙P❍ sú s✐♠✉❧♦✈❛♥é rô③♥❡ ❡❢❡❦t② ◆❛✈✐❡r✲❙t♦❦❡s♦✈ý❝❤ r♦✈♥í❝ ❛❦♦ ♠♥♦➸✐♥❛ sí❧✱ ❦t♦ré
♣ôs♦❜✐❛ ♥❛ ❦❛➸❞ú ↔❛st✐❝✉✳ ❚✐❡t♦ s✐❧② sú ❞❛♥é s❦❛❧ár♥②♠✐ ✈❡❧✐↔✐♥❛♠✐✳ ❱❡❧✐↔✐♥② ✐♥t❡r♣♦❧✉❥❡♠❡ ✈
♠✐❡st❡ r ♥❛ ③á❦❧❛❞❡ ✈á➸❡♥é❤♦ sú↔t✉ ♣rís♣❡✈❦♦✈ ♦❞ ✈➨❡t❦ý❝❤ ♦❦♦❧✐tý❝❤ ↔❛stí❝ ✈♦ ✈③❞✐❛❧❡♥♦st✐
h ✈ ♣r✐❡st♦r❡ Ω ✭❖❜r✳ ✷✳✹✮✳ ■♥t❡❣rá❧♦♠ t♦ ♠ô➸❡♠❡ ♥❛♣ís❛➫ ♥❛s❧❡❞♦✈♥❡✿

❖❜rá③❡❦ ✷✳✹✿ ❱②❤❧❛❞③♦✈❛❝✐❛ ✈③❞✐❛❧❡♥♦s➫ ❛ ↔❛st✐❝❡ ✈ ♥❡❥✳

Ai =

∫

Ω
A
(

r
′
)

W
(

r− r
′
, h
)

dr
′

✭✷✳✶✵✮

◆✉♠❡r✐❝❦ý ❡❦✈✐✈❛❧❡♥t ③ís❦❛♠❡ ❛♣r♦①✐♠á❝✐♦✉ ✐♥t❡❣rá❧✉ s♦ s✉♠♦✉✿

Ai =
∑

j

AjVjW (rij , h) ✭✷✳✶✶✮

❦❞❡ j ❥❡ ✐♥❞❡① s✉s❡❞♥❡❥ ↔❛st✐❝❡✱ Vj ❥❡ ✐♠♣❧✐❝✐t♥ý ♦❜❥❡♠ ↔❛st✐❝❡ j✱ rij = ri − rj ✱ ❦❞❡ r ❥❡
♣♦③í❝✐❛ ↔❛st✐❝❡ ❛ ♥❛❦♦♥✐❡❝ A ❥❡ s❦❛❧ár♥❛ ✐♥t❡r♣♦❧♦✈❛♥á ✈❡❧✐↔✐♥❛✳ ❉♦ s✉♠② s❛ s↔ít❛❥ú ↔❛st✐❝❡✱
❦t♦ré s♣❛❞❛❥ú ❞♦ ❦r✉❤✉ str❡❞♦♠ ri✳

▼❡❞③✐ ✈❡➞❦♦s➫♦✉✱ ❤♠♦t♦✉ ❛ ❤✉st♦t♦✉ ❤♠♦t② ♣❧❛tí ♥❛s❧❡❞✉❥ú❝✐ ✈③➫❛❤✿

V =
m

ρ
✭✷✳✶✷✮

❦❞❡ m ❥❡ ❤♠♦t❛✱ ❛ ρ ❥❡ ❤✉st♦t❛ ❤♠♦t②✳ ❑♦♠❜✐♥á❝✐♦✉ t❡❥t♦ r♦✈♥✐❝❡ ❞♦st❛♥❡♠❡ ③á❦❧❛❞ ❢♦r✲
♠✉❧á❝✐❡ ✐♥t❡r♣♦❧❛↔♥❡❥ ❢✉♥❦❝✐❡ ❙P❍✳

◆❛❦♦♥✐❡❝ ❞♦st❛♥❡♠❡ ③á❦❧❛❞♥ú ❢♦r♠✉❧á❝✐✉ ✐♥t❡r♣♦❧❛↔♥❡❥ ❢✉♥❦❝✐❡ ❙P❍✿

Ai =
∑

j

Aj
mj

ρj
W (rij , h) ✭✷✳✶✸✮

❦❞❡ j ❥❡ ✐♥❞❡① s✉s❡❞♥❡❥ ↔❛st✐❝❡✱ mj ❥❡ ❤♠♦t❛ j✲té❤♦ ↔❛st✐❝❡✱ rj ❥❡❥ ♣♦③í❝✐❛✱ ρ ❤✉st♦t❛ ❛ Aj ❥❡
s❦❛❧ár♥❛ ✈❡❧✐↔✐♥❛ ✈ ♣♦③í❝✐❡ rj ✳

✽



❱②❤❧❛❞③♦✈❛❝✐❡ ❥❛❞r♦

❋✉♥❦❝✐❛ W (rij) s❛ ♥❛③ý✈❛ ✈②❤❧❛❞③♦✈❛❝✐❡ ❥❛❞r♦✱ ❦t♦ré ❥❡ ✈á➸❡♥á s❦❛❧ár♥❛ ❢✉♥❦❝✐❛✳ ❚♦t♦ ❥❛❞r♦
♣♦✉➸í✈❛ ♣♦③í❝✐✉ r ❛ ✈②❤❧❛❞③♦✈❛❝✐✉ ❞➝➸❦✉ h✳ ◆❛ tút♦ ❞➝➸❦✉ ♠ô➸❡♠❡ ♣♦③❡r❛➫ ❛❦♦ ♥❛ ❤♦❞♥♦t✉
♣r❛❤✉✱ ❦t♦rá r♦③❤♦❞✉❥❡ ♦ t♦♠✱ ❦♦➞❦♦ ↔❛stí❝ s❛ ③❛♣♦↔ít❛✈❛ ♦❞ ✐♥t❡r♣♦❧á❝✐❡✳ Pr❡ |rij | > h ♣❧❛tí
♣r❡ ❢✉♥❦❝✐✉ ✈➸❞② W = 0✳ ◆❛ ♦❜rá③❦✉ ✷✳✺ sú ♥❛③♥❛↔❡♥é rô③♥❡ ✈❡➞❦♦st✐ ✭❦rát❦❛✱ ✐❞❡á❧♥❛ ❛
❞❧❤á✮ ✈②❤❧❛❞③♦✈❛❝í❝❤ ❥❛❞✐❡r✳

✭❛✮ ❑rát❦❛✳

✭❜✮ ■❞❡á❧♥❛✳

✭❝✮ ❱❡➞❦á✳

❖❜rá③❡❦ ✷✳✺✿ ❱②❤❧❛❞③♦✈❛❝✐❡ ❞➝➸❦② ❥❛❞✐❡r✳

❱②❤❧❛❞③♦✈❛❝✐❡ ❥❛❞r♦ ♠✉sí s♣➝➡❛➫ ♥✐❡❦♦➞❦♦ ♣♦❞♠✐❡♥♦❦✳ Pr✈á ❥❡ ♥♦r♠❛❧✐③❛↔♥á ♣♦❞♠✐❡♥❦❛✿
∫

r

W (r, h) dr = 1 ✭✷✳✶✹✮

❸❛❧➨✐❛ ♣♦❞♠✐❡♥❦❛ ❥❡ ✈❧❛st♥♦s➫ ❉✐r❛❦♦✈❡❥ ❢✉♥❦❝✐❡✱ ❦t♦rú ♠ô➸❡♠❡ ♣♦③♦r♦✈❛➫✱ ❦❡↕ ✈②❤❧❛❞③♦✲
✈❛❝✐❛ ❞➝➸❦❛ s❛ ❜❧í➸✐ ❦ ♥✉❧❡✿

lim
x→∞

W (rij , h) = δ (rij) ✭✷✳✶✺✮

✾



❦❞❡ δ ❥❡ ❉✐r❛❦♦✈❛ ❞❡❧t❛ ❢✉♥❦❝✐❛✳ ❱②s✈❡t❧❡♥✐❡ ❉✐r❛❦♦✈❡❥ ❞❡❧t❛ ❢✉♥❦❝✐❡ ❥❡ ♥❛♣r✳ ✈ ❬✶✸❪✳ ❚r❡✲
t✐❛ ♣♦❞♠✐❡♥❦❛✱ ❦t♦rá ③❛❜❡③♣❡↔✉❥❡✱ ➸❡ ✐❜❛ ✈♥út♦r♥é ↔❛st✐❝❡ sú ♣♦✉➸í✈❛♥é ♣r✐ ✈ý♣♦↔t♦❝❤✱ ❥❡
♥❛s❧❡❞✉❥ú❝❛✿

W = 0 ak |rij | > h ✭✷✳✶✻✮

❖❦r❡♠ tý❝❤t♦ ♣♦❞♠✐❡♥♦❦ ↕❛❧❡❥ ♠✉sí ♣❧❛t✐➫✱ ➸❡ ❥❛❞r♦ ❥❡ ♣♦③✐tí✈♥❡ ❛ ♣ár♥❡W (r, h) = W (−r, h)✳
❆❦ W ❥❡ ❞❡❧t❛ ❢✉♥❦❝✐❛✱ t❛❦ ✐♥t❡r♣♦❧❛↔♥á ❢✉♥❦❝✐❛ ❜✉❞❡ ♣r♦❞✉❦♦✈❛➫ ✈❡➞♠✐ ♣r❡s♥é ✈ýs❧❡❞❦②✳

❆✈➨❛❦ ✈ ♣r❛①✐ t♦ ♥✐❡ ❥❡ ♣rí❧✐➨ ✉➸✐t♦↔♥é✱ ♣r❡t♦➸❡ ✈②➸❛❞✉❥❡ ✈❡➞❦ú ✈②❤❧❛❞③♦✈❛❝✐✉ ❞➝➸❦✉ ❛ ✈❡➞❛
s✉s❡❞♥ý❝❤ ↔❛stí❝✳ ❚✐❡t♦ ♣♦❞♠✐❡♥❦② sú ↔❛s♦✈♦ ♥ár♦↔♥é✱ ♣r❡t♦ ❛❜② s♠❡ ③✈ý➨✐❧✐ ✈ý♣♦↔❡♥ý
✈ý❦♦♥✱ ❢✉♥❦❝✐❛ W s✐ ❦❧❛❞✐❡ ③❛ ❝✐❡➞ ♣♦s❦②t♦✈❛➫ ↔♦ ♥❛❥♣r❡s♥❡❥➨✐✉ ✐♥t❡r♣♦❧á❝✐✉✱ ↔♦ ❥❡ ♠♦➸♥é
♣r✐ ③❛❝❤♦✈❛♥í r♦③✉♠♥❡❥ ✈②❤❧❛❞③♦✈❛❝❡❥ ❞➝➸❦②✳

❱ ❬✷✷❪ ❛ ❬✷✵❪ sú ③❛✈❡❞❡♥é ❥❛❞rá ♣r❡ rô③♥❡ ♦❜❧❛st✐ ❡❢❡❦t♦✈✱ ❛❦♦ sú ✈✐s❦♦③✐t❛ ❛ t❧❛❦✳ P♦♠♦❝♦✉
tý❝❤t♦ ❥❛❞✐❡r rô③♥②❝❤ ❡❢❡❦t♦✈ ❥❡ ♠♦➸♥é ❦❛➸❞é ❥❛❞r♦ ♦♣t✐♠❛❧✐③♦✈❛➫ ♣r❡ ➨♣❡❝✐✜❝❦é ♣♦➸✐❛❞❛✈❦②
sí❧✱ ❦t♦ré ✐♥t❡r♣♦❧✉❥❡♠❡✳

❆❦ ❝❤❝❡♠❡ ♣♦❝❤♦♣✐➫ ❢②③✐❦á❧♥✉ ✐♥t❡r♣r❡tá❝✐✉ r♦✈♥✐❝❡ ❙P❍✱ ❥❡ ✈➸❞② ♥❛❥❧❡♣➨✐❡ ♣r❡❞♣♦❦❧❛❞❛➫✱
➸❡ ❥❛❞r♦ ❥❡ ❣❛✉ss♦✈s❦é✳ ❚♦ ❥❡ ♣r✈é ③❧❛té ♣r❛✈✐❞❧♦ ❙P❍ ❬✶✼❪✳ ●❛✉ss♦✈s❦é ❥❛❞r♦ ❥❡ ❞❛♥é ✈③➫❛❤♦♠✿

Wgaussian (r, h) =
1

(2πh2)
3

2

e
−

(

|r|2

2h2

)

, h > 0 ✭✷✳✶✼✮

❦t♦ré ❥❡ ✈✐❞✐❡➫ ♥❛ ♦❜rá③❦✉ ✷✳✻✳ ❆❥ ❦❡↕ ♠á ❣❛✉ss♦✈s❦é ❥❛❞r♦ ✈❡➞♠✐ ♣❡❦♥é ♠❛t❡♠❛t✐❝❦é ✈❧❛st✲

❖❜rá③❡❦ ✷✳✻✿ ●❛✉ss♦✈s❦é ❥❛❞r♦ ✈ ✶❉✱ ❦❞❡ h = 1 ③ ❬✷✶❪✳

♥♦st✐✱ ♥✐❡ ❥❡ ✈➸❞② t♦ ♥❛❥❧❡♣➨✐❡ ❥❛❞r♦ ♥❛ ♣♦✉➸✐t✐❡✱ ♥❛♣r✳ ✈②➸❛❞✉❥❡ ✈②♣♦↔ít❛♥✐❡ ❞r❛❤ý❝❤ ❡①♣♦✲
♥❡♥❝✐á❧♦✈✳

❉❡r✐✈át②

❱ ❙P❍ ♠ô➸❡♠❡ ③ís❦❛➫ ❞❡r✐✈át② ❢✉♥❦❝✐í s ♣♦✉➸✐tí♠ ❞❡r✐✈át♦✈ ✈②❤❧❛❞③♦✈❛❝✐❡❤♦ ❥❛❞r❛✱ ↔♦ ✈❡❞✐❡
❦ ❇❛s✐❝ ●r❛❞✐❡♥t ❆♣♣r♦①✐♠❛t✐♦♥ ❋♦r♠✉❧❛ ✭❇●❆❋✮ ❬✶✵❪✳

∇Ai =
∑

j

Aj
mj

ρj
∇W (rij , h) ✭✷✳✶✽✮

∇2Ai =
∑

j

Aj
mj

ρj
∇2W (rij , h) ✭✷✳✶✾✮

✶✵



❚át♦ ❢♦r♠✉❧á❝✐❛ ♠ô➸❡ ♣r♦❞✉❦♦✈❛➫ ❜♦❤✉➸✐❛➞ ♥❡♣r❡s♥é ✈ýs❧❡❞❦②✱ ♣r❡t♦ ③❛✈✐❡❞❧✐ ♥✐❡❦♦➞❦♦ ❢♦r✲
♠✉❧á❝✐í ❦✈ô❧✐ ✉♣r❡s♥❡♥✐✉ ✈ý♣♦↔t✉✳ ❏❡❞♥❛ ③ ♥✐❝❤ ❥❡ ❉✐✛❡r❡♥❝❡ ●r❛❞✐❡♥t ❆♣♣r♦①✐♠❛t✐♦♥ ❋♦r✲
♠✉❧❛ ✭❉●❆❋✮ ❬✶✵❪✿

∇Ai =
1

ρi

∑

j

mj (Aj −Ai)∇W (rij , h) ✭✷✳✷✵✮

❦t♦rá ♠á tú ✈ý❤♦❞✉✱ ➸❡ s✐❧❛ ③♠✐③♥❡ ú♣❧♥❡✱ ❦❡↕ t❧❛❦ ❥❡ ❦♦♥➨t❛♥t♥ý ❬✶✻❪✳

❙②♠❡tr✐③á❝✐❛ ❣r❛❞✐❡♥t✉

Pr❡ s✐❧②✱ ❦t♦ré ♣ôs♦❜✐❛ ♠❡❞③✐ ↔❛st✐❝❛♠✐ ♣❧❛tí tr❡tí ③á❦♦♥ ◆❡✇t♦♥❛✱ t❡❞❛ ♣❧❛tí✱ ➸❡ ❞✈❛ ❤♠♦t♥é
❜♦❞② ♥❛ s❡❜❛ ♣ôs♦❜✐❛ r♦✈♥❛❦♦ ✈❡➞❦ý♠✐ s✐❧❛♠✐ ♦♣❛↔♥é❤♦ s♠❡r✉✱ ❦t♦ré sú↔❛s♥❡ ✈③♥✐❦❛❥ú ❛
sú↔❛s♥❡ ③❛♥✐❦❛❥ú✳ ❱❡➞❦♦st✐ ♣ár♦✈ý❝❤ sí❧ s❛ r♦✈♥❛❥ú✱ ❛❧❡ ♠❛❥ú ♦♣❛↔♥é ③♥❛♠✐❡♥❦❛ ✭fi = −tfj✮✳
❚♦ ③♥❛♠❡♥á✱ ➸❡ ❞✐❢❡r❡♥❝✐á❧ ✈ ◆❛✈✐❡r✲❙t♦❦❡s♦✈❡❥ r♦✈♥✐❝✐✱ ❦t♦rý ✈②t✈ár❛ t✐❡t♦ s✐❧② ♠✉sí ❜②➫
s②♠❡tr✐③♦✈❛♥ý✳

▼♦♥❛❣❤❛♥ ✈②✈✐♥✉❧ s②♠❡tr✐③á❝✐✉✱ ❦t♦rú ♥❛③ý✈❛♠❡ ❙②♠♠❡tr✐❝ ●r❛❞✐❡♥t ❆♣♣r♦①✐♠❛t✐♦♥
❋♦r♠✉❧❛ ✭❙●❆❋✮✳ ❚át♦ ❢♦r♠✉❧á❝✐❛ ③❛❤r➡✉❥❡ ❧✐♥❡ár♥② ❛ ✉❤❧♦✈ý ♠♦♠❡♥t✱ ❛❧❡ ♥✐❡ t❛❦ ♣r❡s♥❡
❛❦♦ ❉●❆❋✳ ❇❡➸♥❡ s❛ ♣♦✉➸í✈❛ ♣r❡ t❧❛❦♦✈ý ❣r❛❞✐❡♥t✳

∇Ai = ρi
∑

j

mj

(

Ai

ρ2i
+

Aj

ρ2j

)

∇W (rij , h) ✭✷✳✷✶✮

❆❧t❡r♥❛tí✈♥❛ ❢♦r♠✉❧á❝✐❛ s②♠❡tr✐❡✿

∇Ai =
∑

j

mj

ρj
(Ai +Aj)∇W (rij , h) ✭✷✳✷✷✮

❑♦♠♣❧❡t♥á ❞❡r✐✈á❝✐❛✱ ❢♦r♠✉❧á❝✐❡ ✈❡❦t♦r❛ ❣r❛❞✐❡♥t✉✱ ✈❡❦t♦r♦✈ý ❛ s❦❛❧ár♥② sú↔✐♥✱ ❛t↕✳ sú
✈②s✈❡t❧❡♥é ✈ ❬✶✶❪✳

❑♦r❡❦❝✐❛ ❧❛♣❧❛❝✐á♥✉

Pr❡ ③á❦❧❛❞♥é ❢♦r♠✉❧á❝✐❡ ❧❛♣❧❛❝✐á♥✉ ❜♦❧♦ ③✐st❡♥é✱ ➸❡ ❥❡ tr♦❝❤✉ ♥❡st❛❜✐❧♥á ③❛ ✉r↔✐tý❝❤ ♣♦❞✲
♠✐❡♥♦❦✱ ❛❧❡ ❡①✐st✉❥❡ ➨✐r♦❦á ➨❦á❧❛ ♠♦➸♥ý❝❤ ♦♣rá✈✳ ❱ ❬✷✽❪ ❥❡ ♣♦♣ís❛♥á ✈❤♦❞♥á ♦♣r❛✈❛ ❧❛♣❧❛❝✐á♥✉
♣r❡ ✈✐s❦ó③♥✉ s✐❧✉✿

∇ ·

(

1

ρ
∇A

)

=
∑

mj
8

(ρi + ρj)
2

(Ai −Aj) · ∇W (rij , h)

|rij |
2 + η2

✭✷✳✷✸✮

❦❞❡ η ❥❡ ♠❛❧é ↔ís❧♦ ❛ ♣♦✉➸í✈❛ s❛ ③ ❞ô✈♦❞✉✱ ❛❜② ♠❡♥♦✈❛t❡➞ ♥❡❜♦❧ ♥✉❧♦✈ý✳ ❩✈②↔❛❥♥❡ s❛ r♦✈♥á
0.1 · h✱ ❦❞❡ h ❥❡ ❞➝➸❦❛ ✈②❤❧❛❞③♦✈❛❝✐❡❤♦ ❥❛❞r❛✳

P♦❞r♦❜♥❡❥➨í ♣r❡❤➞❛❞ ♦ ❙P❍ ♥á❥❞❡t❡ ✈ ❬✶✶❪ ❛ ❬✶✷❪✳

✷✳✻ ❉②♥❛♠✐❦❛ t❡❦✉tí♥

❘♦✈♥✐❝❡ ✷✳✸ ❛ ✷✳✹ ♣♦♣✐s✉❥ú ③á❦❧❛❞♥ú ❡✉❧❡r♦✈✉ ❢♦r♠✉❧á❝✐✉ ♥❡st❧❛↔✐t❡❧♥ý❝❤ t❡❦✉tí♥✳ P♦✉➸í✈❛♥✐❡
↔❛stí❝ ♥❛♠✐❡st♦ ♠r✐❡➸❦② ✈ýr❛③♥❡ ③❥❡❞♥♦❞✉➨✉❥❡ r♦✈♥✐❝❡✳ Pr❡❞♣♦❦❧❛❞á♠❡✱ ➸❡ ♠♥♦➸st✈♦ ↔❛stí❝ ❥❡
❦♦♥➨t❛♥t♥á ✈ ♣r✐❡❜❡❤✉ s✐♠✉❧á❝✐❡✱ ✉❞r➸✐❛✈❛♠❡ ✈♦♣r❡❞ st❛♥♦✈❡♥ú ❤♠♦t♥♦s➫ ♣r❡ ❦❛➸❞ú ↔❛st✐❝✉✱
t♦ ③♥❛♠❡♥á✱ ➸❡ ③❛❝❤♦✈❛♥✐❡ ❤♠♦t② ❥❡ ③❛r✉↔❡♥é ❛ r♦✈♥✐❝✉ ✷✳✹ ♠ô➸❡♠❡ ✈②♥❡❝❤❛➫✳

✶✶



❖❜rá③♦❦ ✷✳✸ ③♥á③♦r➡✉❥❡ ③á❦❧❛❞♥é ✉s♣♦r✐❛❞❛♥✐❡ ↔❛st✐❝♦✈❡❥ t❡❦✉t✐♥②✱ ❦t♦rá ❜♦❧❛ r❡❞✉❦♦✈❛♥á
♥❛ ✷❉ ③ ❞ô✈♦❞✉ ♣r❡❤➞❛❞♥♦st✐✳

❱ ▲❛❣r❛♥❣❡♦✈❡❥ ❢♦r♠✉❧á❝✐✐ ↔❛st✐❝❡ ❞❡✜♥✉❥ú t❡❦✉t✐♥✉ ♣r❡s♥❡✱ ↔♦ ③♥❛♠❡♥á✱ ➸❡ s❛ ♣♦❤②❜✉❥ú
s♣♦❧✉ s t❡❦✉t✐♥♦✉✳ ❱ ♣♦r♦✈♥❛♥í s ❊✉❧❡r♦✈s❦♦✉ ❢♦r♠✉❧á❝✐♦✉ t♦ ③♥❛♠❡♥á✱ ➸❡ ✈➨❡t❦② ♣❛r❛♠❡tr❡
③á✈✐s✐❛ ❧❡♥ ♥❛ ↔❛s❡ t✳ ❷❛st✐❝❛ ♥❡s✐❡ ③♦ s❡❜♦✉ ❤♠♦t✉✱ ♣♦③í❝✐✉ ❛ rý❝❤❧♦s➫✱ ❛ ❜✉❞❡ ✉❞r➸✐❛✈❛➫
✈②❤❧❛❞❡♥é ❛♣r♦①✐♠á❝✐❡ ③ís❦❛♥é ③ ❙P❍✳ ❩rý❝❤❧❡♥✐❡ ↔❛st✐❝❡ ▲❛❣r❛♥❣❡♦✈❡❥ t❡❦✉t✐♥② ❥❡ ♣♦t♦♠
❜❡➸♥á ❞❡r✐✈á❝✐❛ rý❝❤❧♦st✐ v(t) ♣♦❞➞❛ ↔❛s✉ d

dt ✳ ❚♦t♦ ♦❜❥❛s♥í ♣r❡↔♦ ❝❤ý❜❛ ↔❛s➫
(

∂v
∂t

+ v.∇v
)

✭r♦✈♥✐❝❛ ✷✳✸✮ ③ ▲❛❣r❛♥❣❡♦✈❡❥ ❢♦r♠✉❧á❝✐❡✳
❩á❦❧❛❞♥á ▲❛❣r❛♥❣❡♦✈❛ ❢♦r♠✉❧á❝✐❛ r♦✈♥✐❝❡ ◆❛✈✐❡r✲❙t♦❦❡s❛ ♣r❡ ♥❡st❧❛↔✐t❡❧♥ú t❡❦✉t✐♥✉ ❥❡

❞❛♥á ✈③➫❛❤♦♠✿
ρ
dv

dt
= −∇p+ µ∇2

v + f ✭✷✳✷✹✮

❦❞❡ ♣r❛✈á str❛♥❛ ♦❜s❛❤✉❥❡ ✐♥t❡r♥é ❛ ❡①t❡r♥é s✐❧②✳ ❚✐❡t♦ s✐❧② ♠ô➸❡♠❡ s↔ít❛➫ ❛ ❞♦st❛♥❡♠❡ s✐❧✉
F✱ ❦❞❡ F = f

internal + f
external✳ Pr❡ i✲tú ↔❛st✐❝✉ ✈②♣♦↔ít❛♠❡ ③rý❝❤❧❡♥✐❡ ♥❛s❧❡❞♦✈♥❡✿

ai =
dvi

dt
=

Fi

ρi
✭✷✳✷✺✮

❦❞❡ ai ❛ vi sú ③rý❝❤❧❡♥✐❡ ❛ rý❝❤❧♦s➫✱ Fi ❥❡ ❝❡❧❦♦✈á ♣ôs♦❜✐❛❝❛ s✐❧❛ ❛ ρi ❥❡ ✈②♣♦↔ít❛♥á ❤✉st♦t❛
✈ ♣♦③í❝✐✐ i✲t❡❥ ↔❛st✐❝❡✳

❱ ↔❛st✐ ✷✳✺ s♠❡ s❛ ❞♦③✈❡❞❡❧✐ ♦ ♣r✈♦♠ ③❧❛t♦♠ ♣r❛✈✐❞❧❡ ❙P❍✱ ❛❧❡ ❞♦➨❧✐ s♠❡ ❦ ③á✈❡r✉✱ ➸❡
✐③♦tr♦♣♥é ❣❛✉ss♦✈s❦é ❥❛❞r♦ ♥✐❡ ❥❡ ✈❤♦❞♥é ♥❛ ♣♦✉➸✐t✐❡ ♣r❡ ♥❛➨❡ ú↔❡❧②✳ P♦tr❡❜✉❥❡♠❡ ➨t❛♥❞❛r❞♥é
✈②❤❧❛❞③♦✈❛❝✐❡ ❥❛❞r♦✱ ❦t♦ré ♠á ♥♦s✐↔❛✶ ✭❛♥❣❧✳ ❝♦♠♣❛❝t s✉♣♣♦rt✮ ♣r❡ ♠❡❞③✐✲↔❛st✐❝♦✈é ❙P❍
✈ý♣♦↔t② ❦ r✐❡➨❡♥✐✉ r♦✈♥✐❝❡ ✷✳✷✹✳

❱ ❬✶✺❪ sú ♣♦♣ís❛♥é rô③♥❡ t②♣② ❥❛❞✐❡r ♥❛ ❙P❍✱ ❦t♦ré ♠❛❥ú ♥♦s✐↔♦✈ ❢✉♥❦❝✐í✳ ▼❡❞③✐ t✐❡t♦
❥❛❞r❛ ♣❛tr✐❛ ❇✲❙♣❧✐♥❡ ❛ ◗✲❙♣❧✐♥❡ ❥❛❞r❛✱ ❦❞❡ ◗✲❙♣❧✐♥❡ ❥❡ ♣♦✈❛➸♦✈❛♥é ③❛ ♥❛❥❧❡♣➨✐❡ ❥❛❞r♦ ③
❤➞❛❞✐s❦❛ ✈ý♣♦↔t♦✈❡❥ ♣r❡s♥♦st✐✳

❆✈➨❛❦ ◗✲❙♣❧✐♥❡ ❥❛❞r♦ ✈②➸❛❞✉❥❡ ✈②♣♦↔ít❛♥✐❡ ❞r✉❤❡❥ ♦❞♠♦❝♥✐♥②✱ ❦t♦ré ♠ô➸❡ ❜②➫ ❞r❛❤é✱
↔❛s♦✈♦ ♥ár♦↔♥é✱ ❛❦ ❥❛❞r♦ ❥❡ ↔❛st♦ ♣♦✉➸í✈❛♥é✳ ◆❛♠✐❡st♦ t♦❤♦ ❜✉❞❡♠❡ ♣♦✉➸í✈❛➫ ❥❛❞r♦ ♣♦❧②♥ó♠✉
✻✳ st✉♣➡❛✱ ❦t♦ré ♥❛✈r❤❧✐ ✈ ❬✷✷❪✿

Wpoly6 (r, h) =
315

64πh9

{
(

h2 − |r|2
)3

0 ≤ |r| ≤ h

0 |r| > h,
✭✷✳✷✻✮

s ❣r❛❞✐❡♥t♦♠✿

∇Wpoly6 (r, h) = −
945

32πh9
r

(

h2 − |r|2
)2

, ✭✷✳✷✼✮

❛ s ❧❛♣❧❛❝✐á♥♦♠✿

∇2Wpoly6 (r, h) = −
945

32πh9

(

h2 − |r|2
)(

3h2 − 7 |r|2
)

. ✭✷✳✷✽✮

▼❡❞③✐ ❞♦❜ré ✈❧❛st♥♦st✐ ❥❛❞r❛ Wpoly6 ♣❛tr✐❛ ③❛❝❤♦✈❛♥✐❡ ③✈♦♥↔❡❦♦✈é❤♦ t✈❛r✉ ❣❛✉ss♦✈❡❥ ❦r✐✈❦②
❛ t♦✱ ➸❡ ♥❡♣♦tr❡❜✉❥❡ ❞♦❞❛t♦↔♥ú ♥♦r♠❛❧✐③á❝✐✉ ♣r❡ r✱ ↔♦ ❥❡ ✈❡➞♠✐ ✈ý❤♦❞♥é✳ ❖❜rá③♦❦ ✷✳✼ ③♥á✲
③♦r➡✉❥❡ ❥❛❞r♦ Wpoly6 ❛ ❥❡❤♦ ❞❡r✐✈át② ✈ ✶❉✳

✶◆♦s✐↔♦♠ r❡á❧♥❡❥ ❢✉♥❦❝✐❡ f ❥❡ ♣♦❞♠♥♦➸✐♥❛ ❥❡❥ ❞❡✜♥✐↔♥é❤♦ ♦❜♦r✉✱ ❦t♦rá ♦❜s❛❤✉❥❡ ✈➨❡t❦② ❜♦❞② x t❛❦é✱ ➸❡
f(x) 6= 0✳

✶✷



❖❜rá③❡❦ ✷✳✼✿ ❏❛❞r♦ Wpoly6 ❛ ❥❡❤♦ ❞❡r✐✈á❝✐❡ ③ ❬✷✶❪✳

❍✉st♦t❛

❱✐❡♠❡✱ ➸❡ ✈➨❡t❦② ✈❧❛st♥♦st✐✱ ✐❝❤ ❣r❛❞✐❡♥t② ❛ ❧❛♣❧❛❝✐á♥② ♠ô➸❡♠❡ ❛♣r♦①✐♠♦✈❛➫ ♣♦♠♦❝♦✉ ❙P❍✳
❘♦✈♥✐❝❡ ❙P❍ ♣r❡❞♣♦❦❧❛❞❛❥ú✱ ➸❡ ✉r↔✐té ✈❧❛st♥♦st✐ sú ③♥á♠❡ ✉➸ ♣r❡❞ ✈ý♣♦↔t♦♠ ✭❤♠♦t❛ ❛
❤✉st♦t❛ ↔❛st✐❝❡✮✳ ❍♠♦t❛ ↔❛st✐❝❡ ❥❡ ✉➸í✈❛t❡➞♦♠ ❞❡✜♥♦✈❛♥á ❦♦♥➨t❛♥t❛✱ ❛❧❡ ❤✉st♦t❛ ✉➸ ❥❡ s♣♦❥✐tá
✈❡❧✐↔✐♥❛✱ ❦t♦rú ♠✉sí♠❡ ✈②♣♦↔ít❛➫✳ ❆❜② s♠❡ ✈②❧ú↔✐❧✐ r♦③♣♦r②✱ ❤✉st♦t❛ ❥❡ ③á✈✐s❧á ❥❡❞✐♥❡ ♥❛

✶✸



❤♠♦t❡ ↔❛st✐❝❡✳ ❩ t♦❤♦ ❞♦st❛♥❡♠❡✿

ρi = ρ (ri)

=
∑

j

ρj
mj

ρj
W (ri − rj , h)

=
∑

j

mjW (ri − rj , h) . ✭✷✳✷✾✮

❚❧❛❦

❖❜rá③❡❦ ✷✳✽✿ ❏❛❞r♦ Wspiky ❛ ❥❡❤♦ ❞❡r✐✈á❝✐❡ ③ ❬✷✶❪✳

✶✹



❚❧❛❦ p ↔❛st✐❝❡ ♠ô➸❡♠❡ ✉r↔✐➫ ♣♦❞➞❛ ③á❦♦♥❛ ✐❞❡á❧♥❡❤♦ ♣❧②♥✉✿

pV = nRT, ✭✷✳✸✵✮

❦❞❡ V = 1
ρ
❥❡ ♦❜❥❡♠ ♥❛ ❥❡❞♥♦t❦✉ ❤♠♦t②✱ n ♣♦↔❡t ♣❧②♥♦✈ý❝❤ ↔❛stí❝ ♥❛ ♠♦❧✱ R ✉♥✐✈❡r③á❧♥❛

♣❧②♥♦✈á ❦♦♥➨t❛♥t❛ ❛ T ❥❡ t❡♣❧♦t❛✳ Pr❡ ✐③♦t❡r♠✐❝❦é t❡❦✉t✐♥② s ❦♦♥➨t❛♥t♥♦✉ ❤♠♦t♥♦s➫♦✉ ♣r❛✈á
str❛♥❛ r♦✈♥✐❝❡ ✷✳✸✵ s❛ ♥❡♠❡♥í✱ ❛ ♣r❡t♦ ♠ô➸❡♠❡ ❥✉ ♥❛❤r❛❞✐➫ ❦♦♥➨t❛♥t♦✉ ♣❧②♥♦✈❡❥ t✉❤♦st✐ k✱
❦t♦rá t❡♦r❡t✐❝❦② ③á✈✐sí ❧❡♥ ♦❞ ♠♥♦➸st✈❛ ↔❛stí❝ ✈ t❡❦✉t✐♥❡✳ ◆❛ ③á❦❧❛❞❡ t♦❤♦ ♠ô➸❡♠❡ ♣r❡♣ís❛➫
r♦✈♥✐❝✉ ❞♦ t✈❛r✉✿

pV = k

p
1

ρ
= k

p = kρ ✭✷✳✸✶✮

❆❦ ♣♦③♥á♠❡ t❧❛❦ ✉ ❦❛➸❞❡❥ ↔❛st✐❝❡✱ t❧❛❦♦✈á s✐❧❛ ✉ i✲t❡❥ ↔❛st✐❝❡ ✉ ❙P❍ ❥❡✿

fpressure
i = −

1

ρ
∇p (ri) ✭✷✳✸✷✮

= −
1

ρ

∑

j 6=i

pj
mj

ρj
∇W (ri − rj , h) .

➎✐❛➞ t❧❛❦♦✈á s✐❧❛ ✈ ✷✳✸✷ ♥✐❡ ❥❡ s②♠❡tr✐❝❦á✳ ❚♦ ❥❡ ♠♦➸♥é ♦✈❡r✐➫ ♥❛♣r✳ ✈t❡❞②✱ ❦❡↕ sú ❧❡♥ ❞✈❡ ↔❛s✲
t✐❝❡ ✈ ✐♥t❡r❛❦❝✐✐✳ Pr✈á ↔❛st✐❝❛ ♣♦✉➸í✈❛ ❧❡♥ t❧❛❦ ❞r✉❤❡❥ ↔❛st✐❝❡ ❛ ♥❛ ③á❦❧❛❞❡ t♦❤♦ ♣♦↔ít❛ s✈♦❥✉
t❧❛❦♦✈ú s✐❧✉✱ ❛ ♥❛♦♣❛❦✳ Pr❡t♦➸❡ t❧❛❦② ✉ ↔❛stí❝ ♥✐❡ sú r♦✈♥❛❦é✱ t❧❛❦♦✈é s✐❧② ❜✉❞ú ✈➨❡♦❜❡❝♥❡
❛s②♠❡tr✐❝❦é ❛ tý♠ ❜✉❞❡ ♣♦r✉➨❡♥ý ◆❡✇t♦♥♦✈ tr❡tí ③á❦♦♥ ❛❦❝✐❡✲r❡❛❦❝✐❡✳ ❙P❍ ✉r↔✉❥❡ s♣ôs♦❜✱
❛❦♦ s②♠❡tr✐③♦✈❛➫ t❧❛❦♦✈ú s✐❧✉✿

fpressure
i = −

∑

j 6=i

(

pi
ρ2i

+
pj
ρ2j

)

mj∇W (ri − rj , h) . ✭✷✳✸✸✮

Pr❡s♥❡❥➨í ♣♦♣✐s ♦ ❥❡❞♥♦t❧✐✈ý❝❤ ❦r♦❦♦❝❤ ❞♦s❛❞❡♥✐❛ ❞♦ r♦✈♥✐❝❡ ✷✳✸✷ ❥❡ ✈ ❬✷✶❪✳
❊①✐st✉❥❡ ❛❥ ✐♥á ♠♦➸♥♦s➫ s②♠❡tr✐③á❝✐❡ ❛s②♠❡tr✐❝❦ý❝❤ sí❧✳ ❱ ❬✷✷❪ ❥❡ ♣♦♣ís❛♥é ❥❡❞♥♦❞✉❝❤é

r✐❡➨❡♥✐❡✱ ❦t♦ré ♣♦s❦②t✉❥❡ ❞♦❜rú rý❝❤❧♦s➫ ❛ st❛❜✐❧✐t✉✿

fpressure
i = −

1

ρi

∑

j 6=i

pi + pj
2

mj

ρj
∇W (ri − rj , h) . ✭✷✳✸✹✮

❚át♦ r♦✈♥✐❝❛ ✉➸ ♣r♦❞✉❦✉❥❡ s②♠❡tr✐❝❦é s✐❧② ✈↕❛❦❛ t♦♠✉✱ ➸❡ ♣♦✉➸í✈❛ ➨t❛♥❞❛r❞♥ý ❛r✐t♠❡t✐❝❦ý
♣r✐❡♠❡r ✐♥t❡r❛❣✉❥ú❝✐❝❤ ↔❛stí❝✳ ❙②♠❡tr✐❝❦á t❧❛❦♦✈á s✐❧❛ ③❛❝❤♦✈á✈❛ ❧✐♥❡ár♥❡ ❛ ✉❤❧♦✈é ♠♦♠❡♥t②✱
❛ t❡❞❛ ❛❥ ◆❡✇t♦♥♦✈ tr❡tí ③á❦♦♥✳

❱ý♣♦↔❡t t❧❛❦✉ ♣♦♠♦❝♦✉ ✷✳✸✹ ❛ ❥❡❤♦ ♣♦✉➸✐t✐❡ ♣r✐ ✈ý♣♦↔t❡ t❧❛❦♦✈❡❥ s✐❧②✱ ♣r♦❞✉❦✉❥❡ ✈♦
✈ýs❧❡❞❦✉ ↔✐stú s✐❧✉✱ ❦t♦rá ❜✉❞❡ ♦❞♣✉❞③♦✈❛➫ ↔❛st✐❝❡ ❥❡❞♥✉ ♦❞ ❞r✉❤❡❥✳ ❚❛❦á s✐❧❛ ♣ôs♦❜✉❥❡ ✈
✐❞❡á❧♥②❝❤ ♣❧②♥♦❝❤ ❛ ❡①♣❛♥❞✉❥❡ ↔❛st✐❝❡ ❞♦ ♣r✐❡st♦r✉✳ ◆❛♣r✐❡❦ t♦♠✉ ❦✈❛♣❛❧✐♥② ✈②❦❛③✉❥ú ✈♥ú✲
t♦r♥ú sú❞r➸♥♦s➫ ❛ ❦♦♥➨t❛♥t♥ú ❤✉st♦t✉ ❤♠♦t② ✈ ♣♦❦♦❥✐✳ ❱ ❬✷✵❪ ♦❞♣♦rú↔❛❥ú ♣♦✉➸í✈❛➫ ✉♣r❛✈❡♥ú
✈❡r③✐✉ r♦✈♥✐❝❡ ✐❞❡á❧♥❡❤♦ ♣❧②♥✉✿

(p+ p0)V = k

p+ kρ0 = kρ

p = k (ρ− ρ0) , ✭✷✳✸✺✮

✶✺



✭❛✮ ▼❛❧ý t❧❛❦✱ ↔❛st✐❝❛ ♣r✐➫❛❤✉❥❡ s✉s❡❞♦✈✳ ✭❜✮ ❱②r♦✈♥❛♥ý t❧❛❦✳

✭❝✮ ❱❡➞❦ý t❧❛❦✱ ↔❛st✐❝❛ ♦❞♣✉❞③✉❥❡ s✉s❡❞♦✈✳

❖❜rá③❡❦ ✷✳✾✿ ❩♥á③♦r♥❡♥✐❡ t❧❛❦♦✈ý❝❤ sí❧✱ ♣r❡ rô③♥❡ ❤✉st♦t②✳

❦❞❡ ρ0 ❥❡ ❦➞✉❞♦✈á ❤✉st♦t❛ t❡❦✉t✐♥②✳ ❉♦s❛❞❡♥í♠ r♦✈♥✐❝❡ ✷✳✸✺✱ ❛❦♦ ✈ý♣♦↔❡t ❛❦t✉á❧♥❡❤♦ t❧❛❦✉
❞♦ r♦✈♥✐❝❡ ✷✳✸✸ ❞♦st❛♥❡♠❡ s✐❧✉✱ ❦t♦rá ❜✉❞❡ ♣r✐➫❛❤♦✈❛➫ ✐ ♦❞♣✉❞③♦✈❛➫ ↔❛st✐❝❡✳ ❚át♦ s✐❧❛ s❛
♠✐♥✐♠❛❧✐③✉❥❡ ♣♦st✉♣♥❡✱ ↔í♠ ❜✉❞❡ r♦③❞✐❡❧ ♠❡♥➨í ♠❡❞③✐ ❛❦t✉á❧♥♦✉ t❧❛❦♦✈♦✉ s✐❧♦✉ ❛ ❦➞✉❞♦✈♦✉
s✐❧♦✉✳ ❆❦ ❥❡ t❧❛❦♦✈á s✐❧❛ ✈ä↔➨✐❛✱ ❜✉❞❡ ♦❞♣✉❞③♦✈❛➫✱ ❛❦ ❥❡ ♠❡♥➨✐❛✱ ❜✉❞❡ ♣r✐➫❛❤♦✈❛➫✳ ❖❜rá③♦❦
✷✳✾ ✉❦❛③✉❥❡ s♣rá✈❛♥✐❡ ↔❛stí❝ ✈ ③á✈✐s❧♦st✐ ♦❞ rô③♥②❝❤ t❧❛❦♦✈ý❝❤ sí❧✳

●r❛❞✐❡♥t ③ t❧❛❦♦✈é❤♦ ♣♦➞❛ s❛ ♣♦✉➸í✈❛ ♣r✐ ✈ý♣♦↔t❡ t❧❛❦♦✈❡❥ s✐❧②✳ ❆❦ ♣♦✉➸í✈❛♠❡ ❣r❛❞✐❡♥t
❥❛❞r❛ Wpoly6 ✈ r♦✈♥✐❝✐ ✷✳✸✸✱ t❛❦ ↔❛st✐❝❡ ❜✉❞ú s❛ ③❤❧✉❦♦✈❛➫ ✈ r❡❣✐ó♥♦❝❤ s ✈②s♦❦ý♠ t❧❛❦♦♠✳
❷❛st✐❝❡ ❜✉❞ú ✈②t✈ár❛➫ ③❤❧✉❦② ❦✈ô❧✐ Wpoly6 (r, h) → 0 ❛❦ |r| → 0 ✭♦❜r✳ ✷✳✼✮✳ ❖❞♣✉❞✐✈é s✐❧②
❜✉❞ú tý♠ ♠❡♥➨✐❡✱ ↔í♠ sú ↔❛st✐❝❡ ❜❧✐➸➨✐❡ ❦ s❡❜❡✳ ❚♦ ③♥❛♠❡♥á✱ ➸❡ t♦t♦ ❥❛❞r♦ ♥❡♣♦♣✐s✉❥❡ ♣r❡s♥❡
❢②③✐❦á❧♥❡ ✈❧❛st♥♦st✐ t❧❛❦♦✈❡❥ s✐❧②✱ ♣r❡t♦ ♣♦tr❡❜✉❥❡♠❡ ✐♥é✳ ❱ ❬✷✵❪ ❥❡ ♣♦♣ís❛♥ý t❡♥t♦ ♣r♦❜❧é♠
❛ ❥❡ ♥❛✈r❤♥✉té ↕❛❧➨✐❡ ♥♦r♠❛❧✐③♦✈❛♥é ❥❛❞r♦✳ ❑ ♣♦♣ís❛♥✐✉ t❧❛❦♦✈❡❥ s✐❧② ♣♦✉③í✈❛♠❡ t③✈✳ s♣✐❦②
❥❛❞r♦ ✭➨♣✐❝❛té✮✿

Wspiky (r, h) =
15

πh6

{

(h− |r|)3 0 ≤ |r| ≤ h
0 |r| > h,

✭✷✳✸✻✮

❦t♦rý ♠á ❣r❛❞✐❡♥t✿

∇Wspiky (r, h) = −
45

πh6
r

|r|
(h− |r|)2 , ✭✷✳✸✼✮

lim
x→0−

∇Wspiky (r, h) =
45

πh6
,

lim
x→0+

∇Wspiky (r, h) =
45

πh6
,

✶✻



❛ ❧❛♣❧❛❝✐á♥✿

∇2Wspiky (r, h) = −
90

πh6
1

|r|
(h− |r|) (h− 2 |r|) , ✭✷✳✸✽✮

lim
x→0+

∇2Wspiky (r, h) = −∞,

❦❞❡ ❧✐♠✐t② ♣❧❛t✐❛ ♣r❡ ✶❉✳ ❖❜rá③♦❦ ✷✳✽ ✉❦❛③✉❥❡ ❥❛❞r♦ ♣r❡ t❧❛❦♦✈ú s✐❧✉ ❛ ❥❡❤♦ ❞❡r✐✈át②✳ ❚♦t♦
❥❛❞r♦ ✉➸ ❜✉❞❡ ♣r❡s♥❡ ♠♦❞❡❧♦✈❛➫ ♣♦➸❛❞♦✈❛♥ú ♦❞♣✉❞③♦✈❛❝✐✉ s✐❧✉✱ ❛❦ s✉s❡❞♥é ↔❛st✐❝❡ ❜✉❞ú
♠❛➫ ✈②s♦❦ú ❤✉st♦t✉✳

❱✐s❦♦③✐t❛

❚❡❦✉t✐♥❛ ❥❡ ❧át❦❛✱ ❦t♦rá ♥❡♦❞♦❧á✈❛ ➨♠②❦♦✈é♠✉ ♥❛♣ät✐✉✱ ♣r❡t♦ s❛ ❡✈✐❞❡♥t♥❡ ❞❡❢♦r♠✉❥❡✳ ❱
↔❛s❡ ♣r✐❡t♦❦✉ t❡❦✉t✐♥② ♠❡❞③✐ ♠♦❧❡❦✉❧② ✈③♥✐❦á ✈♥út♦r♥é tr❡♥✐❡✱ ↔♦ ♣ôs♦❜✉❥❡ ③♥í➸❡♥✐❡ ❦✐♥❡t✲
✐❝❦❡❥ ❡♥❡r❣✐❡✳ ❚át♦ ❡♥❡r❣✐❛ s❛ ♣r❡♠✐❡➡❛ ♥❛ t❡♣❧♦✳ ❖❞♦❧♥♦s➫ ♣r♦t✐ t♦❦✉ s❛ ♥❛③ý✈❛ ✈✐s❦♦③✐t❛ ❛
❦♦❡✜❡❝✐❡♥t ✈✐s❦♦③✐t② µ ❞❡✜♥✉❥❡ ♠✐❡r✉ ✈✐s❦♦③✐t② ❞❛♥❡❥ t❡❦✉t✐♥②✳

❱ ❙P❍ ✈✐s❦♦③✐t❛ ❥❡ ❞❛♥á ✈③➫❛❤♦♠✿

f
viscosity
i = µ∇2

v (ri)

= µ
∑

j 6=i

vj
mj

ρj
∇2W (ri − rj , h) . ✭✷✳✸✾✮

❘♦✈♥❛❦♦ ❛❦♦ t❧❛❦♦✈á s✐❧❛✱ ✈✐s❦ó③♥❛ s✐❧❛ ❥❡ t✐❡➸ ❛s②♠❡tr✐❝❦á ❦✈ô❧✐ r♦③❞✐❡❧♦♠ rý❝❤❧♦st✐ ♠❡❞③✐
↔❛st✐❝❛♠✐✳ ❱ ❬✷✷❪ ③✈♦❧✐❧✐ ♥❛s❧❡❞✉❥ú❝✉ r♦✈♥✐❝✉✱ ❛❜② s②♠❡tr✐③♦✈❛❧✐ rý❝❤❧♦st♥é ♣♦❧❡✿

f
viscosity
i = µ

∑

j 6=i

(vj − vi)
mj

ρj
∇2W (ri − rj , h) , ✭✷✳✹✵✮

↔♦ ❥❡ ♠♦➸♥é ✈↕❛❦❛ t♦♠✉✱ ➸❡ ✈✐s❦ó③♥❡ s✐❧② ③á✈✐s✐❛ ❧❡♥ ♦❞ r♦③❞✐❡❧♦✈ ♠❡❞③✐ rý❝❤❧♦s➫❛♠✐ ❛ ♥✐❡
♦❞ ❛❜s♦❧út♥②❝❤ rý❝❤❧♦stí✳ ❸❛❧❡❥ ♠ô➸❡♠❡ ♣♦✉➸✐➫ ❞r✉❤é ③❧❛té ♣r❛✈✐❞❧♦ ❙P❍ ❛ ✉♠✐❡st♥✐➫ ↔❛s➫
✈✐s❦♦③✐t② ❛ ❤✉st♦t② ✈♦ ✈♥útr✐ ♦♣❡rát♦r❛ ❧❛♣❧❛❝✐á♥✉✿

µ∇2
v =

µ

ρ

(

∇2 (ρv)− v∇2ρ
)

, ✭✷✳✹✶✮

❦t♦rá ✈ ❙P❍ ❜✉❞❡ ✈②③❡r❛➫ t❛❦t♦✿

f
viscosity
i =

µ

ρi

∑

j

(vj − vi)mj∇
2W (ri − rj , h) . ✭✷✳✹✷✮

❘♦✈♥✐❝✉ ✷✳✹✵ ♠ô➸❡♠❡ ③❛♣ís❛➫ ❛❦♦ ✷✳✹✷ ③❛ ♣r❡❞♣♦❦❧❛❞✉✱ ➸❡ ❤✉st♦t❛ ❥❡ ❦♦♥➨t❛♥t♥á ❛ r♦✈♥❛❦á
✉ ✈➨❡t❦ý❝❤ ↔❛stí❝✳ ❍✉st♦t❛ s❛ ♣♦↔ít❛ ♣♦✉➸✐tí♠ r♦✈♥✐❝❡ ✷✳✷✾✱ t❡❞❛ ✈➨❡♦❜❡❝♥❡ ♣❧❛tí✱ ➸❡ s❛ ❧í➨✐
♦❞ ↔❛st✐❝❡ ❦ ↔❛st✐❝✐✱ ✈✐❞í♠❡✱ ➸❡ ❥❡ ❧❡♣➨✐❡ ♣♦✉➸í✈❛➫ r♦✈♥✐❝✉ ✷✳✹✵ ❛❦♦ ✷✳✹✷✳

▲❛♣❧❛❝✐á♥ ✈②❤❧❛❞③♦✈❛❝✐❡❤♦ ❥❛❞r❛ ❥❡ ♦❜♠❡❞③❡♥ý t❛❦✱ ❛❜② ❜♦❧ ♣♦③✐tí✈♥②✳ ❚❡♥t♦ ❦r♦❦ ❥❡
♥✉t♥ý✱ ♣r❡t♦➸❡ ♥❡❝❤❝❡♠❡✱ ❛❜② ✈✐s❦ó③♥❛ s✐❧❛ ③✈ý➨✐❧❛ r❡❧❛tí✈♥✉ rý❝❤❧♦s➫ ↔❛stí❝ ❛ tý♠ ❜② ♣r✐❞❛❧❛
❡♥❡r❣✐✉✱ ↔♦ ❜② ♠♦❤❧♦ s♣ôs♦❜✐➫ ♥❡st❛❜✐❧✐t✉ s②sté♠✉✳ ❑❡↕ ❥❡ ❧❛♣❧❛❝✐á♥ ✈➨❛❞❡ ♣♦③✐tí✈♥②✱ ❧❡♥
✈t❡❞② ❜✉❞❡ ✈✐s❦ó③♥❛ s✐❧❛ ♣r❛❝♦✈❛➫ ❛❦♦ t❧♠❡♥✐❡✱ ❛ ❜✉❞❡ ③♥✐➸♦✈❛➫ r❡❧❛tí✈♥✉ rý❝❤❧♦s➫✳ ❩á❦❧❛❞♥é
❥❛❞r♦ Wpoly6 ♥❡♠á tút♦ ✈❧❛st♥♦s➫ ❛ ❛♥✐ ❥❛❞r♦ Wspiky✱ ↔♦ ❥❡ ✈✐❞✐❡➫ ✐ ♥❛ ♦❜rá③❦♦❝❤ ✷✳✼ ❛ ✷✳✽✳
❏❛❞r♦ ♣r❡ ✈✐s❦♦③✐t✉ ❜✉❞❡♠❡ ❞❡✜♥♦✈❛➫ ♣♦❞➞❛ ❬✷✷❪✿

Wviscosity (r, h) =
15

2πh3

{

− |r|3

2h3 + |r|2

h2 + h
2|r| − 1 0 < |r| ≤ h

|r| > h,
✭✷✳✹✸✮

lim
x→0

Wviscosity (r, h) = −∞,

✶✼



❖❜rá③❡❦ ✷✳✶✵✿ ❏❛❞r♦ Wviscosity ❛ ❥❡❤♦ ❞❡r✐✈á❝✐❡ ③ ❬✷✶❪✳

❛ ❣r❛❞✐❡♥t ❥❡✿

∇Wviscosity (r, h) =
15

2πh3
r

(

−
3 |r|

2h3
+

2

h2
−

h

2 |r|3

)

✭✷✳✹✹✮

lim
x→0−

∇Wviscosity (r, h) = +∞,

lim
x→0+

∇Wviscosity (r, h) = −∞,

❛ ❧❛♣❧❛❝✐á♥✿

∇2Wviscosity (r, h) =
45

πh6
(h− |r|) , ✭✷✳✹✺✮

✶✽



❦❞❡ ❧✐♠✐t② ♣❧❛t✐❛ ♣r❡ ✶❉✳ ❖❜rá③♦❦ ✷✳✶✵ ✉❦❛③✉❥❡ ❥❛❞r♦ ✈✐s❦♦③✐t② ❛ ❥❡❤♦ ❞❡r✐✈á❝✐❡✳

✶✾



❑❛♣✐t♦❧❛ ✸

❩♦❜r❛③❡♥✐❡ ❦✈❛♣❛❧í♥

❉ô❧❡➸✐t♦✉ sú↔❛s➫♦✉ ❦❛➸❞❡❥ s✐♠✉❧á❝✐❡ ❥❡ ❦✈❛❧✐t♥é ③♦❜r❛③❡♥✐❡ ✈ýs❧❡❞❦♦✈✳ ❇❡③ ✈✐③✉á❧♥❡❤♦ ③♦✲
❜r❛③❡♥✐❛ ❜② s♠❡ ✈ä↔➨✐♥♦✉ ♥❡❞♦❦á③❛❧✐ ✐♥t❡r♣r❡t♦✈❛➫ ✈ýst✉♣ s✐♠✉❧á❝✐❡✳ ❯ ↔❛st✐❝♦✈ý❝❤ s②sté✲
♠♦❝❤ ❥❡ t♦ s❦♦r♦ t❛❦ ❞ô❧❡➸✐té✱ ❛❦♦ s❛♠♦t♥á s✐♠✉❧á❝✐❛✳ ❱ý❜❡r ✈❤♦❞♥❡❥ ♠❡tó❞② ③♦❜r❛③❡♥✐❛
③á✈✐sí ♥❛ ❦♦♥❦rét♥♦♠ t②♣❡ s✐♠✉❧á❝✐❡✳ ❆❦ ❝❤❝❡♠❡ ❦✈❛❧✐t♥❡❥➨✐❡✱ r❡❛❧✐st✐❝❦❡❥➨✐❡ ✈ýs❧❡❞❦② ❛
♥❡③á❧❡➸í ♥á♠ ♥❛ ❞♦❜❡ tr✈❛♥✐❛ s✐♠✉❧á❝✐❡✱ ♠ô➸❡♠❡ ✈②❜r❛➫ ♥❡❥❛❦é ♦✤✐♥❡ ③♦❜r❛③❡♥✐❛✳ ❖✤✐♥❡
③♦❜r❛③❡♥✐❛ ✈ä↔➨✐♥♦✉ ❣❡♥❡r✉❥ú ♣♦st✉♣♥❡ s♥í♠❦②✱ ❦t♦ré sú ♣♦s♣á❥❛♥é ❞♦ ✈✐❞❡❛✳ ❚❛❦á ♠❡tó❞❛
❥❡ ♥❛♣rí❦❧❛❞ r❛②✲tr❛❝✐♥❣✳ ❱❡➞❦♦✉ ♥❡✈ý❤♦❞♦✉ ♦✤✐♥❡ ♠❡tó❞ ❥❡✱ ➸❡ ♥✐❡ ❥❡ ♠♦➸♥á ✐♥t❡r❛❦❝✐❛
♠❡❞③✐ s✐♠✉❧á❝✐♦✉ ❛ ✉➸í✈❛t❡➞♦♠✳ Pr❡ ♥❛➨❡ ú↔❡❧② ♣♦tr❡❜✉❥❡♠❡ ♠❡tó❞✉✱ ❦t♦rá ❞♦❦á➸❡ ♣r❛❝♦✈❛➫
✈ r❡á❧♥♦♠ ↔❛s❡✳ ❚✐❡t♦ ♠❡tó❞② s❛ ♥❛③ý✈❛❥ú ♦♥❧✐♥❡ ♠❡tó❞②✳

✭❛✮ P♦✐♥t s♣r✐t❡s✳ ✭❜✮ ▼❛r❝❤✐♥❣ ❝✉❜❡s✳ ✭❝✮ ❘❛② ❈❛st✐♥❣✳

❖❜rá③❡❦ ✸✳✶✿ ❖♥❧✐♥❡ ♠❡tó❞② ③♦❜r❛③❡♥✐❛✳

◆❛❥♣♦✉➸í✈❛♥❡❥➨✐❡ ♠❡tó❞② sú ♥❛s❧❡❞✉❥ú❝❡✿

❼ P♦✐♥t ❙♣r✐t❡s✱

❼ ▼❛r❝❤✐♥❣ ❝✉❜❡s✱

❼ ❘❛②✲❝❛st✐♥❣✳

P♦✐♥t s♣r✐t❡s ❥❡ ♥❛❥❥❡❞♥♦❞✉➨✐❛ ❛ ♥❛❥rý❝❤❧❡❥➨✐❛ ♠❡tó❞❛✳ P♦✉➸í✈❛ s❛ ♥❛❥↔❛st❡❥➨✐❡ ❦✈ô❧✐
❥❡❞♥♦❞✉❝❤♦st✐ ❛ rý❝❤❧♦st✐✳ ❖❦♦❧♦ ↔❛st✐❝❡ ❥❡ ✈②t✈♦r❡♥ý ❦r✉❤✱ ❞♦ ❦t♦ré❤♦ ♣r✐❞á♠❡ t✐❡♥❡♥✐❡✱ ❛❜②
t♦ ✈②③❡r❛❧♦ ❛❦♦ ❣✉❧✐↔❦❛ ✈ ✸❉✳ ❚át♦ ♠❡tó❞❛ ❥❡ ✈❡➞♠✐ ❞♦❜rá ❦ t♦♠✉✱ ❛❜② s♠❡ ♣r❡s♥❡ ✈✐❞❡❧✐
❛❦♦ s❛ ❝❤♦✈❛❥ú ❥❡❞♥♦t❧✐✈é ↔❛st✐❝❡✳ ❖st❛t♥é ♠❡tó❞② ❣❡♥❡r✉❥ú ♦❜❥❡♠♦✈é t❡❧❡sá✱ ✉ ❦t♦rý❝❤ ✉➸
♥✐❡ ❥❡ ✈✐❞✐❡➫ ♣♦❞♣♦❜♥♦st✐ ❥❡❞♥♦③♥❛↔♥❡✳

✷✵



❸❛❧s✐❛ ♠❡tó❞❛ ❥❡ ▼❛r❝❤✐♥❣ ❝✉❜❡s✳ ❚át♦ ♠❡tó❞❛ ❣❡♥❡r✉❥❡ tr♦❥✉❤♦❧♥í❦②✱ ❦t♦ré ✈②t✈♦✲
r✐❛ ♣♦❧②❣♦♥á❧♥✉ s✐❡➫ ✭❤r❛♥✐↔♥ú r❡♣r❡③❡♥tá❝✐✉✮ ❛ tý♠ ❞♦st❛♥❡♠❡ sú✈✐s❧é ♣❧♦❝❤②✳ ●❡♥❡r♦✈❛♥é
♣❧♦❝❤② ❜✉❞ú s❛ ✈✐❛❝ ♣♦❞♦❜❛➫ ♥❛ ♣♦✈r❝❤ t❡❦✉t✐♥②✳

P♦s❧❡❞♥á ♠❡tó❞❛ ❢✉♥❣✉❥❡ ♥❛ ♣r✐♥❝í♣❡ ✈③♦r❦♦✈❛♥✐❛✳ ❚á ✉➸ ❢✉♥❣✉❥❡ ♣♦♠❛❧➨✐❡ ❛❦♦ ♣r❡❞✲
❝❤á❞③❛❥ú❝❡ ♠❡tó❞②✳ ❩á❦❧❛❞ t❡❥t♦ ♠❡tó❞② ❥❡ ✐♥t❡rs❡❦❝✐❛ ❜✉♥❦② s ✈r❤❛♥ý♠ ❧ú↔♦♠✱ t❡❞❛ ♣♦tr❡✲
❜✉❥❡♠❡ ♠r✐❡➸❦✉ ♥❛ r♦③❞❡❧❡♥✐❡ ↔❛stí❝ ❞♦ ❜✉♥✐❡❦✳ ❩❛ ❝❡♥✉ ↔❛s✉ ❞♦❦á➸❡ ❣❡♥❡r♦✈❛➫ ♦✈❡➞❛ ❦✈❛❧✐t✲
♥❡❥➨✐❡ ❛ r❡❛❧✐st✐❝❦❡❥➨✐❡ ✈ýs❧❡❞❦②✱ ❛❧❡ ♣♦tr❡❜✉❥❡ ③♥❛↔♥é ♦♣t✐♠❛❧✐③á❝✐❡ ❛ ♣♦❜❡➸í ✈ r❡á❧♥♦♠ ↔❛s❡
❧❡♥ ♥❛ ♥❛❥♠♦❞❡r♥ý❝❤ ❛ ♥❛❥s✐❧♥❡❥➨í❝❤ ❦❛rtá❝❤✳

❷❛st✐❝❡✱ ❦t♦ré ♣♦✉➸í✈❛♠❡ ✈ s✐♠✉❧á❝✐✐ ♠ô➸❡♠❡ ❝❤á♣❛➫✱ ❛❦♦ ♥❡❦♦♥❡↔♥❡ ♠❛❧é ❜♦❞②✳ ❑❛➸❞á
↔❛st✐❝❛ ♠á s✈♦❥❡ ♦❦♦❧✐❡ ❞❡✜♥♦✈❛♥é ♣♦❧♦♠❡r♦♠✳ ❚✈❛r✱ ❦t♦rý ♣♦♣✐s✉❥❡♠❡ str❡❞♦✈ý♠ ❜♦❞♦♠
❛ ♣♦❧♦♠❡r♦♠ ✈ tr♦❥r♦③♠❡r♥♦♠ ♣r♦str❡❞í ❥❡ ❣✉➞❛✳ P♦s♣á❥❛♥í♠ ↔❛stí❝ ❞♦st❛♥❡♠❡ ✐③♦♣❧♦❝❤✉✱
❦t♦rá ♣♦♣✐s✉❥❡ ♣♦✈r❝❤ s✐♠✉❧♦✈❛♥é❤♦ ♠❛t❡r✐á❧✉✳

■③♦♣❧♦❝❤❛

❖❜rá③❡❦ ✸✳✷✿ ■③♦♣❧♦❝❤❛ ✭♠♦❧❡❦✉❧❛ ❡té♥✉✮ ③ ❬✸❪✳

❷♦ ❥❡ t♦ ✐③♦♣❧♦❝❤❛❄ ◆❛❥❥❡❞♥♦❞✉❝❤➨✐❡ s❛ ❞á ✈②s✈❡t❧✐➫ ♥❛ úr♦✈♥✐ ❛tó♠♦✈✳ ▼á♠❡ ❥❛❞r♦
❛tó♠✉ ❛ ♦❦♦❧♦ ♥❡❤♦ s❛ ♣♦❤②❜✉❥ú ❡❧❡❦tró♥②✳ P♦③í❝✐✉ tý❝❤t♦ ❡❧❡❦tró♥♦✈ ♥✐❡ ♠♦➸♥é ✉r↔✐➫ ♣r❡s♥❡
✈ ❞❛♥♦♠ ♦❦❛♠✐❤✉✱ ❛❧❡ s♠❡ s❝❤♦♣♥í ✉r↔✐➫ ✾✾✪ ✲ ♥♦✉ ♣r❛✈❞❡♣♦❞♦❜♥♦s➫♦✉ ✐❝❤ ✈ýs❦②t ✈ ♥❡❥❛❦❡❥
✈③❞✐❛❧❡♥♦st✐ ♦❞ ❥❛❞r❛✳ ❚❛❦t♦ ❞♦st❛♥❡♠❡ ♦r❜✐tá❧② ❡❧❡tró♥♦✈✱ ❦t♦ré ♣♦♣✐s✉❥ú ✈♦❧✉♠❡tr✐❝❦é ❞át❛✳
❱③❞✐❛❧❡♥♦s➫♦✉ ❡❧❡tró♥♦✈ ♦❞ ❥❛❞r❛ ❦❧❡sá ❤✉st♦t❛ ♦r❜✐tá❧✉✱ t❡❞❛ ♣r❛✈❞❡♣♦❞♦❜♥♦s➫ ✐❝❤ ✈ýs❦②t✉✳
❩ tý❝❤t♦ ❞át ❝❤❝❡♠❡ ✈②t✈♦r✐➫ ✐③♦♣❧♦❤✉✱ ♣r❡t♦ ③✈♦❧í♠❡ ♥❡❥❛❦ú ❤✉st♦t✉ ✭♣r❛❤✮✳ ❱ ♦❜❧❛st✐❛❝❤
❦❞❡ ❤✉st♦t❛ ❦❧❡sá ♣♦❞ ♣r❛❤ ❛❧❡❜♦ stú♣❛ ♥❛❞ ♣r❛❤✱ ❜✉❞❡♠❡ ❞❡✜♥♦✈❛➫ ✐③♦♣❧♦❝❤✉✳ ◆❛ ♦❜rá③❦✉
✸✳✸ ❥❡ ✈✐❞✐❡➫ ♠♦❧❡❦✉❧✉ ❡té♥✉ ❛ ✐③♦♣❧♦❝❤✉✱ ❦t♦rú ❣❡♥❡r✉❥ú ❥❡❥ ❛tó♠② ♣r❡ ✉r↔✐tú ❤✉st♦t✉✳

✸✳✶ P♦✐♥t s♣r✐t❡s

❚át♦ ♠❡tó❞❛ ♣r❡❞st❛✈✉❥❡ ♥❛❥❥❡❞♥♦❞✉➨✐❡ ♠♦➸♥é r✐❡➨❡♥✐❡ ♥❛ ③♦❜r❛③❡♥✐❡ ↔❛stí❝✳ ❑❛➸❞á ↔❛st✐❝❛ ❥❡
③♦❜r❛③❡♥á ❛❦♦ ❣✉❧✐↔❦❛✳ ❆❧❣♦r✐t♠✉s s❛ ✐♠♣❧❡♠❡♥t✉❥❡ ✈ s❤❛❞❡r♦❝❤ ❣r❛✜❝❦❡❥ ❥❡❞♥♦t❦②✳ Pr✐ ❜❡❤✉
s❛ ♣♦✉➸í✈❛ ✈❡rt❡① ❛ ❢r❛♠❡♥t s❤❛❞❡r✳ ❱♦ ✈❡rt❡① s❤❛❞❡r✐✱ ✈ ❜♦❞❡ ❦❛➸❞❡❥ ↔❛st✐❝❡ ❣❡♥❡r✉❥❡♠❡
➨t✈♦r❝❡✳ ❱❡➞❦♦s➫ ➨t✈♦r❝❛ ❥❡ ③á✈✐s❧á ♥❛ ✈③❞✐❛❧❡♥♦st✐ ♠❡❞③✐ ↔❛st✐❝♦✉ ❛ ❦❛♠❡r♦✉✳ ❋r❛❣♠❡♥t
s❤❛❞❡r ❥❡ ③♦♣♦✈❡❞♥ý ③❛ ③❛❤♦❞❡♥✐❡ ♣✐①❡❧♦✈ ♠✐♠♦ ♣♦❧♦♠❡r ❣✉❧✐↔✐❡❦✳✳ P♦ ③❛❤♦❞❡♥í ❞♦st❛♠❡♥❡

✷✶



❖❜rá③❡❦ ✸✳✸✿ P♦✐♥t s♣r✐t❡s ③ ❜❧í③❦❛✳

❦r✉❤✱ ❦t♦rý ♠✉sí♠❡ ❡➨t❡ t✐❡♥✐➫✳ ❆❦ ❝❤❝❡♠❡✱ ❛❜② ❜♦❧♦ ✈②r✐❡➨❡♥é ❛❥ ↔✐❛st♦↔♥é ♣r❡❦rý✈❛♥✐❡
❣✉❧✐↔✐❡❦ ❥❡ ♥✉t♥é ✉♣r❛✈✐➫ ❩✲❜✉✛❡r ♣r❡ ❦❛➸❞ý ♣✐①❡❧✱ ❧❡❜♦ ✈➨❡t❦② ♣✐①❡❧② ❣✉❧✐↔❦② sú ♥❛ r♦✈♥❛❦❡❥
❤➝❜❦❡✳

✸✳✷ ▼❛r❝❤✐♥❣ ❝✉❜❡s

❖❜rá③❡❦ ✸✳✹✿ ▼❛r❝❤✐♥❣ ❝✉❜❡s✱ ✐♠❛❣✐♥ár♥❡ ❦♦❝❦②✱ ♣r❡✈③❛tý ③ ❬✷✹❪✳

▼❛r❝❤✐♥❣ ❝✉❜❡s ❥❡ ✈➨❡♦❜❡❝♥á ♠❡tó❞❛✱ ❦t♦rá s❛ ♣♦✉➸í✈❛ ♥❛ ❡①tr❛❤♦✈❛♥✐❡ tr♦❥✉❤♦❧♥í❦♦✈❡❥
s✐❡t❡ ✭✐③♦♣❧♦❝❤②✮ ③ ✈♦❧✉♠❡tr✐❝❦ý❝❤ ❞át✳ ❱③❤➞❛❞♦♠ ❦ t♦♠✉✱ ➸❡ ✐❞❡ ♦ r❡❧❛tí✈♥❡ st❛rú ♠❡tó❞✉✱
❜♦❧❛ ♣✉❜❧✐❦♦✈❛♥á ✈ r♦❦✉ ✶✾✽✼✱ ❡➨t❡ stá❧❡ s❛ ♣♦✉➸í✈❛✳ ❆❧❣♦r✐t♠✉s ♣r❡❝❤á❞③❛ ❝❡③ s❦❛❧ár♥❡ ♣♦❧❡✱
♣r✐↔♦♠ ③♦❜❡r✐❡ ✈ ❞❛♥♦♠ ♠✐❡st❡ ✈➸❞② ♦s❡♠ s✉s❡❞♦✈✳ ❙✉s❡❞✐❛ t✈♦r✐❛ ✐♠❛❣✐♥ár♥❡ ❦♦❝❦②✱ ❦t♦ré
sú ♥❛ ♦❜rá③❦✉ ✸✳✹✳ ◆❛ ❛❦t✉á❧♥✉ ❦♦❝❦✉ ✉r↔í ♣♦tr❡❜♥ý ♣♦↔❡t tr♦❥✉❤♦❧♥í❦♦✈ ♥❛ ③á❦❧❛❞❡ ✈♦♣r❡❞
✈②♣♦↔ít❛♥ý❝❤ ❦♦♥✜❣✉rá❝✐í✳ ✭♦❜r✳ ✸✳✻✳ ▼❛①✐♠á❧♥ý ♣♦↔❡t ❦♦♥✜❣✉rá❝✐í ❥❡ 28✱ ❧❡❜♦ ❦♦❝❦❛ ♠á ✽

✷✷



✈❝❤♦❧♦✈ ❛ ❦❛➸❞ý ✈r❝❤♦❧ ♠á s✈♦❥✉ s❦❛❧ár♥✉ ❤♦❞♥♦t✉✱ ❦t♦rá ❥❡ ❜✉↕ ✈②➨➨✐❛ ❛❧❡❜♦ ♥✐➸➨✐❛ ❛❦♦ ✐s♦✲
❤♦❞♥♦t❛ ✭♣r❛❤✮✳ ❱ ♥❛➨♦♠ ♣rí♣❛❞❡ tá s❦❛❧ár♥❛ ❤♦❞♥♦t❛ ❜✉❞❡ ❤✉st♦t❛ ✈②♣♦↔ít❛♥á ♣♦❞➞❛ ♣♦↔t✉
↔❛stí❝ ✈ ❞❛♥♦♠ ♦❦♦❧í✳ ❱r❝❤♦❧② ❛ ❤r❛♥② sú ♦↔ís❧♦✈❛♥é✱ ❦❛➸❞ý ♠á s✈♦❥ ✐♥❞❡① ✭♦❜r✳ ✸✳✺✮✳ ❚✐❡t♦
✐♥❞❡①② s❧ú➸✐❛ ❦ ✈②t✈♦r❡♥✐✉ ♦s❡♠❜✐t♦✈é❤♦ ♣♦❧❛✳ ❆❦ ❥❡ ✈r❝❤♦❧ ♥❛❞ ✐s♦✲❤♦❞♥♦t♦✉✱ ♥❛st❛✈í♠❡ ❜✐t

❖❜rá③❡❦ ✸✳✺✿ ❖↔ís❧♦✈❛♥é ✈r❝❤♦❧② ❛ ❤r❛♥② ✈ ▼❛r❝❤✐♥❣ ❝✉❜❡s ③ ❬✷✹❪✳

♥❛ ❥❡❞♥♦t❦✉✱ ✐♥❛❦ ❜✉❞❡ ♥✉❧❛✳ ❚❡♥t♦ ♦s❡♠❜✐t♦✈ý ✈❡❦t♦r ❜✉❞❡ ✉❦❛③♦✈❛➫ ❞♦ ❧♦♦❦✲✉♣ t❛❜✉➞❦②✱
❦t♦rá ♠á ♣r❡❞♣♦↔ít❛♥é ♣r❡tí♥❛♥é ❤r❛♥② ❛ ♣♦↔❡t ♣♦tr❡❜♥ý❝❤ tr♦❥✉❤♦❧♥í❦♦✈ ❦ ♣♦❦r②t✐✉ ♣❧♦❝❤②✳
❚❛❜✉➞❦❛ ❥❡ ❞♦st✉♣♥á ✈ ❬✷✹❪✳ P♦❞➞❛ ♣r❡tí♥❛♥ý❝❤ ❤rá♥ ♠ô➸❡♠❡ ❥❡❞♥♦❞✉❝❤♦ ✈②♣♦↔ít❛➫ ✈r❝❤♦❧②
tr♦❥✉❤♦❧♥í❦♦✈✳ ◆❛ ♦❜rá③✉ ✸✳✺ ♥❛ ♣r❛✈❡❥ str❛♥❡ ✈✐❞í♠❡✱ ➸❡ ✈r❝❤♦❧ s ✐♥❞❡①♦♠ ✸ ❥❡ ♣♦❞ ✐s♦✲
❤♦❞♥♦t♦✉✱ ♣r❡t♦ ✈r❝❤♦❧② tr♦❥✉❤♦❧♥í❦♦✈ ❜✉❞ú ✉♠✐❡st♥❡♥é ♥❛ ❤r❛♥á❝❤ 11✱ 3 ❛ 2✳ ❆❦ ❝❤❝❡♠❡

❖❜rá③❡❦ ✸✳✻✿ ❑♦♥✜❣✉rá❝✐❛ tr♦❥✉❤♦❧♥í❦♦✈ ♣♦❞➞❛ ✈r❝❤♦❧♦✈ ❬✷✼❪✳

❞♦st❛➫ ❦r❛❥➨✐❡ ✈ýs❧❡❞❦②✱ ♠✉sí♠❡ ♣r✐❞❛➫ ❞♦ ✈ý♣♦↔t✉ ✈r❝❤♦❧♦✈ tr♦❥✉❤♦❧♥í❦♦✈ ❛❥ s❦❛❧ár♥❡ ❤♦❞✲
♥♦t② ✈♦ ✈r❝❤♦❧♦❝❤ ✐♠❛❣✐♥ár♥❡❥ ❦♦❝❦②✳ ❚✐❡t♦ ❤♦❞♥♦t② ♣♦✉➸✐❥❡♠❡ ❦ ✈á❤♦✈❛♥✐✉ ♣♦③í❝✐í ✈r❝❤♦❧♦✈
♥❛ ♣r❡tí♥❛♥❡❥ ❤r❛♥❡ ♠❡❞③✐ ✈r❝❤♦❧♠✐ ❦♦❝❦②✳ ❱③♦r❡❝ ♥❛ ③ís❦❛♥✐❡ ♣♦③í❝✐í ✈r❝❤♦❧♦✈ tr♦❥✉❤♦❧♥í❦♦✈
❥❡✿

P = P1 + (isoV alue− V1) (P2 − P1) / (V2 − V1) , ✭✸✳✶✮

❦❞❡ P ❥❡ ✈ýs❧❡❞♥á ♣♦③í❝✐❛ ♥❛ ❤r❛♥❡✱ P1 ❛ P2 ❥❡ ③❛↔✐❛t♦❦ ❛ ❦♦♥✐❡❝ ❤r❛♥②✱ V1 ❥❡ ✐s♦✲❤♦❞♥♦t❛
✈ ❜♦❞❡ P1 ❛ V2 ❥❡ ✐s♦✲❤♦❞♥♦t❛ ✈ ❜♦❞❡ P2✳

✷✸



❆❧❣♦r✐t♠✉s ♠á ♥✐❡❦♦➞❦♦ ♣♦③✐tí✈♥②❝❤ ✈❧❛st♥♦stí ❦✈ô❧✐ ❦t♦rý♠ s❛ ♣♦✉➸í✈❛ ❛❥ ✉ ↔❛st✐❝♦✈ý❝❤
s②sté♠♦❝❤✳ ■❞❡ ♦ ❛❧❣♦r✐t♠✉s✱ ❦t♦rý ❥❡ ❞♦❜r❡ ♣❛r❛❧❡❧✐③♦✈❛t❡➞♥ý✱ t❡❞❛ ✉♠♦➸➡✉❥❡ ✈②✉➸í✈❛➫ ●P❯
♥❛ ❣❡♥❡r♦✈❛♥✐❡ tr♦❥✉❤♦❧♥í❦♦✈✳ ◆❛✈②➨❡ s❛ ❞á ♣♦✉➸í✈❛➫ ♠r✐❡➸❦❛ s✐♠✉❧á❝✐❡✱ ❞♦ ❦t♦r❡❥ sú ✉♠✐✲
❡st♥❡♥é ↔❛st✐❝❡✱ ↔í♠ s❛ ✉➨❡trí ✈❡➞❛ ♣rá❝❡✳ ◆❛♣r✐❡❦ ❞♦❜rý❝❤ ✈❧❛st♥♦stí ♠á ❛❥ s✈♦❥❡ ♥❡❞♦st❛t❦②

❖❜rá③❡❦ ✸✳✼✿ ❩á✈✐s❧♦s➫ ❤❧❛❞❦♦st✐ ♣♦✈r❝❤✉ ♥❛ r♦③❧í➨❡♥í ♠r✐❡➸❦② ✈ ♠❡tó❞❡ ▼❛r❝❤✐♥❣ ❝✉❜❡s ③
❬✷✹❪✳

❛ ♦❜♠❡❞③❡♥✐❛✳ ❆❦ s✐ ③✈♦❧í♠❡ ✈❡➞♠✐ ♠❛❧é ✐♠❛❣✐♥ár♥❡ ❦♦❝❦② ♣r✐ ❣❡♥❡r♦✈❛♥í tr♦❥✉❤♦❧♥í❦♦✈✱
♠ô➸❡♠❡ ❞♦st❛➫ ❞rs♥ý ♣♦✈r❝❤✱ ❛ ♥❛♦♣❛❦✱ ❦❡↕ s✐ ③✈♦❧í♠❡ ✈❡➞❦é✱ ♥❡❜✉❞❡♠❡ ③❛❝❤②tá✈❛➫ ❦✈❛♣❦②
t❡❦✉t✐♥②✳ ❩á✈✐s❧♦s➫ ✈ýs❧❡❞❦♦✈ ♦❞ r♦③❧í➨❡♥✐❛ ♠r✐❡➸❦② ❛ ✈❡➞❦♦st✐ ❦♦❝✐❡❦ ✉❦❛③✉❥❡ ♦❜rá③♦❦ ✸✳✼✳
❸❛❧➨✐❛ ♥❡❣❛tí✈♥❛ ✈❧❛st♥♦s➫ ❥❡✱ ➸❡ ✈ ❞♦❜❡ ❣❡♥❡r♦✈❛♥✐❛ tr♦❥✉❤♦❧♥í❦♦✈ ♥✐❡ ❥❡ ♠♦➸♥é ❣❡♥❡r♦✈❛➫
♥♦r♠á❧② ❦ ✈r❝❤♦❧♦♠✳ ❑ t♦♠✉✱ ❛❜② t♦ ❜♦❧♦ ♠♦➸♥é✱ ♣♦tr❡❜♦✈❛❧✐ ❜② s♠❡ ❛❥ ✈r❝❤♦❧② s✉s❡❞♥ý❝❤
tr♦❥✉❤♦❧♥í❦♦✈✱ ❛❧❡ ❦✈ô❧✐ ♣❛r❛❧❡❧♥é♠✉ ✈ý♣♦↔t✉ ♥✐❡ ❥❡ t♦ ♠♦➸♥é✳ ❏❡ t♦ s❛♠♦③r❡❥♠❡ ✈♦❧✐t❡➞♥ý
❦r♦❦✱ ❛❧❡ ③♥❛↔♥❡ ✈②❧❡♣➨í ✜♥á❧♥❡ ✈ýs❧❡❞❦②✳ P♦r♦✈♥❛♥✐❡ ✈ýs❧❡❞❦♦✈ ❜❡③ ❛ s ✈②♣♦↔ít❛♥ý♠✐ ♥♦r✲
♠á❧❛♠✐ ❥❡ ✈✐❞✐❡➫ ♥❛ ♦❜r❛③✉ ✸✳✽✳ ❱ ♣rí♣❛❞❡✱ ➸❡ ♠á♠❡ ✈②♣♦↔ít❛♥é ❦♦r❡❦t♥é ♥♦r♠á❧②✱ s❛ ❞á
③❛♣♥ú➫ ❤❛r❞✇❛r♦✈á t❡ss❡❧❧á❝✐❛ ❛ tý♠ ♦❜í❞❡♠❡ ♠r✐❡➸❦② s ✈❡➞❦ý♠ r♦③❧ís❡♥í♠✳ ❱②♣♦↔ít❛♠❡ ❧❡♥
❤r✉❜ý ♣♦✈r❝❤ ❛ ♣♦♠♦❝♦✉ t❡ss❡❧❧á❝✐❡ ♣♦st✉♣♥❡ ③❥❡♠➡✉❥❡♠❡✳ ❖ t❡ss❡❧❧á❝✐✐ ✈✐❛❝ ✈ ❬✹❪ ❛ ❬✷❪✱ ❛ ♦
❞❡❧❡♥í ♣❧♦❝❤② ✈ ❬✶❪ ❛ ❬✾❪✳

❖❜rá③❡❦ ✸✳✽✿ ❱➞❛✈♦ ❜❡③ ✈②♣♦↔ít❛♥ý❝❤ ♥♦r♠á❧✱ ✈♣r❛✈♦ s ♥♦r♠á❧♠✐ ✈ ♠❡tó❞❡ ▼❛r❝❤✐♥❣ ❝✉❜❡s
③ ❬✷✹❪✳

✷✹



❚❡ss❡❧❧á❝✐❛

❚❡ss❡❧❧á❝✐❛ s❛ ♣♦✉➸í✈❛ ❦ ❞❡❧❡♥✐✉ ♣r✐❛♠❦♦✈✱ tr♦❥✉❤♦❧♥í❦♦✈✱ ➨t✈♦r❝♦✈ ♥❛ ♠❡♥➨✐❡ ↔❛st✐✱ t❛❦ ❛❜②
❦♦♥③✐st❡♥❝✐❛ ♠♦❞❡❧♦✈ ❜♦❧❛ ③❛❝❤♦✈❛♥á✳ P♦♠♦❝♦✉ t❡ss❡❧❧á❝✐❡ ❥❡ ♠♦➸♥é ♦❞strá♥✐➫ ♦stré ❤r❛♥②
❛ ✈②t✈♦r✐➫ ❤❧❛❞❦é ♣♦✈r❤②✱ ❛❧❡❜♦ s ✈②✉➸✐tí♠ ❞❡❢♦r♠❛↔♥ý❝❤ ♠á♣ ✈②t✈♦r✐➫ ③ ❥❡❞♥♦❞✉❝❤➨í❝❤
✈②s♦❦♦ ❞❡t❛✐❧♥é ♠♦❞❡❧②✳ ◆♦✈á✱ ✹✳ ✈❡r③✐❛ ❖♣❡♥●▲ ❞♦st❛❧❛ ♥♦✈é ❢á③② s♣r❛❝♦✈á✈❛♥✐❛ ❣❡♦♠❡tr✐❡
s♣❡❝✐á❧♥❡ ♣r❡ ③á♣❧❛t②✳ ▼á ❞✈❡ ❞♦❞❛t♦↔♥é ♣r♦❣r❛♠♦✈❛t❡➞♥é ❢á③❡✿ ❝♦♥tr♦❧ s❤❛❞❡r ❛ ❡✈❛❧✉❛t✐♦♥
s❤❛❞❡r✱ ❦t♦ré s❧ú➸✐❛ ♥❛ t❡ss❡❧❧á❝✐✉✳

❈♦♥tr♦❧ s❤❛❞❡r s❛ ♣r♦❣r❛♠✉❥❡ ✈ ❥❛③②❦✉ ●▲❙▲✳ ❈✐❡➞♦♠ t❡❥t♦ ❥❡❞♥♦t❦② ❥❡ ✉r↔✐➫ úr♦✈❡➡
❞❡❧❡♥✐❛ ♣♦✈r❝❤✉ ♣r✐♠✐tí✈♦✈✳ ❚át♦ ❥❡❞♥♦t❦❛ ❥❡ ③❛✈♦❧❛♥á r❛③ ♣r❡ ❦❛➸❞ú ♣r✐♠✐tí✈✉ ♣♦↔❛s s♣r❛✲
❝♦✈á✈❛♥✐❛✳

❊✈❛❧✉❛t✐♦♥ s❤❛❞❡r s❛ ③❛↔í♥❛ ♣♦✉➸í✈❛➫ ✈♦ ❢á③❡✱ ❦❡↕ t❡ss❡❧❧át♦r ✉❦♦♥↔✐❧ ❞❡❧❡♥✐❡ ③á♣❧❛t✳ ❚át♦
❥❡❞♥♦t❦❛ s❛ ♣r♦❣r❛♠✉❥❡ t✐❡➸ ✈ ❥❛③②❦✉ ●▲❙▲✱ ❦t♦rý ❥❡ ✉r↔❡♥ý ♣r❡ tút♦ ❥❡❞♥♦t❦✉✳ ❱ t❡❥t♦ ❢á③❡
♠ô➸❡♠❡ ✈②♣♦↔ít❛➫ ✈ýs❧❡❞♥é ♣♦➸í❝✐❡ ✈②t✈♦r❡♥ý❝❤ ♥♦✈ý❝❤ ✈r❝❤♦❧♦✈ ❛ ♥♦r♠á❧♦✈✳ ❚át♦ ❥❡❞♥♦t❦❛
❥❡ ③❛✈♦❧❛♥á r❛③ ♣r❡ ✈➨❡t❦② ♥♦✈é ✈r❝❤♦❧②✱ ❦t♦ré ❜♦❧✐ ✈②t✈♦r❡♥é ✈♦ ❢á③❡ t❡ss❡❧❧á❝✐❡✳

◆❛ ❞❡❧❡♥✐❡ tr♦❥✉❤♦❧♥í❦♦✈ ❛ ♥❛ ❞❡❢♦r♠á❝✐❡ ♣♦✈r❝❤✉✱ ❛❜② s♠❡ ♦strá♥✐❧✐ ♦stré ❤r❛♥② ❜✉❞❡♠❡
♣♦✉➸í✈❛➫ ♠❡tó❞✉ ③❛❦r✐✈❡♥ý❝❤ P◆ tr♦❥✉❤♦❧♥í❦♦✈✳

❖❜rá③❡❦ ✸✳✾✿ ❍❧❛❞❦♦s➫ ♣♦✈r❝❤✉ ✈ ③á✈✐s❧♦st✐ ♥❛ úr♦✈♥❡ t❡ss❡❧❧á❝✐❡ ③ ❬✽❪✳

❩❛❦r✐✈❡♥é P◆ ❚r♦❥✉❤♦❧♥í❦②

▼❡tó❞❛ ③❛❦r✐✈❡♥ý❝❤ P◆ ✭♣♦✐♥t✲♥♦r♠❛❧✮ tr♦❥✉❤♦❧♥í❦♦✈ ❜♦❧❛ ♣r✈ý❦rát ♣r❡❞st❛✈❡♥á ✈ r♦❦✉
✷✵✵✶ ✈ ↔❧á♥❦✉ ✧❈✉r✈❡❞ P◆ ❚r✐❛♥❣❧❡s✧❬✼❪✳ ❚út♦ ♣r✐♠✐tí✈✉ ♠ô➸❡♠❡ ✈②t✈♦r✐➫ ③ ♦❜②↔❛❥♥é❤♦
tr♦❥✉❤♦❧♥í❦❛ ✭❦t♦rý ♦❜s❛❤✉❥❡ tr✐ ✈r❝❤♦❧② ❛ ♥♦r♠á❧② ✲ P◆✮ s♦ ③❛❦♦♠❜✐♥♦✈❛♥í♠ ♥♦r♠á❧♦✈é❤♦
♣♦❧❛ ✭♥♦r♠❛❧ ✜❡❧❞✮ ❛ ③❞✈✐❤♦✈é❤♦ ♣♦❧❛ ✭❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞✮✳ ❚út♦ ♠❡tó❞✉ ❜✉❞❡♠❡ ♣♦✉➸í✈❛➫
♥❛ ❡❧✐♠✐♥á❝✐✉ ♦strý❝❤ ❤rá♥ ❣❡♥❡r♦✈❛♥ý❝❤ ♠❡tó❞♦✉ ▼❛r❝❤✐♥❣ ❝✉❜❡s✳

❩❞✈✐❤♦✈é ♣♦❧❡

◆❡❝❤ ❥❡ tr♦❥✉❤♦❧♥í❦ ❞❡✜♥♦✈❛♥ý tr♦♠❛ ✈r❝❤♦❧♠✐ Vi = (Pi, Ni)✱ ❦❞❡ Pi ❥❡ ♣♦③í❝✐❛✱ ❛ Ni ❥❡
♥♦r♠❛❧✐③♦✈❛♥ý ♥♦r♠á❧ ✐✲té❤♦ ✈r❝❤♦❧✉✳ ❩❞✈✐❤♦✈é ♣♦❧❡ b (u, v) P◆ tr♦❥✉❤♦❧♥í❦❛ ❥❡ ❞❡✜♥♦✈❛♥é
♥❛s❧❡❞♦✈♥❡✿

b (u, v) =
∑

i+j+k=3

bijk
3!

i!j!k!
uivjwk ✭✸✳✷✮

= b300w
3 + b030u

3 + b003v
3 +

b2103u
2v + b1203uv

2 + b2013u
2w +

b0213v
2w + b1023uw

2 + b0123vw
2 +

b1116uvw,

✷✺



❦❞❡ (u, v, w) sú r❡❧❛tí✈♥❡ ❜❛r②❝❡♥tr✐❝❦é súr❛❞♥✐❝❡ ♦❞ ✈r❝❤♦❧♦✈ ❛ t❡r♠ bijk ③♥❛↔í ❦♦♥tr♦❧♥é
❜♦❞② P◆ tr♦❥✉❤♦❧♥í❦❛✳

❆❦ ❞❡✜♥✉❥❡♠❡ wij = (Pj − Pi) ·Ni✱ ♣♦t♦♠ ❦♦♥tr♦❧♥é ❜♦❞② sú✿

b300 = P1,

b030 = P2,

b003 = P3,

b210 =
1

3
(2P1 + P2 − w12N1) ,

b120 =
1

3
(2P2 + P1 − w21N2) ,

b021 =
1

3
(2P2 + P3 − w23N2) ,

b012 =
1

3
(2P3 + P2 − w32N3) ,

b102 =
1

3
(2P3 + P1 − w31N3) ,

b201 =
1

3
(2P1 + P3 − w13N1) ,

b111 = E +
1

2
(E − V ) ,

❦❞❡ E = 1
6 (b210 + b120 + b021 + b012 + b102 + b201) ❛ V = 1

3 (P1 + P2 + P3)✳

✭❛✮ ❑♦♥tr♦❧♥é ❜♦❞② P◆ tr♦❥✉❤♦❧♥í❦❛✳ ✭❜✮ ◆♦r♠á❧② P◆ tr♦❥✉❤♦❧♥í❦❛✳

❖❜rá③❡❦ ✸✳✶✵✿ ❉❡❧❡♥✐❡ ♣♦✈r❝❤✉ ♠❡tó❞♦✉ ③❛❦r✐✈❡♥ý❝❤ P◆ tr♦❥✉❤♦❧♥í❦♦✈❬✼❪✳

◆♦r♠á❧♦✈é ♣♦❧❡

◆♦r♠á❧♦✈é ♣♦❧❡ ♠ô➸❡♠❡ ♣♦♣ís❛➫ ❦✈❛❞r❛t✐❝❦♦✉ ❢✉♥❦❝✐♦✉ n (u, v)✱ ❦t♦rá ❥❡ ❞❡✜♥♦✈❛♥á ♥❛s❧❡✲
❞♦✈♥❡✿

n (u, v) =
∑

i+j+k=2

nijku
ivjwk ✭✸✳✸✮

n200w
2 + n020u

2 + n002v
2 +

n110uv + n011vw + n101wv ✭✸✳✹✮

✷✻



❉❡✜♥í❝✐♦✉ vij = 2
(Pj−Pi)·(Nj+Ni)
(Pj−Pi)·(Pj−Pi)

❞♦st❛♥❡♠❡✿

n200 = N1,

n020 = N2,

n002 = N3,

n110 =
N1 +N2 − v12 (P2 − P1)

|N1 +N2 − v12 (P2 − P1)|

n011 =
N2 +N3 − v23 (P3 − P2)

|N2 +N3 − v23 (P3 − P2)|

n101 =
N3 +N1 − v31 (P1 − P3)

|N3 +N1 − v31 (P1 − P3)|

❉ô✈♦❞♦♠ ♣♦➸í✈❛♥✐❛ ❦✈❛❞r❛t✐❝❦❡❥ ❢✉♥❦❝✐❡ ❥❡✱ ➸❡ s ❧✐♥❡ár♥♦✉ ❢✉♥❦❝✐♦✉ ♥✐❡ ❥❡ ♠♦➸♥é ♣r❡s♥❡
✈②❥❛❞r✐➫ ③❛❦r✐✈❡♥✐❡ ♣❧♦❝❤②✳ ❚út♦ s✐t✉á❝✐✉ ✉❦❛③✉❥❡ ♦❜rá③♦❦ ✸✳✶✶✳

✭❛✮ ▲✐♥❡ár♥❛✳ ✭❜✮ ❑✈❛❞r❛t✐❝❦á✳

❖❜rá③❡❦ ✸✳✶✶✿ ❩á✈✐s❧♦s➫ ♥♦r♠á❧♦✈é❤♦ ♣♦❧❛ ♥❛ st✉♣♥❡ ❢✉♥❦❝✐❡✳

P♦❞♦❜♥á ♠❡tó❞❛✱ ❦t♦rá s❛ ♣♦✉➸í✈❛ ♥❛ ♦❞strá♥❡♥✐❡ ♦strý❝❤ ❤rá♥ s❛ ♥❛③ý✈❛ P❤♦♥❣♦✈❛
t❡ss❡❧❧á❝✐❛ ✭P❤♦♥❣ t❡ss❡❧❧❛t✐♦♥✮✳ ❚át♦ ♠❡tó❞❛ ❜♦❧❛ ♣r❡❞st❛✈❡♥á ✈ r♦❦✉ ✷✵✵✽✱ ♣♦❞r♦❜♥♦st✐ ❥❡
♠♦➸♥é ♥á❥s➫ ✈ ❬✷✾❪✳

✸✳✸ ❱♦❧✉♠❡ ❘❛② ❈❛st✐♥❣

❱♦❧✉♠❡ r❛② ❝❛st✐♥❣✱ ♥✐❡❦❡❞② ✈♦❧✉♠❡tr✐❝ r❛② ❝❛st✐♥❣ ❥❡ t❡❝❤♥✐❦❛ ♥❛ r❡♥❞r♦✈❛♥✐❡ tr♦❥r♦③♠❡r♥ý❝❤
♦❜❥❡♠♦✈ý❝❤ ❞át ♥❛ ❞✈♦❥r♦③♠❡r♥é ♣❧át♥♦✳ ▼❡tó❞❛ ❱♦❧✉♠❡tr✐❝ r❛② ❝❛st✐♥❣✱ ❦t♦rá s♣r❛❝♦✈á✈❛
♦❜❥❡♠♦✈é ❞át❛✱ ❥❡ ↔❛st♦ ♣♦♠ý❧❡♥á ♠❡tó❞♦✉ r❛② ❝❛st✐♥❣✱ ❦t♦rá s♣r❛❝♦✈á✈❛ ♣♦✈r❝❤♦✈é ❞át❛✳
❚át♦ ♠❡tó❞❛ ❥❡ ♥❛❥❧❡♣➨✐❛ ✈♦➞❜❛ ❦ ❞♦s✐❛❤♥✉t✐✉ ♥❛❥r❡❛❧✐st✐❝❦❡❥➨í❝❤ ✈ýs❧❡❞❦♦✈ ✈ ♣♦r♦✈♥❛♥í
♠❡tó❞♦✉ ▼❛r❝❤✐♥❣ ❝✉❜❡s ❛ P♦✐♥t ❙♣r✐t❡s✳ ▼❡tó❞❛ ❘❛② ❝❛st✐♥❣ ♣♦❞♣♦r✉❥❡ ✈ý♣♦↔❡t ♣r✐❡s✈✐t✲
♥♦st✐✱ r❡✢❡❦❝✐❡ ❛ r❡❢r❛❦❝✐❡✳ ❚✐❡t♦ tr✐ ❥❛✈② sú ✈❡➞♠✐ ❞ô❧❡➸✐té ✉ ❦✈❛♣❛❧í♥✳ ❙❛♠♦③r❡❥♠❡ ✈ý♣♦↔❡t
r❡❛❧✐st✐❝❦ý❝❤ ❥❛✈♦✈ ♠á s✈♦❥✉ ❝❡♥✉✱ ✈ý♣♦↔t② ♣♦tr❡❜✉❥ú ✈✐❛❝ ↔❛s✉✳

❩á❦❧❛❞♥ý ❛❧❣♦r✐t♠✉s ♠á ✹ ❤❧❛✈♥é ❦r♦❦②✿

❼ ❘❛② ❝❛st✐♥❣✳ Pr❡ ❦❛➸❞ý ♣✐①❡❧ ✈ýs❧❡❞♥é❤♦ ♦❜r❛③✉ ❥❡ str✐❡❧❛♥ý ♣♦❤❧❛❞♦✈ý ❧ú↔ ❝❡③ ♦❜❥❡♠✳
❱ t❡❥t♦ ❢á③✐ ❥❡ ❞♦❜ré ♣♦✉➸í✈❛➫ ♦❜❛❧♦✈é t❡❧❡s♦✱ ❥❡❞♥♦❞✉❝❤é ❣❡♦♠❡tr✐❝❦é t❡❧❡s♦✱ ❦t♦ré s❛
♣♦✉➸í✈❛ ♥❛ rý❝❤❧✉ ❞❡t❡❦❝✐✉ ♣r❡tí♥❛♥✐❛ ❧ú↔♦♠✳

❼ ❱③♦r❦♦✈❛♥✐❡✳ P♦❞➝➸ s♠❡r✉ ❧ú↔❛ ✈②❜❡rá♠❡ ✈③♦r❦② ✈ ❦♦♥➨t❛♥t♥❡❥ ✈③❞✐❛❧❡♥♦st✐✳

❼ ❚✐❡♥❡♥✐❡✳ Pr❡ ✈③♦r❦② ✈②♣♦↔ít❛♠❡ ❣r❛❞✐❡♥t ♦s✈❡t❧❡♥✐❛✳ ❚✐❡t♦ ❤♦❞♥♦t② ♣r❡❞st❛✈✉❥ú
❧♦❦á❧♥❡ ♣♦✈r❝❤② ✈ ♦❜❥❡♠❡✳ ❱③♦r❦② sú ♣♦t♦♠ t✐❡♥❡♥é✱ ❢❛r❜❡♥é ✈ ③á✈✐s❧♦st✐ ♥❛ ♣♦✈r❝❤✉✱
♦r✐❡♥tá❝✐❡ ❛ ♣♦③í❝✐❡ s✈❡t❧❛ ✈ s❝é♥❡✳

✷✼



❖❜rá③❡❦ ✸✳✶✷✿ ➆t②r✐ ❤❧❛✈♥é ❦r♦❦② ♠❡tó❞② r❛② ❝❛st✐♥❣✿ ✭✶✮ ❘❛② ❝❛st✐♥❣ ✭✷✮ ❱③♦r❦♦✈❛♥✐❡ ✭✸✮
❚✐❡♥❡♥✐❡ ✭✹✮ ❙❦❧á❞❛♥✐❡ ③ ❬✸✷❪✳

❼ ❙❦❧❛❞❛♥✐❡✳ ❆❦ ✉➸ ✈③♦r❦② ❜♦❧✐ t✐❡♥❡♥é✱ ♠ô➸❡♠❡ ✐❝❤ s❦❧❛❞❛➫✱ ❛ ✈②♣♦↔ít❛➫ ✜♥á❧♥✉ ❢❛r❜✉
♣r❡ ♣✐①❡❧✳ Pr✐ s❦❧❛❞❛♥í ♣♦st✉♣✉❥❡♠❡ ♦❞ ③❛❞♥ý❝❤ ♣♦ ♣r❡❞♥é ✈③♦r❦②✳

❉❡♣t❤ ♣❡❡❧✐♥❣

▼❡tó❞✉ ❘❛② ❝❛st✐♥❣ ❥❡ ♠♦➸♥é ③rý❝❤❧✐➫ ♣♦♠♦❝♦✉ ♠❡tó❞② ❉❡♣t❤ ♣❡❡❧✐♥❣✱ ❦t♦rá ❥❡ ③❛❧♦➸❡♥á ♥❛
✈✐❛❝♥ás♦❜♥♦♠ r❡♥❞❡r♦✈❛♥í s❝é♥② ❞♦ t❡①túr✳ ❱ ❦❛➸❞♦♠ ❦r♦❦✉ ❣❡♥❡r✉❥❡♠❡ t❡①túr✉✱ ❦t♦rá ❜✉❞❡
♦❜s❛❤♦✈❛➫ ❤➞❜❦② ❤➞❜➨í❝❤ ♣✐①❡❧♦✈ ❛❦♦ ✈ ♣r❡❞❝❤á❞③❛❝ú❝♦♠ ❦r♦❦✉✳ ❚át♦ ❥❡❞♥♦❞✉❝❤á ♠❡tó❞❛
✉♠♦➸➡✉❥❡ ♣r❡s❦á❦❛➫ ♣rá③❞♥❡ ♠✐❡st❛ ❛ tý♠ s❛ ✈ý♣♦↔❡t ③♥❛↔♥❡ ✉rý❝❤❧✐✳

❖❜rá③❡❦ ✸✳✶✸✿ ❍➝❜❦♦✈é ♣❧át❦② ✈ ♠❡tó❞❡ ❞❡♣t❤ ♣❡❡❧✐♥❣ ③ ❬✶✾❪✳

✷✽



❑❛♣✐t♦❧❛ ✹

◆á✈r❤

❱ t❡❥t♦ ❦❛♣✐t♦❧❡ ♣♦♣ís❡♠❡ ♥á✈r❤ ❛♣❧✐❦á❝✐❡✳ ❑❛♣✐t♦❧❛ ♦❜s❛❤✉❥❡ ♠❡tó❞② ❛ t❡❝❤♥✐❦②✱ ❦t♦ré ❜♦❧✐
♣♦✉➸í✈❛♥é ♣♦↔❛s ✐♠♣❧❡♠❡♥tá❝✐❡✳ ❘♦③♦❜❡r✐❡♠❡ ♠♦➸♥♦st✐ ♣❛r❛❧❡❧♥ý❝❤ ✈ý♣♦↔t♦✈ ♥❛ ❣r❛✜❝❦❡❥
❦❛rt❡✱ ✐♥t❡❣rá❝✐✉ sí❧ ✈ ♠❡tó❞❡ ❙P❍✱ ❛t↕✳

✹✳✶ P❛r❛❧❡❧♥é ✈ý♣♦↔t②

❚❡♥t♦ ♣ríst✉♣ ❦ ✈ý♣♦↔t♦♠ ❥❡ ✈ý③♥❛♠♥ý ♣r❡t♦✱ ❧❡❜♦ ♠ô➸❡♠❡ ✈ý♣♦↔t② ✈②❦♦♥á✈❛➫ sú❜❡➸♥❡✳
❱③❤➞❛❞♦♠ ❦ t♦♠✉✱ ➸❡ ♠❡tó❞❛ ❙P❍ ❥❡ ❞♦❜r❡ ♣❛r❛❧❡❧✐③♦✈❛t❡❧♥á✱ ❥❡ ❞♦❜rá ✈♦➞❜❛ ✈②✉➸í✈❛➫ s✐❧✉
♠♦❞❡r♥ý❝❤ ❣r❛✜❝❦ý❝❤ ❦❛r✐❡t ♥❛ ✈ý♣♦↔t② ↔❛st✐❝♦✈ý❝❤ s✐♠✉❧á❝✐í✳ ❊①✐st✉❥❡ ♥✐❡❦♦➞❦♦ rô③♥②❝❤
❢♦r✐❡♠ t♦❤t♦ ♣r✐♥❝í♣✉✱ ♦❞ ♣❛r❛❧❡❧✐③♠✉ ♥❛ úr♦✈♥✐ ❜✐t♦✈✱ ♥❛ úr♦✈♥✐ ✐♥➨tr✉❦❝✐í ✭♥❛♣r✳ ♣✐♣❡❧✐♥✐♥❣
✈ ♠♦❞❡r♥ý❝❤ ❈P❯✮✱ ❞át♦✈ý ♣❛r❛❧❡❧✐③♠✉s ✭r♦✈♥❛❦é ✈ý♣♦↔t② ♥❛ rô③♥❡ ú❞❛❥❡✮ ❛ ♣❛r❛❧❡❧✐③♠✉s
ú❧♦❤ ✭rô③♥❡ ✈ý♣♦↔t② ♥❛ r♦✈♥❛❦é ❞át❛✮✳ ❚✐❡t♦ rô③♥❡ ❢♦r♠② ❜♦❧✐ ♣r✈ý❦rát ③❛r❛❞❡♥é ▼✳ ❏✳
❋❧②♥♥♦♠✱ ❦t♦rý ✈②t✈♦r✐❧ ❥❡❤♦ ③♥á♠✉ t❛①♦♥ó♠✐✉✿

❼ ❙■❙❉ ✲ ❙✐♥❣❧❡ ■♥str✉❝t✐♦♥✱ ❙✐♥❣❧❡ ❉❛t❛ str❡❛♠✱

❼ ❙■▼❉ ✲ ❙✐♥❣❧❡ ■♥str✉❝t✐♦♥✱ ▼✉❧t✐♣❧❡ ❉❛t❛ str❡❛♠✱

❼ ▼■❙❉ ✲ ▼✉❧t✐♣❧❡ ■♥str✉❝t✐♦♥✱ ❙✐♥❣❧❡ ❉❛t❛ str❡❛♠✱

❼ ▼■▼❉ ✲ ▼✉❧t✐♣❧❡ ■♥str✉❝t✐♦♥✱ ▼✉❧t✐♣❧❡ ❉❛t❛ str❡❛♠✳

▼② s❛ sústr❡❞í♠❡ ♥❛ ♣❛r❛❧❡❧✐③♠✉s t②♣✉ ❙■▼❚ ✭❙✐♥❣❧❡ ■♥str✉❝t✐♦♥✱ ▼✉❧t✐♣❧❡ ❚❤r❡❛❞s✮✱ ❥❡
s❦♦r♦ t♦ ✐sté ↔♦ ❙■▼❉✱ ❛❧❡ ❙■▼❚ ❜♦❧ ③❛✈❡❞❡♥ý ✜r♠♦✉ ◆❱■❉■❆ ♣r❡ ❣r❛✜❝❦é ❦❛rt②✳ ❚❡♥t♦
t②♣ ❥❡ ③❛❧♦➸❡♥ý ♥❛ ✈❧á❦♥❛❝❤✱ ❦t♦ré ✈②❦♦♥á✈❛❥ú r♦✈♥❛❦é ✈ý♣♦↔t② r♦✈♥❛❦ý♠✐ ❞át❛♠✐ tý♠✱ ➸❡
r♦③❧♦➸✐❛ ♣rá❝✉ ♠❡❞③✐ s❡❜♦✉✳

●P●P❯

❉♥❡s ✉➸ ❛s✐ ♥❡❡①✐st✉❥❡ ♣♦↔ít❛↔✱ ♥♦t❡❜♦♦❦✱ ↔✐ s♠❛rt♣❤♦♥❡✱ ❦t♦rý ❜② ♥❡♠❛❧ ✈ s❡❜❡ ●P❯✳
❙♠❡ s✈❡❞❦❛♠✐ ③❛↔í♥❛❥ú❝❡❥ r❡✈♦❧ú❝✐❡✱ ❦❡↕ s❛ s♥❛➸í♠❡ ♣❛r❛❧❡❧✐③♦✈❛t❡❧♥é ✈ý♣♦↔t② ♣r❡♥✐❡s➫ ♥❛
●P❯✳ ▼♦❞❡r♥é ●P❯ ♠ô➸❡ ♣♦s❦②t♥ú➫ ♠❛sí✈♥② ♥ár❛st ✈ý♣♦↔❡t♥é❤♦ ✈ý❦♦♥✉ ♣r❡ ❞♦❜r❡ ♣❛r✲
❛❧❡❧✐③♦✈❛t❡❧♥é ♣r♦❜❧é♠②✱ ❛❦♦ ❥❡ ♥❛♣r✳ ❞❡❦ó❞♦✈❛♥✐❡ ✈✐❞❡❛✱ r♦③♣♦③♥á✈❛♥✐❡ ♦❜r❛③✉✱ ❢②③✐❦á❧♥❡
s✐♠✉❧á❝✐❡✱ ❛t↕✳ ●P●P❯ ❥❡ s❦r❛t❦❛ ●❡♥❡r❛❧ P✉r♣♦s❡ ●r❛♣❤✐❝s Pr♦❝❡ss✐♥❣ ❯♥✐t✱ ↔♦ ③♥❛♠❡♥á✱
➸❡ ✈②✉➸í✈❛♠❡ s✐❧✉ ❣r❛✜❝❦❡❥ ❦❛rt② ♥❛ ✈➨❡♦❜❡❝♥é✱ ♥❡❣r❛✜❝❦é ✈ý♣♦↔t②✳ ❚❡♥t♦ ❦♦♥❝❡♣t ✉♠♦➸➡✉❥❡
s✐♠✉❧♦✈❛➫ ♥❛♣r✳ ↔❛st✐❝♦✈é s✐♠✉❧á❝✐❡ s ✈❡➞❦ý♠ ♣♦↔t♦♠ ↔❛stí❝ ✈ r❡á❧♥♦♠ ↔❛s❡✱ ❦t♦ré ❡➨t❡ ♣r❡❞
♥✐❡❦♦➞❦ý♠✐ r♦❦♠✐ ♥❡❜♦❧✐ ♠♦➸♥é✳ ❚♦t♦ ✈②❧❡♣➨❡♥✐❡ ●P❯ ③♥❛♠❡♥á✱ ➸❡ ✈❡❞❝✐ sú s❝❤♦♣♥í rý❝❤❧♦

✷✾



❛ ➞❛❤❦♦ ✈✐③✉❛❧✐③♦✈❛➫ ♣r♦❜❧é♠②✳ ❚ý❦❛ s❛ t♦ ♥✐❡❧❡♥ ❢②③✐❝❦ý❝❤ ♣r♦❜❧é♠♦✈✱ ❛❧❡ ❛❥ ❝❤❡♠✐❝❦ý❝❤
✭s②♥té③❛ ♣r♦t❡í♥♦✈✮ ❛ ♠❡❞✐❝í♥s❦②❝❤ ✭✈✐③✉❛❧✐③á❝✐❛ ▼❘■ ✈ýs❧❡❞❦♦✈ ✈ ✸❉ ✈ r❡á❧♥♦♠ ↔❛s❡✮✳

❑♦♥❝❡♣t ♠á s❛♠♦③r❡❥♠❡ ❛❥ ♥❡❞♦st❛t❦②✱ ↔♦ ❥❡ ❦♦♣ír♦✈❛♥✐❡ ❞át ③ ❈P❯ ❞♦ ●P❯ ❛ ♥❛♦♣❛❦✳
❑✈ô❧✐ ♣r✐❡♣✉st♥♦st✐ ③❜❡r♥í❝ ❛ ↔❛stý♠ ❦♦♣ír♦✈❛♥í♠ ♠ô➸❡♠❡ ③♥❛↔♥❡ ❞❡❣r❛❞♦✈❛➫ rý❝❤❧♦s➫✳ ❖♣✲
t✐♠á❧♥❡ ❥❡ ✈②❤♥ú➫ s❛ ❦♦♣ír♦✈❛♥✐✉✱ ♣♦❦✐❛➞ ❥❡ t♦ ♠♦➸♥é✳ ❆❦ ❝❤❝❡♠❡ ✈ý♣♦↔t② ③♦❜r❛③✐➫ ♥❛♣r✳
♣♦♠♦❝♦✉ ❖♣❡♥●▲✱ ♥❡tr❡❜❛ ♣r❡❦♦♣ír♦✈❛➫ ③ ●P❯ ❞♦ ❈P❯ ❛ ♣♦t♦♠ ③❛s❡ ❞♦ ●P❯✳ P♦ ♣r✈é✱
❞✉♣❧✐❦♦✈❛❧✐ ❜② s♠❡ ❞át❛ ♥❛ ●P❯ ❛ ♣♦ ❞r✉❤é✱ ③❜②t♦↔♥❡ ❜② s♠❡ ③❞r➸✐❛✈❛❧✐ ●P❯✳ ❆r❝❤✐t❡❦túr❛
✉♠♦➸➡✉❥❡ ♣♦✉➸í✈❛➫ ✈②r♦✈♥á✈❛❝✐✉ ♣❛♠ä➫ ♣r❡ ✈ý♣♦↔t② ✐ ③♦❜r❛③❡♥✐❡✳

❈❯❉❆

❈❯❉❆ ❥❡ ❛r❝❤✐t❡❦túr❛ ❣r❛✜❝❦ý❝❤ ❦❛r✐❡t ✈②✈✐♥✉tá ✜r♠♦✉ ◆❱■❉■❆✳ ❙❦r❛❦t❛ ③♥❛♠❡♥á ❈♦♠✲
♣✉t❡ ❯♥✐✜❡❞ ❉❡✈✐❝❡ ❆r❝❤✐t❡❝t✉r❡✱ ↔♦ ❥❡ ③❥❡❞♥♦t❡♥á ❛r❝❤✐t❡❦túr❛ ♣r❡ ✈➨❡♦❜❡❝♥é ✈ý♣♦↔t②✳
❱②✉➸í✈❛➫ ❣r❛✜❝❦ú ❦❛rt✉ ♥❛ ✈➨❡♦❜❡❝♥é ✈ý♣♦↔t② ✉➸ ❜♦❧♦ ♠♦➸♥é ❛❥ ♣r❡❞ ✈②✈✐♥✉tí♠ ❈❯❉❆✱ ❛❧❡
❧❡♥ ✈ ♣r♦❣r❛♠♦✈❛t❡➞♥ý❝❤ s❤❛❞❡r♦❝❤✱ ↔♦ ❜♦❧♦ ✈❡➞♠✐ ❦♦♠♣❧✐❦♦✈❛♥é ❛ ♦❜♠❡❞③❡♥é✳ ◆❛ ✉❧♦➸❡✲
♥✐❡ ✈ýs❧❡❞❦♦✈ ♣♦✉➸í✈❛❧✐ t❡①túr②✳ ❙✐♠✉❧á❝✐❛ ↔❛stí❝ ♣❛trí ♣rá✈❡ ♠❡❞③✐ ✈➨❡♦❜❡❝♥é ✈ý♣♦↔t② ❛
✈↕❛❦❛ t❡❥t♦ ♣❧❛t❢♦r♠② ❥❡ ❥❡❞♥♦❞✉❝❤➨✐❡ ✐♠♣❧❡♠❡♥t♦✈❛t❡❧♥é✳ ❋✐r♠❛ ◆❱■❉■❆ ✈②❞❛❧❛ ❦♦♠✲
♣❧❡t♥é ❆P■✱ ❦t♦ré ❥❡ ♦r✐❡♥t♦✈❛♥é ♥❛ ✈ý♣♦↔t② ❛ ♥✐❡ ♥❛ ❣r❛✜❦✉✱ ♣r❡t♦ ❥❡ ♠♦➸♥é ♦✈❡➞❛ rý❝❤❧❡✲
❥➨✐❡ ❛ ❥❡❞♥♦❞✉❝❤➨✐❡ ♣r♦❣r❛♠♦✈❛➫✳ P♦❞♣♦r✉❥❡ ✈ý✈♦❥ár♦♠ ♣♦✉➸í✈❛➫ ❝❡❧é ↔ís❧❛✱ ❜✐t♦✈é ♦♣❡rá❝✐❡✱
③❞✐❡➞❛♥ú ♣❛♠ä➫✱ ❛t↕✳ ❸❛❧➨✐❡ ③❛✉❥í♠❛✈♦st✐ sú ♣♦❞r♦❜♥❡❥➨✐❡ ♣♦♣ís❛♥é ✈ ❬✺❪✳

❖❜rá③❡❦ ✹✳✶✿ ❆r❝❤✐t❡❦túr❛ ❈❯❉❆✱ ✈➞❛✈♦ ➨tr✉❦túr❛ ♠r✐❡➸❦②✱ ✈♣r❛✈♦ t②♣② ♣❛♠ät❡✳

Pr♦❣r❛♠♦✈❛❝í ♠♦❞❡❧ ❈❯❉❆ ✈②③❡rá ♥❛s❧❡❞♦✈♥❡✿

❼ ♣❛r❛❧❡❧♥é ✈ý♣♦↔t② ❜❡➸✐❛ ✈ ❥❛❞rá❝❤ ✭❦❡r♥❡❧s✮

❼ ♠♦➸♥♦s➫ s♣✉s✐➫ sú❜❡➸♥é✱ ❛❧❡ rô③♥❡ ❥❛❞rá

❼ ✈♦ ✈❧á❦♥❛❝❤ ❥❛❞✐❡r ❜❡➸í r♦✈♥❛❦ý ③❞r♦❥♦✈ý ❦ó❞ ♣❛r❛❧❡❧♥❡✱ ❛❧❡ ♥❛ rô③♥②❝❤ ❦✉s♦❝❤ ❞át✳

❩á❦❧❛❞♥ý ❦♦♥❝❡♣t ❥❡ t❛❦ý✱ ➸❡ ❥❛❞r♦ ❥❡ ❢✉♥❦❝✐❛✱ ❦t♦rá s♣ú➨➫❛ ❥❡❞♥♦t❧✐✈é ✈❧á❦♥❛✱ ❦❞❡ ❦❛➸❞é
✈❧á❦♥♦ ♠á s✈♦❥ ✐♥❞❡①✳ ◆❛ ③á❦❧❛❞❡ ✐♥❞❡①✉ ❥❡ ♠♦➸♥é r♦③❤♦❞♦✈❛➫✱ ❦t♦ré ✈❧á❦♥♦ ❜✉❞❡ ♣r❛❝♦✈❛➫

✸✵



♥❛ ❦t♦r❡❥ ↔❛st✐ ❞át✳ ❱❧á❦♥❛ sú ♦r❣❛♥✐③♦✈❛♥é ❞♦ ❜❧♦❦♦✈ ❛ t✐❡t♦ ❜❧♦❦② ③❛s❡ ❞♦ ♠r✐❡➸❦②✱ ↔♦ ❥❡
✈✐❞✐❡➫ ♥❛ ➞❛✈❡❥ str❛♥❡ ♦❜rá③❦✉ ✹✳✶✳ ❇❧♦❦ ✐ ♠r✐❡➸❦❛ ♠ô③❡ ♠❛➫ ✉r↔✐tý ♣♦↔❡t ❞✐♠❡♥③✐í✱ ♣♦↔❡t ❛
✈❡➞❦♦s➫ sú ❧✐♠✐t♦✈❛♥é ❤❛r❞✇❛r♦♠✳

❱ ❈❯❉❆ ❡①✐st✉❥❡ ♥✐❡❦♦➞❦♦ t②♣♦✈ ♣❛♠ätí✳ Príst✉♣ ❞♦ ♣❛♠ät✐ ❥❡ ↔❛st♦ ❤❧❛✈♥♦✉ ♣rí↔✐♥♦✉
③♣♦♠❛❧❡♥✐❛✱ ♣r❡t♦ ❥❡ ❞ô❧❡➸✐té ❞ô❦❧❛❞♥❡ ③♦③♥á♠✐➫ s❛ s rô③♥②♠✐ ♦❜♠❡❞③❡♥✐❛♠✐ ❛ ✈ý❤♦❞❛♠✐
❥❡❞♥♦t❧✐✈ý❝❤ ♣❛♠ätí✳ ❍❧❛✈♥é t②♣② ♣❛♠ät✐ ✈ ❈❯❉❆ sú t✐❡t♦✿

❼ ❤♦st✐t❡➞s❦á ♣❛♠ä➫ ✭❈P❯✮✱

❼ ❣❧♦❜á❧♥❛ ♣❛♠ä➫ ✭●P❯✮✱

❼ ❛ ♦♥✲❝❤✐♣ ♣❛♠ä➫✳

❚②♣② ♣❛♠ätí ♥❛ ●P❯

❏❡❞♥♦t❧✐✈é t②♣② ♣❛♠ätí sú ✈②③♥❛↔❡♥é ♥❛ ♦❜r❛③❡ ♥❛ ♣r❛✈❡❥ str❛♥❡ ✹✳✶✿

❼ r❡❣✐st❡r✱

❼ ❧♦❦á❧♥❛ ♣❛♠ä➫✱

❼ ③❞✐❡➞❛♥á ♣❛♠ä➫✱

❼ ❦♦♥➨t❛♥t♥á ♣❛♠ä➫✱

❼ ❣❧♦❜á❧♥❛ ♣❛♠ä➫✱

❼ ♣❛♠ä➫ t❡①túr✳

Príst✉♣ ❞♦ ❧♦❦á❧♥❡❥ ♣❛♠ät❡ ❥❡ r♦✈♥❛❦♦ ❞r❛❤ý ❛❦♦✱ ♣ríst✉♣ ❞♦ ❣❧♦❜á❧♥❡❥ ♣❛♠ät❡✳ ❆❦ ❞ô❥❞❡
❦ ♣ríst✉♣✉ ❞♦ ❧♦❦á❧♥❡❥ ♣❛♠ät❡✱ ③♥❛♠❡♥á ➸❡ ♥✐❡ ❥❡ ❞♦st❛t♦❦ r❡❣✐str♦✈ ❦ ❞✐s♣♦③í❝✐✐✳ P♦✉➸✐t✐✉
t❡❥t♦ ♣❛♠ät❡ ❥❡ ❧❡♣➨✐❡ s❛ ✈②❤♥ú➫✱ ❛❦ ❥❡ t♦ ♠♦➸♥é✳

❑♦♥➨t❛♥t♥á ♣❛♠ä➫ ❥❡ ↔❛s➫ ❣❧♦❜á❧♥❡❥ ♣❛♠ät❡✱ ❦t♦rá ❥❡ ③❛❦❡➨♦✈❛♥á✳ Pr✈ý ♣ríst✉♣ ❞♦ t❡❥t♦
♣❛♠ät❡ ❜✉❞❡ ✈②✈♦❧á✈❛➫ ❝❛❝❤❡✲♠✐ss ❛ ❞át❛ s❛ ♥❛↔ít❛❥ú ③ ❣❧♦❜á❧♥❡❥ ♣❛♠ät❡✱ ❛❧❡ ↕❛❧➨✐❡ ♣ríst✉♣②
✉➸ ♠❛❥ú ❞át❛ ❦ ❞✐s♣♦③í❝✐✐ ③❛ ❥❡❞❡♥ t❛❦t✳ ❚út♦ ↔❛s➫ ❜✉❞❡♠❡ ♣♦✉➸í✈❛➫ ♥❛ ♣r❡❞♣♦↔ít❛♥é ❞át❛✱
❦t♦ré ✈♦♣r❡❞ ✉♠✐❡st♥í♠❡ ❞♦ ❦♦♥➨t❛♥t♥❡❥ ♣❛♠ät❡✳

●❧♦❜á❧♥❛ ♣❛♠ä➫ ❥❡ ♥❛❥✈ä↔➨✐❛ ❞♦st✉♣♥á ♣❛♠ä➫ ♥❛ ❣r❛✜❝❦❡❥ ❦❛rt❡✳ Príst✉♣ ❞♦ ❣❧♦❜á❧♥❡❥
♣❛♠ät❡ ❥❡ ❞r❛❤ý✱ ♣r❡t♦➸❡ ❥❡ ♣♦tr❡❜♥é ❞❜❛➫ ♥❛ ♣ríst✉♣ ③ ✐♥ý❝❤ ✈❧á❦✐❡♥✳ ❉♥❡➨♥é ❣r❛✜❝❦é ❦❛rt②
✉➸ ♠❛❥ú ♦❜✈②❦❧❡ ♦❦♦❧♦ ✶✲✷●❇✳ ❏❡ ♠♦➸♥é ♣♦✉➸í✈❛➫ ❦❡➨♦✈❛♥✐❡ ❣❧♦❜á❧♥❡❥ ♣❛♠ät❡ ❞♦ ♣❛♠ät❡
t❡①túr✱ ↔♦ ♦❜❡❝♥❡ ✉♠♦➸➡✉❥❡ ③❧❡♣➨✐➫ ✈ý❦♦♥✱ ❤❧❛✈♥❡ ✈t❡❞②✱ ❦❡↕ ↔ít❛♠❡ ❞át❛ ③ ❥❡❞♥❡❥ ❧♦❦❛❧✐t②✳
❉♦ ❣❧♦❜á❧♥❡❥ ♣❛♠ät❡ ❜✉❞ú ✉❧♦➸❡♥é ✈➨❡t❦② ✈❧❛st♥♦st✐ ↔❛stí❝✱ ❛❦♦ ❤✉st♦t❛✱ t❧❛❦♦✈á s✐❧❛✱ ♣♦③í❝✐❛✱
❛t↕✳

◆❛ ③❞✐❡➞❛♥ú ♣❛♠ä➫✱ ↔♦ ❥❡ ♦♥✲❝❤✐♣ ♣❛♠ä➫✱ s❛ ♠ô➸❡♠❡ ♣♦③❡r❛➫✱ ❛❦♦ ✉➸í✈❛t❡➞♦♠ r✐❛❞❡♥ý
❝❛❝❤❡✳ ❱❡➞❦♦s➫ ③❞✐❡➞❛♥❡❥ ♣❛♠ät❡ ♥❛ ❞♥❡➨♥ý❝❤ ❣r❛✜❝❦ý❝❤ ❦❛rtá❝❤ s❛ ♣♦❤②❜✉❥❡ ♦❦♦❧♦ ✻✹❑❇✱
↔♦ ♣r✐ ✉r↔✐tý❝❤ ♣r♦❜❧é♠♦❝❤ ♠ô➸❡ ❜②➫ ♠á❧♦✳ ❘ý❝❤❧♦s➫ t❛❦❡❥ ♣❛♠ät❡ ③❛ ❞♦❜r❡ ♦r❣❛♥✐③♦✈❛♥ý❝❤
♣ríst✉♣♦✈ ❥❡ ♣♦r♦✈♥❛t❡➞♥á rý❝❤❧♦s➫♦✉ r❡❣✐str♦✈✳ ❩❞✐❡➞❛♥ú ♣❛♠ä➫ ❜✉❞❡♠❡ ♣♦tr❡❜♦✈❛➫ ♣r✐
✈ý♣♦↔t♦❝❤✱ ✈ ❦t♦rý❝❤ ♥❛ ❥❡❞♥❡❥ ú❧♦❤❡ ♣r❛❝✉❥❡ ✈✐❛❝ ✈❧á❦✐❡♥ sú❜❡➸♥❡ ❛ ③❞✐❡❧❛❥ú ✈ýs❧❡❞❦②
♠❡❞③✐ s❡❜♦✉✱ ♥❛♣r✳ ♥á❥❞❡♥✐❡ ③❛↔✐❛t❦✉ ❛ ❦♦♥❝❛ ❜✉♥✐❡❦ ✉♥✐❢♦r♠♥❡❥ ♠r✐❡➸❦②✱ ✈✐❞✳ ❦❛♣✐t♦❧❛ ✺✳✶✳

❑❛➸❞é ✈❧á❦♥♦ ♠á ♣ríst✉♣ ❞♦ ③❞✐❡➞❛♥❡❥ ♣❛♠ät❡ ✈ ❞❛♥♦♠ ❜❧♦❦✉✱ ❦❞❡ ♠ô➸✉ ✈②♠✐❡➡❛➫ ❞át❛
♠❡❞③✐ s❡❜♦✉✳

✸✶



✹✳✷ ◆á✈r❤ ✐♠♣❧❡♠❡♥tá❝✐❡ ♠❡tó❞② ❙P❍

❚❡♦r❡t✐❝❦é ③á❦❧❛❞②✱ ❞✐✛❡r❡♥❝✐á❧♥❡ r♦✈♥✐❝❡✱ ✐❝❤ ❞✐s❦r❡t✐③á❝✐❛✱ ✈ý♣♦↔❡t t❧❛❦✉ ❛ sí❧ ♠❡tó❞② ❙P❍
sú ♣♦♣ís❛♥é ✈ ❦❛♣✐t♦❧❡ ✷✳ ◆❛ s✐♠✉❧♦✈❛♥✐❡ ❦✈❛♣❛❧✐♥② ❜✉❞❡♠❡ ♣♦✉➸í✈❛➫ ♣❧❛t❢♦r♠✉ ❈❯❉❆✳ ❚♦
③♥❛♠❡♥á✱ ➸❡ ❥❡ ♥✉t♥é r♦③❞❡❧✐➫ ❞át♦✈♦ ③á✈✐s❧é ✈ý♣♦↔t②✿

❼ ✈ý♣♦↔❡t ❤✉st♦t②✱

❼ ✈ý♣♦↔❡t t❧❛❦✉✱

❼ ✈ý♣♦↔❡t t❧❛❦♦✈❡❥ ❛ ✈✐s❦ó③♥❡❥ s✐❧②✱

❼ ✈ý♣♦↔❡t rý❝❤❧♦st✐✱

❼ ✈ý♣♦↔❡t ♣♦③í❝✐❡✳

❍✉st♦t❛ ♣♦❞➞❛ r♦✈♥✐❝❡ ✷✳✷✾ ❥❡ ③á✈✐s❧á ❧❡♥ ♦❞ ❤♠♦t② ↔❛st✐❝❡✳ ❍♠♦t✉ ↔❛st✐❝❡ ♣♦③♥á♠❡✱ ❥❡
t♦ ♣r❡❞♦♠ ♥❛st❛✈❡♥á ❤♦❞♥♦t❛✳ ❑ ✈②♣♦↔ít❛♥✐✉ t❧❛❦✉ ✈ ❜♦❞❡ ↔❛st✐❝❡ ♣♦tr❡❜✉❥❡♠❡ ❤✉st♦t②
♦❦♦❧✐tý❝❤ ↔❛stí❝✳ ❚♦ ③♥❛♠❡♥á✱ ➸❡ t✐❡t♦ ❞✈❛ ❦r♦❦② s❛ ❞❛❥ú ✈②♣♦↔ít❛➫ s♣♦❧♦↔♥❡ ✈ ❥❡❞♥♦♠
❦❡r♥❡❧✐ ❣r❛✜❝❦❡❥ ❦❛rt②✳

❚❧❛❦♦✈ú ✭r♦✈♥✐❝❛ ✷✳✸✹✮ ❛ ✈✐s❦ó③♥✉ ✭r♦✈♥✐❝❛ ✷✳✹✷✮ s✐❧✉ ❥❡ ♠♦➸♥é t✐❡➸ ✈②♣♦↔ít❛➫ s♣♦❧♦↔♥❡✳
❖❜❡ s✐❧② sú ③á✈✐s❧é ♦❞ ❤✉st♦t②✱ ❛❧❡ tú ❤♦❞♥♦t✉ ✉➸ ♣♦③♥á♠❡✳ ❸❛❧❡❥✱ t❧❛❦♦✈á s✐❧❛ ❥❡ ③á✈✐s❧á ♦❞
t❧❛❦✉✱ ↔♦ ❜♦❧♦ t✐❡➸ ✈②♣♦↔ít❛♥é ✈ ♣r❡❞❝❤á③❞❛❥ú❝♦♠ ❦r♦❦✉✳ ❆❜② s♠❡ ✈❡❞❡❧✐ ✈②♣♦↔ít❛➫ ✈✐s❦ó③♥✉
s✐❧✉ ❥❡ ♥✉t♥é ♣♦③♥❛➫ rý❝❤❧♦s➫ ↔❛stí❝✳ ◆❛ ③❛↔✐❛t❦✉ s✐♠✉❧á❝✐❡ ❥❡ t♦ ❜✉↕ ♥✉❧❛✱ ❛❧❡❜♦ ✐♥á ❤♦❞♥♦t❛✱
♥❛ ❦t♦rú ❜♦❧❛ ✐♥✐❝✐❛❧✐③♦✈❛♥á✳

P♦s❧❡❞♥ý ❦r♦❦ ❥❡ ✐♥t❡❣rá❝✐❛ ③rý❝❤❧❡♥✐❛✳ ❩rý❝❤❧❡♥✐❡ ❞♦st❛♥❡♠❡ ♣♦❞➞❛ r♦✈♥✐❝❡ ✷✳✷✺✳ ❱✐❞í♠❡✱
➸❡ ✈➨❡t❦② ❤♦❞♥♦t② ♣♦③♥á♠❡✱ ♣♦tr❡❜✉❥❡♠❡ ✉➸ ❧❡♥ ✐♥t❡❣r♦✈❛➫ ③rý❝❤❧❡♥✐❡✱ ❛❜② s♠❡ ❞♦st❛❧✐
rý❝❤❧♦s➫✳ ❘ý❝❤❧♦s➫ ❡➨t❡ r❛③ ✐♥t❡❣r✉❥❡♠❡✱ ❛❜② s♠❡ ❞♦st❛❧✐ ♥♦✈ú ♣♦③í❝✐✉ ↔❛st✐❝❡✳ ❚ý♠ ♠á♠❡
✈➨❡t❦♦ ✈②♣♦↔ít❛♥é✳

❱♣❧②✈ ❡①t❡r♥ý❝❤ sí❧ ♠ô➸♠❡ ✈②♣♦↔ít❛➫ ✈ ❞r✉❤♦♠ ❛❧❡❜♦ ✈ tr❡➫♦♠ ❦r♦❦✉✳

❖❜rá③❡❦ ✹✳✷✿ ◆❛✈r❤♥✉tý ❙P❍ ♠♦❞❡❧ ♣r❡ ●P❯✳ ❑✈ô❧✐ ❞át♦✈ý♠ ③á✈✐s❧♦st✐❛♠ ♣♦tr❡❜✉❥❡♠❡ tr✐
♣r❡❝❤♦❞② ♥❛❞ ↔❛st✐❝❛♠✐ ❛ ♥❛ ❦❛➸❞ý ♣r❡❝❤♦❞ ❥❡❞❡♥ ●P❯ ❦❡r♥❡❧✳ ❑❛➸❞ý ❦❡r♥❡❧ ♠á ♥❛ st❛r♦st✐
r✐❡➨✐➫ ✐♥é ú❧♦❤②✳

✸✷



▼❡tó❞✉ ❙P❍✱ ❦t♦rá ❥❡ ✐♠♣❧❡♠❡♥t♦✈❛♥á ♥❛ ❣r❛✜❝❦❡❥ ❦❛rt❡ st❛↔í r♦③❞❡❧✐➫ ♥❛ tr✐ ❦r♦❦②✱ ❛❜②
s♠❡ ✈②r✐❡➨✐❧✐ ❞át♦✈é ③á✈✐s❧♦st✐ ✈♦ ✈ý♣♦↔t♦❝❤✳

✹✳✸ ■♥t❡❣rá❝✐❛ sí❧

P♦s❧❡❞♥ý♠ ❦r♦❦♦♠ ❛❧❣♦r✐t♠✉ ❙P❍ ❥❡ ✐♥t❡❣rá❝✐❛ ③rý❝❤❧❡♥✐❛ ❛ rý❝❤❧♦st✐✳ ❱ s✐♠✉❧á❝✐✐ t❡❦✉t✐♥②
❛❦t✉á❧♥❡ ♣♦③í❝✐❡ ↔❛stí❝ sú ③á✈✐s❧é ♥❛ ↔❛s❡✳ ❘♦✈♥✐❝❛ ✷✳✷✺ s❛ ♣♦✉➸í✈❛ ♥❛ ✈②♣♦↔ít❛♥✐❡ ③rý❝❤❧❡✲
♥✐❛ ↔❛st✐❝❡ ✱ rý❝❤❧♦s➫ ↔❛st✐❝❡ ❞♦st❛♥❡♠❡ ❥❡❥ ♥✉♠❡r✐❝❦♦✉ ✐♥t❡❣rá❝✐♦✉✳ P♦③í❝✐❛ ❥❡ ✈②♣♦↔ít❛♥á
✐♥t❡❣rá❝✐♦✉ rý❝❤❧♦st✐✳ ❱ t❡❥t♦ ❦❛♣✐t♦❧❡ sú ♣♦♣ís❛♥é ♠❡tó❞② ✈❤♦❞♥é ♥❛ ♥✉♠❡r✐❝❦ú ✐♥t❡❣rá❝✐✉✱
❦t♦ré ♥✐❡ sú ↔❛s♦✈♦ ♥ár♦↔♥é✱ ❛❧❡ ♣r♦❞✉❦✉❥ú ✈②❤♦✈✉❥ú❝❡ ✈ýs❧❡❞❦②✳

■♠♣❧✐❝✐t♥é ❛ ❡①♣❧✐❝✐t♥é ♠❡tó❞②

❱ ❡①♣❧✐❝✐t♥❡❥ ♠❡tó❞❡ ✈②♣♦↔ít❛♠❡ ❜✉❞ú❝✐ st❛✈ s②sté♠✉ ♥❛ ③á❦❧❛❞❡ ❛❦t✉á❧♥❡❤♦ st❛✈✉ s②s✲
té♠✉ ✈ ❞❛♥♦♠ ↔❛s❡✱ ❦ý♠ ✈ ✐♠♣❧✐❝✐t♥❡❥ ♠❡tó❞❡ ♥á❥❞❡♠❡ r✐❡➨❡♥✐❡ ✈②♣♦↔ít❛♥í♠ r♦✈♥í❝✱ ❦t♦ré
③❛❤➥➡❛❥ú ❛❦t✉á❧♥② ❛ ❜✉❞ú❝✐ st❛✈ sú↔❛s♥❡✳ ▼❛t❡♠❛t✐❝❦② ♠ô➸❡♠❡ ✈②❥❛❞r✐➫ ♥❛s❧❡❞♦✈♥❡✳ ❆❦
❛❦t✉á❧♥② st❛✈ ❥❡ Y (t) ❛ Y (t+∆t) ❥❡ ❜✉❞ú❝✐ st❛✈ ✭∆t ❥❡ ↔❛s♦✈ý ❦r♦❦✮✱ ♣♦t♦♠ ♣r❡ ❡①♣❧✐❝✐t♥ú
♠❡tó❞✉ ♣❧❛tí✿

Y (t+∆t) = F (Y (t)) ✭✹✳✶✮

Pr❡ ✐♠♣❧✐❝✐t♥ú ♠❡tó❞✉ ♣❧❛tí✿

G (Y (t) , Y (t+∆t)) = 0, ✭✹✳✷✮

❦❞❡ ❤➞❛❞á♠❡ r✐❡➨❡♥✐❡ ♣r❡ Y (t+∆t)✳
❏❡ ❥❛s♥é✱ ➸❡ ✐♠♣❧✐❝✐t♥é ♠❡tó❞② ♣♦tr❡❜✉❥ú ✈✐❛❝ ✈ý♣♦↔t♦✈ ❛ sú t❛➸➨✐❡ ✐♠♣❧❡♠❡♥t♦✈❛t❡➞♥é✳

■♠♣❧✐❝✐t♥á ❊✉❧❡r♦✈❛ ✐♥t❡❣rá❝✐❛

■♠♣❧✐❝✐t♥á ❊✉❧❡r♦✈❛ s❝❤é♠❛ ❥❡ s❦✉t♦↔♥❡ s❡♠✐✲✐♠♣❧✐❝✐t♥á ♠❡tó❞❛✱ ✐♠♣❧✐❝✐t♥á ❥❡ ❧❡♥ ❛❦t✉❛❧✐③á✲
❝✐❛ ♣♦③í❝✐❡✳ ❙❡♠✐✲✐♠♣❧✐❝✐t♥á ❊✉❧❡r♦✈❛ ♠❡tó❞❛ ❥❡ ③❛❧♦➸❡♥á ♥❛ ❡①♣❧✐❝✐t♥❡❥ ❊✉❧❡r♦✈❡❥ ♠❡tó❞❡✱
❦t♦rá ❥❡ ♣r❛✈❞❡♣♦❞♦❜♥❡ ♥❛❥♣♦✉➸í✈❛♥❡❥➨✐❛ ✐♥t❡❣r❛↔♥á ♠❡tó❞❛✳ ❱ ❡①♣❧✐❝✐t♥❡❥ ❊✉❧❡r♦✈❡❥ ♠❡tó❞❡
♣♦③í❝✐❛ ❛ rý❝❤❧♦s➫ sú ❛❦t✉❛❧✐③♦✈❛♥é sú↔❛s♥❡✳

vi+1 = vi + ai∆t ✭✹✳✸✮

ri+1 = ri + vi∆t ✭✹✳✹✮

❱ s❡♠✐✲✐♠♣❧✐❝✐t♥❡❥ ❊✉❧❡r♦✈❡❥ ♠❡tó❞❡ ❛❦t✉❛❧✐③á❝✐❛ ♣♦③í❝✐❡ ❛ rý❝❤❧♦st✐ sú ③á✈✐s❧é✳ ❆❦t✉✲
❛❧✐③á❝✐❛ rý❝❤❧♦st✐ ❥❡ r♦✈♥❛❦á ❛❦♦ ✈ ✹✳✸✱ ❛❧❡ ♥❛ ❛❦t✉❛❧✐③á❝✐✉ ♣♦③í❝✐❡ ♣♦✉➸í✈❛♠❡ ✈ýs❧❡❞♦❦ ③
❛❦t✉❛❧✐③♦✈❛♥❡❥ rý❝❤❧♦st✐ ❦ ♣r❡❞♣♦✈❡❞❛♥✐✉ ♥♦✈❡❥ ♣♦③í❝✐❡✳

ri+1 = ri + vi+1∆t ✭✹✳✺✮

▲❡❛♣✲❢r♦❣ ✐♥t❡❣rá❝✐❛

❑ ✐♥t❡❣r♦✈❛♥✐✉ ↔❛s✉ s♠❡ ③✈♦❧✐❧✐ ♠❡tó❞✉ ♥❛③ý✈❛♥ú ❧❡❛♣✲❢r♦❣ ✐♥t❡❣rát♦r✱ ❦t♦rá ♠á ♣r❡s♥♦s➫
❞r✉❤é❤♦ rá❞✉ ❛ ❥❡ ✈❡➞♠✐ st❛❜✐❧♥á✿

xi+1 = xi + vi+ 1

2

∆t, ✭✹✳✻✮

vi+ 1

2

= vi− 1

2

+ ai∆t, ✭✹✳✼✮

✸✸



❖❜rá③❡❦ ✹✳✸✿ ▲❡❛♣✲❢r♦❣ ✐♥t❡❣rát♦r✱ ✈♦❞♦r♦✈♥á ↔✐❛r❛ ♣r❡❞st❛✈✉❥❡ ↔❛s✱ v ❥❡ rý❝❤❧♦s➫ ❛ x ❥❡
♣♦③í❝✐❛✳

❦❞❡ i ❥❡ ↔❛s♦✈ý ❦r♦❦✳
▼❡tó❞❛ ❞♦st❛❧❛ ♥á③♦✈ ▲❡❛♣✲❢r♦❣✱ ❧❡❜♦ rý❝❤❧♦s➫ ♣r❡s❦❛❦✉❥❡ ❝❡③ ♣♦③í❝✐❡✱ ❛ ♥❛♦♣❛❦✳ ❚út♦

s❝❤é♠✉ ❥❡ ✈✐❞✐❡➫ ♥❛ ♦❜rá③❦✉ ✹✳✸ ❘♦✈♥✐❝❡ ♠ô➸❡♠❡ ♣r❡♣ís❛➫ ❞♦ t❛❦é❤♦ t✈❛r✉✱ ❦❞❡ sú ♣♦✉➸í✈❛♥é
❧❡♥ ❝❡❧é ↔ís❧❛✿

xi+1 = xi + vi∆t+
1

2
ai∆t ✭✹✳✽✮

vi+1 = vi +
1

2
(ai + ai+1)∆t ✭✹✳✾✮

▲❡❛♣✲❢r♦❣ ❥❡ ❞♦❜rý ❦♦♠♣r♦♠✐s ♠❡❞③✐ ♥❛tí✈♥♦✉ ❊✉❧❡r♦✈♦✉ ♠❡tó❞♦✉ ❛ ♣♦❦r♦↔✐❧❡❥➨í♠✐ ♠❡tó✲
❞❛♠✐✱ ❦t♦ré ♣♦tr❡❜✉❥ú ✈✐❛❝ ✈ý♣♦↔t♦✈ ♣r❡ ❦❛➸❞ú s✐❧✉✳ ❚❛❦ét♦ ♣♦❦r♦↔✐❧é ♠❡tó❞②✱ ❛❦♦ ♥❛♣r✳
❘✉♥❣❡✲❦✉tt❛ tr❡t✐❡❤♦ rá❞✉✱ ❜♦❧✐ ♣♦✉➸í✈❛♥é ✈ ❬✻❪ ♣r❡ ❙P❍✳

✸✹



❑❛♣✐t♦❧❛ ✺

❘❡❛❧✐③á❝✐❛

Pr✐ r❡❛❧✐③á❝✐✐ ↔❛st✐❝♦✈é❤♦ s②sté♠✉ ♥❛❥❞ô❧❡➸✐t❡❥➨✐❡ ♣♦✉➸í✈❛♥é t❡❝❤♥♦❧ó❣✐❡✱ ♠❡tó❞② ❛ ❛❧❣♦r✐t♠②
❜♦❧✐ t✐❡t♦✿

❼ ♣❧❛t❢♦r♠❛ ❈❯❉❆✱

❼ ♠❡tó❞❛ ❙P❍✱

❼ ✉♥✐❢♦r♠♥á ♠r✐❡➸❦❛✱

❼ ▼❛r❝❤✐♥❣ ❝✉❜❡s✱

❼ t❡ss❡❧❧á❝✐❛✱

❼ ❖♣❡♥●▲ ❛ ❙❉▲✳

◆✐❡❦t♦ré ③♦ ③♦③♥❛♠✉ ✉➸ ❜♦❧✐ ♣♦❞♣r♦❜♥❡❥➨✐❡ r♦③♣ís❛♥é ✈ ♣r❡❞❝❤á❞③❛❥ú❝✐❝❤ ❦❛♣✐t♦❧á❝❤✳ ❱ t❡❥t♦
❦❛♣✐t♦❧❡ s❛ ❜✉❞❡♠❡ sústr❡❞✐➫ ♥❛ ❞ô❧❡➸✐té ✐♠♣❧❡♠❡♥t❛↔♥é ❛ r❡❛❧✐③❛↔♥é ↔❛st✐ ♣r♦❥❡❦t✉✳

Pr♦❣r❛♠ ❥❡ ✐♠♣❧❡♠❡♥t♦✈❛♥ý ✈ ❥❛③②❦✉ ❈✰✰✳ ❉ô✈♦❞② ♣r❡ ✈ý❜❡r ❥❛③②❦❛ ❈✰✰ ❜♦❧✐ t✐❡t♦✿
♣❧❛t❢♦r♠♦✈á ♥❡③á✈✐s❧♦s➫✱ ♣♦❞♣♦r❛ ♦❜❥❡❦t♦✈♦ ♦r✐❡♥t♦✈❛♥é❤♦ ♣r♦❣r❛♠♦✈❛♥✐❛ ❛ ♠♥♦❤♦t✈ár♥♦st✐✱
❛ s❛♠♦③r❡❥♠❡ rý❝❤❧♦s➫✳ ❱❡➞❦á ↔❛st ③❞r♦❥♦✈ý❝❤ sú❜♦r♦✈ ❥❡ ♥❛♣ís❛♥á ♣r❡ ❣r❛✜❝❦ú ❦❛rt✉✱ ❦t♦rá
♣♦↔ít❛ s✐♠✉❧á❝✐✉✱ ❣❡♥❡r♦✈❛♥✐❡ tr♦❥✉❤♦❧♥í❦♦✈ ❛ ③♦❜r❛③✉❥❡ ✈ýs❧❡❞❦②✳ ◆♦✈á ✈❡r③✐❛ ❈❯❉❆ ❆P■✱
♣r❡s♥❡❥➨✐❡ ✈❡r③✐❛ ✹✳✵✱ ✉➸ ❞♦st❛❧❛ ♣♦❞♣♦r✉ ♣r❡ ❥❛③②❦ ❈✰✰✳ ❱↕❛❦❛ t❡❥t♦ ♣♦❞♣♦r② sú ③❞r♦✲
❥♦✈é ❦ó❞② ↔✐t❛t❡➞♥❡❥➨✐❡ ❛ ✈♦ ✈ä↔➨✐♥❡ ♣rí♣❛❞♦✈ ✉➞❛❤↔✉❥ú ♣r♦❣r❛♠át♦rs❦ú ♣rá❝✉✳ ❙❦♦r♦ ✈➨❡t❦②
✈ý♣♦↔t② sú ✈②❦♦♥á✈❛♥é ♥❛ ❣r❛✜❝❦❡❥ ❦❛rt❡✱ ♦❞ s❛♠♦t♥❡❥ s✐♠✉❧á❝✐❡ ❛➸ ♣♦ ③♦❜r❛③❡♥✐❡ ✈ýs❧❡❞❦♦✈✳

❙✐♠✉❧á❝✐❛ ♠á tr✐ ♣♦♠♦❝♥é ❦r♦❦② ❦ ✉rý❝❤❧❡♥✐✉ ✈ý♣♦↔t♦✈ ❛ ♣ríst✉♣♦✈ ❦ ❞át❛♠✱ ↔♦ sú✈✐sí
s ✉♥✐❢♦r♠♥♦✉ ♠r✐❡➸❦♦✉ ❛ s tr♦♠✐ ❦r♦❦♠✐ ❛❧❣♦r✐t♠✉ ❙P❍✱ ✈✐↕✳ ♦❜rá③♦❦ ✺✳✸✳

❱ ♥❛s❧❡❞✉❥ú❝✐❝❤ ♣♦❞❦❛♣✐t♦❧á❝❤ s❛ sústr❡❞í♠❡ ♥❛ ✐♠♣❧❡♠❡♥t❛↔♥é ❞❡t❛✐❧②✱ ♣r♦❜❧é♠② ❛ ✐❝❤
r✐❡➨❡♥✐❡ ❛ ♦♣t✐♠❛❧✐③á❝✐❡✳

✺✳✶ ❯♥✐❢♦r♠♥á ♠r✐❡➸❦❛

❯♥✐❢♦r♠♥á ♠r✐❡➸❦❛ s❧ú➸✐ ♥❛ s❧❡❞♦✈❛♥✐❡ ❛ ♥á❥❞❡♥✐❡ s✉s❡❞♥ý❝❤ ↔❛stí❝✳ ❚át♦ ➨tr✉❦túr❛ ♣r❡❞✲
st❛✈✉❥❡ ♥❛❥❥❡❞♥♦❞✉➨✐❡ ❞❡❧❡♥✐❡ ♣r✐❡st♦r✉✳ ❩ ♣♦♠❡♥♦✈❛♥✐❛ ✈②♣❧ý✈❛✱ ➸❡ ♠r✐❡➸❦❛ ❥❡ ❞❡❧❡♥á ♥❛
r♦✈♥❛❦♦ ✈❡➞❦é ❜✉♥❦②✳ ❉♦ tý❝❤t♦ ❜✉♥✐❡❦ sú ③❛r❛❞❡♥é ❥❡❞♥♦t❧✐✈é ↔❛st✐❝❡✳ ❑❛➸❞á ↔❛st✐❝❛ ❥❡
♣r✐r❛❞❡♥á ❧❡♥ ❞♦ ❥❡❞✐♥❡❥ ❜✉♥❦②✳ ❩ ❞ô✈♦❞✉✱ ➸❡ ↔❛st✐❝❛ ♠ô➸❡ ♣r❡❦rý✈❛➫ ✈✐❛❝ ❜✉♥✐❡❦✱ ♣r✐ s♣r❛✲
❝♦✈á✈❛♥í ❥❡ ♥✉t♥é s❦ú♠❛➫ ❛❥ ↔❛st✐❝❡ s✉s❡❞♥ý❝❤ ❜✉♥✐❡❦✳ ❚❛❦ú s✐t✉á❝✐✉ ✉❦❛③✉❥❡ ♦❜rá③♦❦ ✺✳✶✳

✸✺



❖❜rá③❡❦ ✺✳✶✿ Pr❡❦rý✈❛♥✐❡ ❜✉♥✐❡❦ ↔❛stí❝ ✈ ✉♥✐❢♦r♠♥❡❥ ♠r✐❡➸❦❡✳

▼r✐❡➸❦❛ ✉♠♦➸➡✉❥❡ rý❝❤❧❡ ✈②❤➞❛❞á✈❛♥✐❡ ♦❦♦❧✐tý❝❤ ↔❛stí❝✱ st❛↔í ❦ t♦♠✉ ❜✉↕ ♣♦③í❝✐❛ ↔❛st✐❝❡✱
❛❧❡❜♦ ❥❡❥ ❤❛s❤ ❦ó❞✳ ❍❛s❤ ❦ó❞ ❥❡ ✐❞❡♥t✐✜❦át♦r ❜✉♥❦② ↔❛st✐❝❡✳ ◆❛ ❥❡❞♥✉ ❜✉♥❦✉ ♠ô➸❡ ♣r✐♣❛❞❛➫
✈✐❛❝ ↔❛stí❝✱ ↔♦ ③❛♠❡♥á✱ ➸❡ ❜✉❞ú ♠❛➫ r♦✈♥❛❦é ❦ó❞②✳ ❱❧❛st♥♦st✐ ↔❛stí❝ sú ✉❧♦➸❡♥é ❞♦ ♣♦❧í✱
t❛❦➸❡ ❦❛➸❞á ↔❛st✐❝❛ ♠✉sí ♠❛➫ ❥❡❞✐♥❡↔♥ý ✐♥❞❡①✳

❑r♦❦② ✉♥✐❢♦r♠♥❡❥ ♠r✐❡➸❦② ♣r✐ ❛❦t✉❛❧✐③á❝✐✐ ú❞❛❥♦✈✿

❼ ✈②♣♦↔ít❛♥✐❡ ❤❛s❤ ❦ó❞♦✈ ↔❛stí❝ ♥❛ ③á❦❧❛❞❡ ♣♦③í❝✐í✱

❼ ③♦r❛❞❡♥✐❡ ↔❛stí❝ ♣♦❞➞❛ ❜✉♥✐❡❦✱

❼ ♥á❥❞❡♥✐❡ ✐♥❞❡①♦✈ ③❛↔✐❛t❦✉ ❛ ❦♦♥❝❛ ❜✉♥✐❡❦✳

❖❜rá③❡❦ ✺✳✷✿ ❩♦r❛❞❡♥✐❡ ✐♥❞❡①♦✈ ♣♦❞➞❛ ❤❛s❤ ❦ó❞♦✈ ✈ ✉♥✐❢♦r♠♥❡❥ ♠r✐❡➸❦❡✳

◆❛❥♣r✈ ❥❡ ♥✉t♥é ✈②♣♦↔ít❛➫ ♥♦✈ý ❤❛s❤ ❦ó❞ ❦❛➸❞❡❥ ↔❛st✐❝❡ ♥❛ ③á❦❧❛❞❡ ❥❡❥ ♣♦③í❝✐❡✳ P♦t♦♠
♥❛s❧❡❞✉❥❡ ③♦r❛❞❡♥✐❡ ❤❛s❤ ❦ó❞♦✈ ❛ ✐♥❞❡①♦✈ ↔❛stí❝✳ ◆❛ ♦❜rá③❦✉ ✺✳✷ ❥❡ ✈②s✈❡t❧❡♥ý ❛❧❣♦r✐t♠✉s
③♦r❛❞❡♥✐❛ ✐♥❞❡①♦✈✳ ❽❛✈á str❛♥❛ ✉❦❛③✉❥❡ ❤❛s❤ ❦ó❞② ❛ ✐♥❞❡①② ↔❛stí❝ ♣r❡❞ ③♦r❛❞❡♥í♠✳ ❷ís❧❛
✈❡❞➞❛ st➝♣❝♦✈ r❡♣r❡③❡♥t✉❥ú ✐♥❞❡①② ❞♦ ♣♦❧í✳ ❩♦r❛❞í♠❡ ♣♦❧✐❛ t❛❦ý♠ s♣ôs♦❜♦♠✱ ➸❡ ❤❛s❤ ❦ó❞②
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❜✉❞ú ♦❞ ♥❛❥♠❡♥➨✐❡❤♦ ♣♦ ♥❛❥✈ä↔➨í✳ ❑❡↕ ♣r❡❤♦❞í♠❡ ❤❛s❤ ❦ó❞✱ s②♥❝❤r♦♥♥❡ ♣r❡❤♦❞í♠❡ ❛❥ ✐♥❞❡①
↔❛st✐❝❡✳ ◆❛❦♦♥✐❡❝ ③♦r❛❞❡♥é ♣♦❧✐❛ ✉➸ ♥á♠ ✉♠♦➸➡✉❥ú ✐♥❞❡♥t✐✜❦♦✈❛➫ ③❛↔✐❛t♦❦ ❛ ❦♦♥✐❡❝ ❜✉♥✐❡❦✳
❩❛↔✐❛t♦❦ ❛ ❦♦♥✐❡❝ ❜✉♥❦② sú ✐♥❞❡①②✱ ❦t♦ré ✉❦❛➸✉❥ú ♦❞❦✐❛➞ ❛➸ ♣♦❦✐❛➞ sú ↔❛st✐❝❡ ✈ ♣♦❧✐✱ ❦t♦ré
♣❛tr✐❛ ❞♦ r♦✈♥❛❦❡❥ ❜✉♥❦②✳ ❷❛st✐❝❡✱ ❦t♦ré ♣❛tr✐❛ ❞♦ r♦✈♥❛❦❡❥ ❜✉♥❦② ❜✉❞ú ♣♦ ③♦r❛❞❡♥í ✈ ♣♦❧✐
✉♠✐❡st♥❡♥é ③❛ s❡❜♦✉✳ ◆❛♣rí❦❧❛❞ ❜✉♥❦❛ 1 ♦❜s❛❤✉❥❡ ❞✈❡ ↔❛st✐❝❡ s ✐♥❞❡①♠✐ 1 ❛ 3✱ t❡❞❛ ③❛↔✐❛t♦❦
❜✉♥❦② ❥❡ ✐♥❞❡① 0 ❛ ❦♦♥✐❡❝ 1✳

✺✳✷ ❊❢❡❦tí✈♥❛ ✐♠♣❧❡♠❡♥tá❝✐❛ ♠❡tó❞② ❙P❍

❙✐♠✉❧❛↔♥ý s②sté♠ s✐♠✉❧✉❥❡ ❦✈❛♣❛❧✐♥✉✱ ❦t♦rá ❥❡ ③❛❧♦➸❡♥á ♥❛ ♠❡tó❞❡ ❙P❍✳ ❚át♦ ♠❡tó❞❛ ❜♦❧❛
♣r❡❞st❛✈❡♥á ♣♦❞r♦❜♥❡❥➨✐❡ ✈ ❦❛♣✐t♦❧❡ ✷✳✺✳

❏❡❞♥❛ ✐t❡rá❝✐❛ ❛❧❣♦r✐t♠✉ ❙P❍ ❥❡ ❥❡❞❡♥ ↔❛s♦✈ý ❦r♦❦✱ t③✈✳ ✐♥❦r❡♠❡♥tá❝✐❛ s✐♠✉❧❛↔♥é❤♦ ↔❛s✉✳
❚r✐ ❤❧❛✈♥é ❦r♦❦② ✐♠♣❧❡♠❡♥t♦✈❛♥é❤♦ ❛❧❣♦r✐t♠✉ ❙P❍ sú ♥á③♦r♥❡♥é ♥❛ ❖❜r✳ ✺✳✸✳

Pr✈ý♠ ❦r♦❦♦♠ ❥❡ ❛❦t✉❛❧✐③á❝✐❛ ❛❦❝❡❧❡r❛↔♥ý❝❤ ➨tr✉❦túr ✭✉♥✐❢♦r♠♥❡❥ ♠r✐❡➸❦②✮✳ ❈❡❧ý ❦r♦❦
❥❡ ♣♦❞r♦❜♥❡❥➨✐❡ ♣♦♣ís❛♥ý ✈ ❦❛♣✐t♦❧❡ ✺✳✶✳

❉r✉❤ý ❦r♦❦ ❥❡ ✈ý♣♦↔❡t sí❧ ✈ ❙P❍✳ P♦r❛❞✐❡ ❥❡❞♥♦t❧✐✈ý❝❤ ❦r♦❦♦✈ ❥❡ ❞❛♥é ③á✈✐s❧♦s➫♦✉ ❞át
♠❡❞③✐ rô③♥②♠✐ ✈ý♣♦↔❡t♠✐✳ ❱ ❙P❍ ❢✉♥❦❝✐❛ ✷✳✶✸✱ ❦t♦rá s❧ú➸✐ ♥❛ ✈ý♣♦↔❡t sí❧ ❥❡ ③á✈✐s❧á ♥❛ t❧❛❦✉✳
❚♦ ③♥❛♠❡♥á✱ ➸❡ ♣r❡❞ ✈ý♣♦↔t♦♠ sí❧ ❥❡ ♥✉t♥é ♥❛❥♣r✈ ✈②♣♦↔ít❛➫ t❧❛❦ ✈ ❜♦❞❡ ❦❛➸❞❡❥ ↔❛st✐❝❡✳ ❱

❖❜rá③❡❦ ✺✳✸✿ ✸ ❤❧❛✈♥é ❦r♦❦② s✐♠✉❧á❝✐❡✿ ✭✶✮ Ú♣r❛✈❛ ♠r✐❡➸❦② ✭✷✮ ❱ý♣♦↔❡t sí❧ ✭✸✮ ■♥t❡❣rá❝✐❛✳
❑❛➸❞ý ❦r♦❦ ♦❜s❛❤✉❥❡ ✈ s❡❜❡ ↕❛❧➨✐❡ ✈ý♣♦↔t②✱ ❦t♦ré sú r✐❡➨✐t❡➞♥é ❥❡❞✐♥ý♠ ♣r❡❝❤♦❞♦♠ ↔❛stí❝✳

♣♦s❧❡❞♥♦♠ ❦r♦❦✉ ❥❡ ✐♥❦r❡♠❡♥t♦✈❛♥ý s✐♠✉❧❛↔♥ý ↔❛s ❛ ✈②♣♦↔ít❛♥á ✐♥t❡❣rá❝✐❛ ③rý❝❤❧❡♥✐❛ ↔❛stí❝
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↔❛s♦♠✳ ❑✉ ♣ôs♦❜✐❛❝✐♠ s✐❧á♠ sú ♣r✐♣♦↔ít❛♥é ❡①t❡r♥é s✐❧②✱ ❛❦♦ ❣r❛✈✐tá❝✐❛✱ ❛ s✐❧② ③ ✐♥t❡r❛❦❝✐❡ s
❤r❛♥✐❝♦✉ s✐♠✉❧❛↔♥é❤♦ ♣r✐❡st♦r✉✳

▼♦❞❡❧

▼♦❞❡❧ ❙P❍ ❥❡ ③❛❧♦➸❡♥ý ♥❛ ♠♦❞❡❧✉ ♦❞ ▼ü❧❧❡r❛ ❬✷✷❪✳ ❚❡♥t♦ ♠♦❞❡❧ ♣♦✉➸í✈❛ ➨♣❡❝✐❛❧✐③♦✈❛♥é ✈②❤✲
❧❛❞③♦✈❛❝✐❡ ❥❛❞rá✳ ▼á tr✐ ❤❧❛✈♥é ✈ý♣♦↔❡t♥é ❦r♦❦②✿ ✈ý♣♦↔❡t ❤✉st♦t②✱ t❧❛❦♦✈❡❥ s✐❧②✱ ❛ ✈✐s❦ó③♥❡❥
s✐❧②✳

❙P❍ ❤✉st♦t❛ ♣♦❞➞❛ r♦✈♥✐❝❡ ✷✳✷✾✿

ρi =
∑

j 6=i

mjWpoly6 ✭✺✳✶✮

❙P❍ t❧❛❦ ♣♦❞➞❛ r♦✈♥✐❝❡ ✷✳✸✹✿

fpressure
i = −

∑

j 6=i

pi + pj
2

mj

ρj
∇Wspiky. ✭✺✳✷✮

❚❧❛❦ p ❥❡ ♠♦➸♥é ✈②♣♦↔ít❛➫ ③ ❤✉st♦t② ♣♦♠♦❝♦✉ t❡❥t♦ r♦✈♥✐❝❡✿

p = k (ρ− ρ0) . ✭✺✳✸✮

❙P❍ ✈✐s❦♦③✐t❛ ♣♦❞➞❛ r♦✈♥✐❝❡ ✷✳✹✷✿

f
viscosity
i =

µ

ρi

∑

j

(vj − vi)mj∇
2Wviscosity. ✭✺✳✹✮

❱➨❡t❦② ♣r❡♠❡♥♥é ❛ ❦♦♥➨t❛♥t② ❜♦❧✐ ♣r❡s♥❡ ✈②s✈❡t❧❡♥é ✈ ❦❛♣✐t♦❧❡ ✷✳

Pr❡❦❛❧❦✉❧á❝✐❛

❱ý♣♦↔t②✱ ✈ ❦t♦rý❝❤ s❛ ♣♦✉➸í✈❛❥ú ✈②❤❧❛❞③♦✈❛❝✐❡ ❥❛❞rá s❛ ❞❛❥ú ♦♣t✐♠❛❧✐③♦✈❛➫ ♣♦♠♦❝♦✉ ♣r❡❦❛❧❦✉❧á✲
❝✐❡ ♥❡♠❡♥♥ý❝❤ ↔❛stí ✈②❤❧❛❞③♦✈❛❝í❝❤ ❥❛❞✐❡r✳ ❑❛➸❞é ❥❛❞r♦ s❛ ❞á r♦③❞❡❧✐➫ ♥❛ ❞✈❡ ↔❛st✐✱ ♥❛ ❦♦♥➨✲
t❛♥t♥ú ✭W const✮ ❜❡③ ♣r❡♠❡♥♥❡❥ ✈③❞✐❛❧❡♥♦st✐ r ❛ ♥❛ ↔❛s➫✱ ❦t♦rá ❥❡ ③á✈✐s❧á ♥❛ ♣r❡♠❡♥♥❡❥ r
✭W var✮✳

❱③❤➞❛❞♦♠ ❦ t♦♠✉✱ ➸❡ ✈ s✐♠✉❧á❝✐✐ s❛ ♣♦✉➸í✈❛ ❤♦♠♦❣❡♥♥á t❡❦✉t✐♥❛ ✭✈➨❡t❦② ↔❛st✐❝❡ ♠❛❥ú
❦♦♥➨t❛♥t♥ú ❤♠♦t✉✮ ♠ô➸❡♠❡ ♥ás♦❜❡♥✐❡ ❤♠♦t♦✉ ♣r❡♠✐❡st♥✐➫ ♣r❡❞ s✉♠✉✱ ❛ ✈②❥❛❞r✐➫ ❤✉st♦t✉
♥❛s❧❡❞♦✈♥❡✿

ρi = m ∗W const
poly6 ∗

∑

j 6=i

W var
poly6, ✭✺✳✺✮

W const
poly6 =

315

64πh9
, ✭✺✳✻✮

W var
poly6 =

(

h2 − |r|2
)3

. ✭✺✳✼✮

❖♣t✐♠❛❧✐③♦✈❛♥á ✈❡r③✐❛ ✈ý♣♦↔t✉ t❧❛❦♦✈❡❥ s✐❧②✿

fpressure
i = −m ∗ ∇W const

spiky ∗
1

2
∗
1

ρi

∑

j 6=i

pi + pj
ρj

∇W var
spiky, ✭✺✳✽✮

∇W const
spiky = −

45

πh6
, ✭✺✳✾✮

∇W var
spiky =

r

|r|
(h− |r|)2 . ✭✺✳✶✵✮
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◆❛❦♦♥✐❡❝ ♦♣t✐♠❛❧✐③♦✈❛♥é r♦✈♥✐❝❡ ♥❛ ✈ý♣♦↔❡t ✈✐s❦ó③♥❡❥ s✐❧②✿

fviscosity
i = µ ∗m

1

ρi
∗ ∇2W const

viscosity ∗
∑

j 6=i

vi + vj

ρj
∇2W var

spiky, ✭✺✳✶✶✮

∇2W const
viscosity =

45

πh6
, ✭✺✳✶✷✮

∇2W var
viscosity = (h− |r|) . ✭✺✳✶✸✮

❑✈ô❧✐ ❞❛t♦✈ý❝❤ ③á✈✐s❧♦stí ♣r❡ t❡♥t♦ ♠♦❞❡❧ ♣♦tr❡❜✉❥❡♠❡ ❞✈❛ ❦r♦❦② ✐t❡rá❝✐❡ ♥❛❞ ↔❛st✐❝❛♠✐✳
❚❧❛❦♦✈á ❛❥ ✈✐s❦ó③♥❛ s✐❧❛ ❥❡ ③á✈✐s❧á ♥❛ ❤✉st♦t❡✱ ♣r❡t♦ ✈ ♣r✈♦♠ ❦r♦❦✉ ✈②♣♦↔ít❛♠❡ ❤✉st♦t✉✳ P♦
t♦♠t♦ ❦r♦❦✉ ♥❛s❧❡❞✉❥❡ ✈ý♣♦↔❡t t❧❛❦♦✈❡❥ ❛ ✈✐s❦ó③♥❡❥ s✐❧②✱ ❦t♦ré ③❛❦♦♠❜✐♥✉❥❡♠❡ ❞♦ ❥❡❞♥é❤♦
❦r♦❦✉✳

◆❛r✈❤♥✉tá ♦♣t✐♠❛❧✐③á❝✐❛ ③♥❛↔♥❡ ③♥✐➸✉❥❡ ↔❛s ♣♦tr❡❜♥ý ❦ ✈ý♣♦↔t♦♠ ❛ ✉♠♦➸➡✉❥❡ ✈②❤♥ú➫
s❛ ③❜②t♦↔♥ý❝❤ ♣r❡♣♦↔ít❛♥í ❦♦♥➨t❛♥t♥ý❝❤ ↔❛stí r♦✈♥í❝✳

Ps❡✉❞♦❦ó❞②

❱ t❡❥t♦ ♣♦❞❦❛♣✐t♦❧❡ ♣♦♣í➨❡♠❡ ♣s❡✉❞♦❦ó❞② ❙P❍ ✈ý♣♦↔t♦✈✱ ↔♦ ♣♦♠ô➸❡ ❧❡♣➨✐❡ ♣♦❝❤♦♣✐➫ ✈ý♣♦↔t②
♠❡tó❞②✳ Pr✈ý ❦r♦❦ ♠❡tó❞② ❙P❍ ✉❦❛③✉❥❡ ❛❧❣♦r✐t♠✉s ✶✳ ❏❡ t♦ ❦rát❦② ❛❧❣♦r✐t♠✉s✱ ✈ ❝②❦❧✉ ❛❦✉✲
♠✉❧✉❥❡♠❡ ❤♦❞♥♦t✉ ♣r❡♠❡♥♥❡❥ ↔❛st✐ ✈②❤❧❛❞③♦✈❛❝✐❡❤♦ ❥❛❞r❛ ❛ ♥❛❦♦♥✐❡❝ ❤♦❞♥♦t✉ ✈②♥ás♦❜í♠❡
❤♠♦t♦✉ ↔❛stí❝ ❛ ❦♦♥➨t❛♥t♥♦✉ ↔❛s➫♦✉ ❥❛❞r❛✳

Pr❡t♦➸❡ s✐❧② t❧❛❦✉ ❛ ✈✐s❦♦③✐t② ♥✐❡ sú ❞át♦✈♦ ③á✈✐s❧é✱ ♠ô➸❡♠❡ ✐❝❤ ✈②♣♦↔ít❛➫ ✈ ❥❡❞♥♦♠
✐t❡r❛↔♥♦♠ ❦r♦❦✉✱ ✈✐↕ ❛❧❣♦r✐t♠✉s ✷✳ ❚❡♥t♦ ❛❧❣♦r✐t♠✉s ❥❡ ✉➸ ♠✐❡r♥❡ ❦♦♠♣❧✐❦♦✈❛♥❡❥➨í✳ ❋✉♥❣✉❥❡
♣♦❞♦❜♥❡ ❛❦♦ ♣r❡❞❝❤á❞③❛❥ú❝✐✱ ❛❧❡ tát♦ ✐t❡rá❝✐❛ ❛❦✉♠✉❧✉❥❡ ♥✐❡❧❡♥ ♣r❡♠❡♥♥é ↔❛st✐ ❥❛❞✐❡r✱ ❛❧❡
❛❥ ✈ýs❧❡❞❦② t❧❛❦♦✈ý❝❤ ❛ rý❝❤❧♦s➫♥ý❝❤ ✈ý♣♦↔t♦✈✳

❆❧❣♦r✐t♠✉s ✶ Ps❡✉❞♦❦ó❞ ♣r❡ ✈ý♣♦↔❡t ❤✉stôt✳
❢♦r ♣❛rt✐❝❧❡s ✿ ✐ ❞♦

❞❡♥s✐t②❬✐❪ ❂ ✵❀
❢♦r ♥❡✐❣❤❜♦✉r❈❡❧❧s ✿ ❝❡❧❧ ❞♦

❢♦r ♣❛rt✐❝❧❡ ✐♥ ❝❡❧❧ ✿ ❥ ❞♦
r ❂ ♣♦s✐t✐♦♥❬✐❪ ✲ ♣♦s✐t✐♦♥❬❥❪❀
❧ ❂ ❧❡♥❣t❤✭r✮❀
✐❢ ❧ ❁❂ ❤ t❤❡♥

❞❡♥s✐t②❬✐❪ ✰❂ W var
poly6✭r✱ ❤✮❀

❡♥❞ ✐❢
❡♥❞ ❢♦r

❡♥❞ ❢♦r
❞❡♥s✐t②❬✐❪ ✯❂ ♠❛ss ✯ W const

poly6 ❀
❡♥❞ ❢♦r

✺✳✸ ❩♦❜r❛③❡♥✐❡

❯➸í✈❛t❡➞ s✐ ♠ô➸❡ ✈②❜r❛➫ ③ tý❝❤t♦ t②♣♦✈ ③♦❜r❛③❡♥í✿

❼ P♦✐♥t ❙♣r✐t❡s ✭❣✉➞ô↔❦♦✈é ③♦❜r❛③❡♥✐❡✮✱

❼ ▼❛r❝❤✐♥❣ ❝✉❜❡s✱

✸✾



❆❧❣♦r✐t♠✉s ✷ Ps❡✉❞♦❦ó❞ ♣r❡ ✈ý♣♦↔❡t sí❧✳
❢♦r ♣❛rt✐❝❧❡s ✿ ✐ ❞♦

❢♦r❝❡s❬✐❪ ❂ ✵❀
❢♦r❝❡✳♣r❡ss✉r❡ ❂ ✵❀
❢♦r❝❡✳✈✐s❝♦s✐t② ❂ ✵❀
❢♦r ♥❡✐❣❤❜♦✉r❈❡❧❧s ✿ ❝❡❧❧ ❞♦

❢♦r ♣❛rt✐❝❧❡ ✐♥ ❝❡❧❧ ✿ ❥ ❞♦
r ❂ ♣♦s✐t✐♦♥❬✐❪ ✲ ♣♦s✐t✐♦♥❬❥❪❀
❧ ❂ ❧❡♥❣t❤✭r✮❀
✐❢ ❧ ❁❂ ❤ t❤❡♥

❞❡♥s✐t②❬✐❪ ✰❂ W var
poly6✭r✱ ❤✮❀

❢♦r❝❡✳♣r❡ss✉r❡ ✰❂
✭✭♣r❡ss✉r❡❬✐❪ ✰ ♣r❡ss✉r❡❬❥❪✮ ✴ ❞❡♥s✐t②❬❥❪✮ ✯ W var

pressure✭r✱ ❤✮❀
❢♦r❝❡✳✈✐s❝♦s✐t② ✰❂

✭✭✈❡❧♦❝✐t②❬❥❪ ✲ ✈❡❧♦❝✐t②❬✐❪✮ ✴ ❞❡♥s✐t②❬❥❪✮ ✯ W var
viscosity✭r✱ ❤✮❀

❡♥❞ ✐❢
❡♥❞ ❢♦r

❡♥❞ ❢♦r
❢♦r❝❡❬✐❪ ✰❂ ✭✲ ♠❛ss ✯ W const

spiky ✯ ❢♦r❝❡✳♣r❡ss✉r❡✮ ✴ ✭✷ ✯ ❞❡♥s✐t②❬✐❪✮❀
❢♦r❝❡❬✐❪ ✰❂ ✭µ ✯ ♠❛ss ✯ W const

viscosity ✯ ❢♦r❝❡✳✈✐s❝♦s✐t②✮ ✴ ❞❡♥s✐t②❬✐❪❀
❡♥❞ ❢♦r

❼ ▼❛r❝❤✐♥❣ ❝✉❜❡s s t❡ss❡❧❧á❝✐♦✉✳

❱ýs❧❡❞❦② ❥❡❞♥♦❧✐✈ý❝❤ ③♦❜r❛③❡♥í ❥❡ ♠♦➸♥é ✈✐❞✐❡➫ ✈ ❦❛♣✐t♦❧❡ ✻✳

P♦✐♥t s♣r✐t❡s

❩♦❜r❛③❡♥✐❡ ♠❡tó❞♦✉ P♦✐♥t ❙♣r✐t❡s✱ ❛❦♦ ✉➸ ❜♦❧♦ ♣♦♣ís❛♥é ✈ ♣♦❞❦❛♣✐❧♦❧❡ ✸✳✶✱ ♥❡♣♦tr❡❜✉❥❡
➸✐❛❞♥❡ ♣♦❞r♦❜♥❡❥➨✐❡ ✈②s✈❡t❧❡♥✐❡✳ ❏❡ t♦ ♥❛❥❥❡❞♥♦❞✉➨✐❛ ♠❡tó❞❛✱ ❦t♦rá♣♦♣r♦✈é s❛ ❞á ✐♠♣❧❡✲
♠❡♥t♦✈❛➫ ♥❛ ♣ár r✐❛❞❦♦❝❤✳

❋❛r❜❡♥✐❡

P♦ ♣r❡♣♥✉tí ♥❛ t♦t♦ ③♦❜r❛③❡♥✐❡ ♠ô➸❡♠❡ ③❛♣♥ú➫ ❞②♥❛♠✐❝❦é ❢❛r❜❡♥✐❡ ↔❛stí❝✳ ❩❞r♦❥♦♠ ❢❛r❜❡♥✐❛
♠ô➸❡ ❜②➫✿

❼ rý❝❤❧♦s➫♥é ♣♦❧❡

❼ s✐❧♦✈é ♣♦❧❡ ✭✐♥t❡r♥é ✰ ❡①t❡r♥é s✐❧②✮

❋❛r❜② ❣r❛❞✐❡♥t♦✈ sú t✐❡t♦✿

❼ ❜✐❡❧❛

❼ ↔✐❡r♥❛ → s❡❞á

❼ ↔✐❡r♥❛ → ❛③úr♦✈á

❼ ♠♦❞rá → ❜✐❡❧❛

❼ ❍❙❱ ♠♦❞rá → ❍❙❱ ↔❡r✈❡♥á

✹✵



✭❛✮ ❋♦♥tá♥❛ ♣ú➨➫❛♥á ③ ❜♦❦✉✳ ✭❜✮ ❋♦♥tá♥❛ ♣ú➨➫❛♥á ③ ❞♦❧❛✳

❖❜rá③❡❦ ✺✳✹✿ ❋♦♥tá♥② ③♦❜r❛③❡♥é ♠❡tó❞♦✉ P♦✐♥t ❙♣r✐t❡s✳

❯ ❣r❛❞✐❡♥t♦✈ ♣r✈á ❢❛r❜❛ ❥❡ ♣♦✉➸í✈❛♥á ♥❛ ♠❛❧é ❤♦❞♥♦t② ❛ ❞r✉❤á ♥❛ ✈❡➞❦é✳ ◆❛♣r✳ ♣r✐ ✈♦➞❜❡
❣r❛❞✐❡♥t✉ ↔✐❡r♥❛ → ❛③úr♦✈á ❛ ③❞r♦❥❛ s✐❧♦✈é ♣♦❧❡✱ ↔✐❡r♥é r❡❣✐ó♥② ❜✉❞ú ③♥❛♠❡♥❛➫✱ ➸❡ ♣ôs♦❜✐❛
♠❛❧é s✐❧② ❛ ❛③úr♦✈é ✈❡➞❦é s✐❧②✳

▼❛r❝❤✐♥❣ ❝✉❜❡s

❖❜rá③❡❦ ✺✳✻✿ ❚❡❦✉t✐♥❛ ❣❡♥❡r♦✈❛♥á
♠❡tó❞♦✉ ▼❛r❝❤✐♥❣ ❝✉❜❡s✳

▼❡tó❞❛ ▼❛r❝❤✐♥❣ ❝✉❜❡s ❥❡ ➞❛❤❦♦ ♣❛r❛❧❡❧✐③♦✈❛t❡➞♥á✱
❛ ♣r❡t♦ ❜♦❧❛ ✐♠♣❧❡♠❡♥t♦✈❛♥á t❛❦✱ ❛❜② ❛❧❣♦r✐t♠✉s
❜❡➸❛❧ s ✈②✉➸✐tí♠ ●P❯✳ Pr✐ ✐♠♣❧❡♠❡♥tá❝✐✐ ❜♦❧✐ ♣♦✉➸í✲
✈❛♥é ♣r❡❞♣♦↔ít❛♥é ❧♦♦❦✲✉♣ t❛❜✉➞❦②✱ ❦t♦ré ❞♦❦á➸✉
③♥❛↔♥❡ ③♥í➸✐➫ ❞♦❜✉ tr✈❛♥✐❛ ✈ý♣♦↔t♦✈✳ P♦✉➸í✈❛♥é sú tr✐
t❛❜✉➞❦②✳ Pr✈á t❛❜✉➞❦❛ ♦❜s❛❤✉❥❡ ✐♥❞❡①② ❤rá♥✱ ❦t♦ré ♣♦
tr♦❝❤ t✈♦r✐❛ tr♦❥✉❤♦❧♥í❦②✳ ❚✐❡t♦ tr♦❥✉❤♦❧♥í❦② ♣♦✉➸✐✲
❥❡♠❡ ♥❛ ♣♦❦r②t✐❡ ✐③♦♣❧♦❝❤②✳ ❩ ❞r✉❤❡❥ t❛❜✉➞❦② ♠ô➸❡♠❡
③✐st✐➫ ❦♦➞❦♦ tr♦❥✉❤♦❧♥í❦♦✈ ♣♦tr❡❜✉❥❡♠❡ ♥❛ ♣♦❦r②t✐❡
♣r❡ ❞❛♥ú ❦♦♥✜❣✉rá❝✐✉✳ P♦s❧❡❞♥á t❛❜✉➞❦❛ s❛ ♣♦✉➸í✈❛
♥❛ ✐♥t❡r♣♦❧á❝✐✉✳ P♦♠♦❝♦✉ t❡❥t♦ t❛❜✉➞❦② s♠❡ s❝❤♦♣♥í
③✐st✐➫✱ ➸❡ ♣r❡ ✉r↔✐tý ✈r❝❤♦❧ ❛❦é ❜✉❞ú ✐♥❞❡①② s✉s❡❞✲
♥ý❝❤ ✈r❝❤♦❧♦✈✱ ↔♦ ✈❡➞♠✐ ③❥❡❞♥♦❞✉➨✉❥❡ ♣rá❝✉ ♣r✐ ✐♥✲
t❡r♣♦❧♦✈❛♥✐í ♥♦r♠á❧♦✈✳ P♦❜r♦❜♥❡❥➨í ♣♦♣✐s ♦ ✐♥❞❡①á❝✐✐
✈r❝❤♦❧♦✈ ❛ ✐♥❞❡①♦✈✱ ❛ ♦ ♣♦✉➸í✈❛♥í ❜✐t♦✈ý❝❤ ✈❡❦t♦r♦✈
♦❜s❛❤✉❥❡ ♣♦❞❦❛♣✐t♦❧❛ ✸✳✷✳

❑r♦❦② ❛❧❣♦r✐t♠✉✿

❼ ❱③♦r❦♦✈❛♥✐❡✳ ❩✐stí♠❡ ❦t♦ré ❦♦❝❦② ❜✉❞ú t✈♦r✐➫ ♣♦✈r❝❤ ✐③♦♣❧♦❝❤②✱ ❛❦é sú ✐❝❤ ❦♦♥✜❣✲
✉rá❝✐❡ ❛ ❦♦➞❦♦ tr♦❥✉❤♦❧♥í❦♦✈ ♣♦tr❡❜✉❥❡♠❡ ♥❛ ♣♦❦r②t✐❡✳

❼ ❙↔ít❛♥✐❡ ❛❦tí✈♥②❝❤ ❦♦❝✐❡❦✳ ❆❦ ✐❝❤ ♣♦↔❡t ❥❡ ♥✉❧❛✱ ♥❡tr❡❜❛ s♣✉s✐➫ s❛ ❞♦ ↕❛❧➨í❝❤ ❦r♦❦♦✈✳

❼ ❑♦♠♣r❡s✐❛ ✐♥❞❡①♦✈✳ ■♥❞❡①② ❛❦tí✈♥②❝❤ ❦♦❝✐❡❦ ③❛♣í➨❡♠❡ ❞♦ ♥♦✈é❤♦ ♣♦❧❛✳

✹✶



✭❛✮ ❘ý❝❤❧♦s➫♥é ♣♦❧❡✳

✭❜✮ ❙✐❧♦✈é ♣♦❧❡✳

❖❜rá③❡❦ ✺✳✺✿ ❘ô③♥❡ t②♣② ❣r❛❞✐❡♥t♦✈✿ ✭✶✮ ❜✐❡❧❛ ✭✷✮ ↔✐❡r♥❛ → ➨❡❞á ✭✸✮ ↔✐❡r♥❛ → ❛③úr♦✈á ✭✹✮
♠♦❞rá → ❜✐❡❧❡ ✭✺✮ ❍❙❱ ♠♦❞rá → ❍❙❱ ↔❡r✈❡♥á✳

✭❛✮ ●✉➞ô↔❦②✳ ✭❜✮ ◆♦r♠á❧②✳

❖❜rá③❡❦ ✺✳✼✿ ❯❦á③❦❛ ♣♦✈r❝❤♦✈ý❝❤ ♥♦r♠á❧♦✈✳

❼ ➆↔ít❛♥✐❡ tr♦❥✉❤♦❧♥í❦♦✈✳

❼ ●❡♥❡r♦✈❛♥✐❡ tr♦❥✉❤♦❧♥í❦♦✈✳ ●❡♥❡r♦✈❛♥é sú ❛❥ ♥♦r♠á❧②✱ ❛❧❡ ♥♦r♠á❧② ✈♦ ✈r❝❤♦❧♦❝❤
❦❛➸❞é❤♦ tr♦❥✉❤♦❧♥í❦❛ ♣♦③❡r❛❥ú r♦✈♥❛❦ý♠ s♠❡r♦♠✳

❼ ■♥t❡r♣♦❧á❝✐❛ ♥♦r♠á❧♦✈✳

❱ ❦r♦❦✉ ✈③♦r❦♦✈❛♥✐❛ ❥❡ ♣♦✉➸✈❛♥á ♠r✐❡➸❦❛ s✐♠✉❧át♦r❛✳ ❑✈ô❧✐ ♠❛❧❡❥ ✈ý❦♦♥♥♦st✐ ♣♦✉➸í✈❛♥❡❥
❣r❛✜❝❦❡❥ ❦❛rt② ♥✐❡ ❥❡ ✈②♣♦↔ít❛♥á ❤✉st♦t❛ ✐③♦♣❧♦❤② ✈ ❦❛➸❞♦♠ ✈r❝❤♦❧✉ ❦♦❝❦②✳ ◆❛♠✐❡st♦ t♦❤♦
s❛ ♣♦✉➸í✈❛ ❤✉st♦t❛ ↔❛stí❝ ✈ ❞❛♥❡❥ ❜✉♥❦❡✳ ❙❛♠♦③r❡❥♠❡ t♦t♦ r✐❡➨❡♥✐❡ ♠á ❛❥ ♥❡❞♦st❛t❦②✱ ❛❧❡

✹✷



♥✐❡ ❥❡ ♣♦tr❡❜♥é s♣✉st✐➫ s❛ ❞♦ ↔❛s♦✈♦ ♥ár♦↔♥ý❝❤ ✈ý♣♦↔t♦✈✳ ❆❦ ♠á♠❡ ❞♦st✉♣♥ú ❞♦st❛t♦↔♥ú
✈ý♣♦↔❡t♥ú ❦❛♣❛❝✐t✉ ♥❛ ♣r❡s♥é ✈②❤♦❞♥♦t❡♥✐❡ ✐③♦♣❧♦❝❤② ↔❛stí❝✱ ♠ô➸❡♠❡ ❤✉st♦t✉ ✈②♣♦↔ít❛➫ ✈
➞✉❜♦✈♦➞♥♦♠ ❜♦❞❡✿

g (x) =
∑

i

difi (|x− ri|) , ✭✺✳✶✹✮

❦❞❡ fi ❥❡ ❢✉♥❦❝✐❛ ❤✉st♦t②✱ di sú ❦♦❡✜❝✐❡♥t② ❤✉st♦t②✳ Pr❡ fi (r) = 0 ♣❧❛tí✱ ❛❦ r > R✱ ❦❞❡ R ❥❡
❡❢❡❦tí✈♥② ♣♦❧♦♠❡r ✈♣❧②✈✉ ❤✉st♦t② ↔❛st✐❝❡✳ ❋✉♥❦❝✐❛ fi (r) ♠♦♥♦tó♥♥❡ ❦❧❡sá ③✈ý➨❡♥í♠ ❤♦❞♥♦t②
r✳

❑♦♠♣r❡s✐✉ ✐♥❞❡①♦✈ ♠ô➸❡♠❡ ♣r❡❞st❛✈✐➫ ♥❛s❧❡❞♦✈♥❡✳ ❆❦ ♠á♠❡ tr✐ ♣♦❧❡✿

A = {0, 1, 2, 3, 4, 5} ,

F = {1, 0, 1, 1, 0, 1} ,

C = {0, 2, 3, 5, X,X} ,

❦❞❡ ♣♦❧❡ A ♦❜s❛❤✉❥❡ ♣ô✈♦❞♥é ✐♥❞❡①②✱ ♣♦❧❡ F ♣rí③♥❛❦② ♦❜s❛❞❡♥♦st✐ ✭❛❦tí✈♥❡ ✴ ♣❛sí✈♥❡✮ ❦♦❝✐❡❦
❛ C ❦♦♠♣r✐♠♦✈❛♥é ✐♥❞❡①②✳ X ③♥❛♠❡♥á✱ ➸❡ t✐❡ ❡❧❡♠❡♥t② ♥ás ♥❡③❛✉❥í♠❛❥ú✳ P♦♠♦❝♦✉ ♣♦❧í A ❛
F ✈②t✈♦rí♠❡ ♣♦❧❡ C✱ ❦t♦ré ♦❜s❛❤✉❥❡ ✐♥❞❡①② ❧❡♥ ❛❦tí✈♥②❝❤ ❦♦❝✐❡❦✳ ❑❡↕ ✈ F ❥❡ 0✱ ♥❡♣r✐❞á♠❡
✐♥❞❡① ③ A ❞♦ C✳

❱ ❦r♦❦✉ ❣❡♥❡r♦✈❛♥✐❛ tr♦❥✉❤♦❧♥í❦♦✈ ✈②♣♦↔ít❛♠❡ ♣♦③í❝✐❡ ♥❛ ③á❦❧❛❞❡ ♣r❡tí♥❛♥ý❝❤ ❤rá♥ ❛
✐♥t❡r♣♦❧✉❥❡♠❡ ✐❝❤ ♣♦❞➞❛ r❡❧❛tí✈♥❡❥ ❤✉st♦t✐ ✈r❝❤♦❧♦✈✳

❱ ♣♦s❧❡❞♥♦♠ ❦r♦❦✉ ❥❡ ♥✉t♥é ③♣ät♥❡ ♠❛♣♦✈❛➫ ✈r❝❤♦❧② s✉s❡❞♥ý❝❤ tr♦❥✉❤♦❧♥í❦♦✈ ❛ ✐♥t❡r✲
♣♦❧♦✈❛➫ ✐❝❤✳ ❇❡③ ✐♥t❡r♣♦❧♦✈❛♥ý❝❤ ♥♦r♠á❧♦✈ s❛ ♥❡❞á s♣r❛✈✐➫ ❤❧❛❞❦é t✐❡♥❡♥✐❡ ♣♦✈r❝❤✉✳ ◆❛
♦❜rá③❦✉ ✺✳✼ sú ③♥á③♦r♥❡♥é ❡①tr❛❤♦✈❛♥é ♥♦r♠á❧② ♣♦✈r❝❤✉✳

■♥t❡r♣♦❧á❝✐❛ ❛ t❡ss❡❧❧á❝✐❛

❱ t❡❥t♦ ♣♦❞❦❛♣✐❧♦❧❡ ❜✉❞❡♠❡ s❦ú♠❛➫ r♦③❞✐❡❧② ❥❡❞♥♦❧✐✈ý❝❤ ✈ýs❧❡❞❦♦✈✱ ❦t♦ré ❜♦❧✐ ❣❡♥❡r♦✈❛♥é
♠❡tó❞♦✉ ▼❛r❝❤✐♥❣ ❝✉❜❡s✳

❖❜rá③♦❦ ✺✳✽✭❛✮ ✉❦❛③✉❥❡ ✈ýs❧❡❞❦② ❜❡③ ✐♥t❡r♣♦❧á❝✐❡ ♥♦r♠á❧♦✈✳ ❏❡ ✈✐❞✐❡➫✱ ❛❦ý♠ s♠❡r♦♠
sú ♦r✐❡♥t♦✈❛♥é ❥❡❞♥♦t❧✐✈é tr♦❥✉❤♦❧♥í❦② ❛ ❦❛➸❞ý ❥❡ ✈②❢❛r❜❡♥ý r♦✈♥❛❦ý♠ ♦❞t✐❡➡♦♠✱ ↔♦ ✈❡➞♠✐
③❤♦r➨✉❥❡ ✈✐③✉á❧♥✉ ❦✈❛❧✐t✉✳

◆❛ ❞r✉❤♦♠ ♦❜rá③❦✉ ✺✳✽✭❜✮ ✈✐❞í♠❡✱ ❛❦é sú ✈ýs❧❡❞❦② s♦ ③❛♣♥✉t♦✉ ✐♥t❡r♣♦❧á❝✐♦✉ ♣♦✈r✲
❝❤♦✈ý❝❤ ♥♦r♠á❧♦✈✳ ❯➸ ♥✐❡ ❥❡ ♠♦➸♥é r♦③♣♦③♥❛➫ ❥❡❞♥♦t❧✐✈é tr♦❥✉❤♦❧♥í❦②✱ sú ❦r❛❥➨✐❡ t✐❡♥❡♥é s
rô③♥②♠✐ ♦❞t✐❡➡♠✐✳ Pr♦❜❧é♠ ❥❡✱ ➸❡ ♦stré ❤r❛♥② sú stá❧❡ ✈✐❞✐t❧♥é✳

◆❛ t❡♥t♦ ♣r♦❜❧é♠ ❡①✐st✉❥ú ❞✈❡ r✐❡➨❡♥✐❛✳ Pr✈é ❥❡ ♣♦✉➸í✈❛➫ ❛❞❛♣tí✈♥✉ ♠r✐❡➸❦✉✳ ◆❛❥♣r✈ ♥❛✈✲
③♦r❦♦✈❛➫ ♦❜❥❡♠ ❤r✉❜♦✉ ♠r✐❡➸❦♦✉✳ ❆❦ ✉➸ ♣♦③♥á♠❡ ❛❦tí✈♥❡ ❦♦❝❦②✱ t❛❦ ♠ô➸❡♠❡ ♥❛✈③♦r❦♦✈❛➫
♦❜❥❡♠ ③♥♦✈❛ s ♠r✐❡➸❦♦✉✱ ❦t♦rá ♠á ✉➸ ✈ä↔➨✐❡ r♦③❧í➨❡♥✐❡✳ ❱③✈♦r❦♦✈❛➫ ❜✉❞❡♠❡ ❧❡♥ ✈ ❛❦tí✈♥②❝❤
r❡❣✐ó♥♦❝❤✱ ↔♦ ✉➨❡trí ✈❡➞❛ ↔❛s✉✳ ❉r✉❤á ♠♦➸♥♦s➫ ❥❡ ♦✈❡➞❛ ❥❡❞♥♦❞✉❝❤➨✐❛✳ P♦✉➸✐❥❡♠❡ t❡ss❡❧❧á✲
t♦r ❣r❛✜❝❦❡❥ ❦❛rt② ❛ ❜✉❞❡♠❡ ❞❡❧✐➫ tr♦❥✉❤♦❧♥í❦② ♥❛ ♠❡♥➨✐❡ ❛ ♥♦✈é ❜♦❞② ♣♦s✉♥✐❡♠❡ ♣♦❞➞❛
✐♥t❡r♣♦❧♦✈❛♥ý❝❤ ♥♦r♠á❧♦✈✱ ❛❜② s♠❡ ❞♦st❛❧✐ ③❛♦❜❧❡♥ý ♣♦r✈❤✳ ❚♦t♦ r✐❡➨❡♥✐❡ ✉❦❛③✉❥❡ ♦❜rá③♦❦
✺✳✽✭❝✮✳

P♦s❧❡❞♥ý ♦❜rá③♦❦ ✉❦❛③✉❥❡ r♦③❞✐❡❧ ♠❡❞③✐ ✈②♣♥✉t♦✉ ❛ ③❛♣♥✉t♦✉ t❡ss❡❧❧á❝✐♦✉✳ ◆❛ ➞❛✈♦♠
♦❜rá③❦✉ ✺✳✾✭❛✮ tr♦❥✉❤♦❧♥í❦② sú ✈ ♣ô✈♦❞♥♦♠ st❛✈❡✳ ◆❛ ♦❜rá③❦✉ ✺✳✾✭❜✮ sú tr♦❥✉❤♦❧♥í❦② ❞❡❧❡♥é
♥❛ ♠❡♥➨✐❡ ❛ ✈②t✈♦r❡♥é ♥♦✈é ❜♦❞② sú ♣♦s✉♥✉té✳ ❱ý♣♦↔❡t ❞❡❧❡♥✐❛ tr♦❥✉❤♦❧♥í❦♦✈ ❛ ♣♦s✉♥✉t✐❡
✐❝❤ ✈r❝❤♦❧♦✈ ❥❡ ♣♦♣ís❛♥é ✈ ♣♦❞❦❛♣✐t♦❧❡ ✸✳✷✳ ❏❡ ✈✐❞✐❡➫✱ ➸❡ ♥❛ t♦♠t♦ ♦❜rá③❦✉ ♣♦✈r❤ ❥❡ ✉➸ ❤❧❛❞❦ý✳

✹✸



✭❛✮ ❇❡③ ✐♥t❡r♣♦❧á❝✐❡✳ ✭❜✮ ■♥t❡r♣♦❧á❝✐♦✉✳

✭❝✮ ❚❡ss❡❧❧á❝✐♦✉✳

❖❜rá③❡❦ ✺✳✽✿ ❯❦á③❦❛ ✐♥t❡r♣♦❧♦✈❛♥ý❝❤ ♥♦r♠á❧♦✈ ❛ t❡ss❡❧❧á❝✐❡✳

✹✹



✭❛✮ ❇❡③ t❡ss❡❧❧á❝✐❡✳ ✭❜✮ ❚❡ss❡❧❧á❝✐♦✉✳

❖❜rá③❡❦ ✺✳✾✿ ❯❦á③❦❛ tr♦❥✉❤♦❧♥í❦♦✈ ♣r✐ t❡ss❡❧❧á❝✐❡✳

✭❛✮ ❋♦♥tá♥❛ ♣ú➨➫❛♥á ③ ❜♦❦✉✳ ✭❜✮ ❋♦♥tá♥❛ ♣ú➨➫❛♥á ③ ❞♦❧❛✳

❖❜rá③❡❦ ✺✳✶✵✿ ❋♦♥tá♥② ③♦❜r❛③❡♥é ♠❡tó❞♦✉ ▼❛r❝❤✐♥❣ ❝✉❜❡s✳

✹✺



❑❛♣✐t♦❧❛ ✻

❱ýs❧❡❞❦②

❚át♦ ❦❛♣✐t♦❧❛ ♦❜s❛❤✉❥❡ ③❤r♥✉t✐❡ ❞♦s✐❛❤♥✉tý❝❤ ✈ýs❧❡❞❦♦✈ t❡❥t♦ ♣rá❝❡ ❛ ♣rá❝❡ ❞♦ ❜✉❞ú❝♥❛✳
Pr♦❣r❛♠ ❥❡ ✐♠♣❧❡♠❡♥t♦✈❛♥ý ✈ ♣r♦❣r❛♠♦✈❛❝♦♠ ❥❛③②❦✉ ❈✰✰✳ ❑♦♠♣♦♥❡♥t② s②sté♠✉ ❜♦❧✐

♥❛✈r❤♥✉té ✈②s♦❦♦✉ ♠✐❡r♦✉ ③♥♦✈✉♣♦✉➸✐t❡➞♥♦st✐✳ Pr✐ ✐♠♣❧❡♠❡♥tá❝✐✐ ❜♦❧✐ ♣♦✉➸í✈❛♥é rô③♥❡ t②♣②
❜✉✛❡r♦✈ ✭♥❛ s❦❛❧ár♥❡ ❤♦❞♥♦t②✱ ✈❡❦t♦r②✱ ❛❞➫✳✮ ♣r❡ rô③♥❡ ♣❛♠ä➫♦✈é ♠✐❡st❛ ✭♣❛♠ä➫ ❈P❯ ❛
●P❯✮✳ ❆❜② ♥❡❜♦❧♦ ♥✉t♥é ♣r❡ ✈➨❡t❦② t②♣② ✐♠♣❧❡♠❡♥t♦✈❛➫ ➨♣❡❝✐á❧♥❡ ❜✉✛❡r② ❛ ♠❛♥❛❣❡r②
❜✉✛❡r♦✈✱ ❜♦❧✐ t✐❡t♦ ❦♦♠♣♦♥❡♥t② ✐♠♣❧❡♠❡♥t♦✈❛♥é ✈②s♦❦♦✉ ❛❜str❛❦❝✐♦✉✱ ↔♦ ③❥❡❞♥♦❞✉➨✉❥❡ ♣rá❝✉
♣r♦❣r❛♠át♦r❛ ✐ ♣♦❝❤♦♣❡♥✐❡ s❛♠♦t♥é❤♦ ♣r♦❣r❛♠✉✳ ❚át♦ ❦♦♥❝❡♣❝✐❛ ♣❧❛tí ❛❥ ♣r❡ ♦st❛t♥é ↔❛st✐
s②sté♠✉✳

✭❛✮ ❘ý❝❤❧♦s➫♥é ♣♦❧❡✳

✭❜✮ ❙✐❧♦✈é ♣♦❧❡✳

❖❜rá③❡❦ ✻✳✶✿ Pr✐❡t♦❦② ✈ rý❝❤❧♦st♥♦♠ ❛ ✈ s✐❧♦✈♦♠ ♣♦❧✐ ♣♦✉➸✐tí♠ ♠❡tó❞② P♦✐♥t ❙♣r✐t❡s✳

❖❜rá③❦② ❣❡♥❡r♦✈❛♥é ♣r♦❣r❛♠♦♠ s❛ ♥❛❝❤á❞③❛❥ú ✈ ❦❛♣✐t♦❧❡ ✺✳ ❱ ♣r♦❣r❛♠❡ ❥❡ ♠♦➸♥é ③❛♣♥ú➫
❢♦♥tá♥✉✱ ✈✐❞ ♦❜rá③♦❦ ✺✳✶✵✳ ❋♦♥tá♥❛ t❡↔✐❡ ❜✉↕ ③ ❜♦❦✉✱ ❛❧❡❜♦ ③♦ s♣♦❞✉✳ P♦♠♦❝♦✉ ♦tá↔❛♥✐❛
❦♦❝❦② ♠ô➸❡♠❡ s♣r❛✈✐➫✱ ❛❜② t❡❦✉♥✐♥❛ t✐❡❦❧❛ ♥❛♣r✳ ③ ❤♦r❛✳ ❋♦♥tá♥❛ ♠á ❞✈❡ ♥❛st❛✈✐t❡➞♥é
♣❛r❛♠❡tr❡✿ ♣♦↔❡t ❛ rý❝❤❧♦s➫ ↔❛stí❝✱ ❦t♦ré ✈②st✉♣✉❥ú ③ ♥❡❥ ③❛ ❥❡❞♥✉ ↔❛s♦✈ú ❥❡❞♥♦t❦✉ ✭↔❛s♦✈ý
❦r♦❦✮✳

❙♠❡r ❣r❛✈✐tá❝✐❡ s❛ ❞á ♠❡♥✐➫ t✐❡➸ ♦tá↔❛♥í♠ ❦♦❝❦②✱ t❛❦ý♠ s♣ôs♦❜♦♠ s♠❡ s❝❤♦♣♥í ♥❛♣r✳
r♦③❤♦❥❞❛➫ t❡❦✉t✐♥✉✳

✹✻



Pr✐ ✈♦➞❜❡ ③♦❜r❛③❡♥✐❛ P♦✐♥t ❙♣r✐t❡s ❥❡ ♠♦➸♥é s❧❡❞♦✈❛➫ ♣r✐❡t♦❦ rý❝❤❧♦stí ❛ sí❧ ❛ ✐❝❤ ♣♦st✉♣♥é
✈②❤❧❛❞❡♥✐❡ ♥❛ ③❛↔✐❛t❦✉ t❡↔ú❝❡❥ t❡❦✉♥✐♥②✳ ❚✐❡t♦ ❥❛✈② ✉❦❛③✉❥❡ ♦❜rá③♦❦ ✻✳✶✳

✻✳✶ ❚❡st♦✈❛♥✐❡

❆❧❣♦r✐t♠② ✐♠♣❧❡♠❡♥t♦✈❛♥é ♣r❡ ❜❡❤ ✈ ●P❯ ❜♦❧✐ t✐❡➸ ♥❛♣ís❛♥é ✈ ❈✰✰ ❛ ♣♦✉➸✐tí♠ ♣❧❛t❢♦r♠②
❈❯❉❆✱ s ❈❯❉❆ ❆P■ ✈❡r③✐♦✉ ✹✳✵✳ Pr♦❣r❛♠ ❜♦❧ t❡st♦✈❛♥ý ♥❛ ❣r❛✜❝❦❡❥ ❦❛rt❡ ◆❱✐❞✐❛ ●❡❋♦r❝❡
✺✹✵▼✱ ❦t♦rá ♠á ✾✻ ❥❛❞✐❡r✳ P♦✉➸í✈❛♥ý♠ ♦♣❡r❛↔♥ý♠ s②sté♠♦♠ ❜♦❧ ❯❜✉♥t✉ ✶✶✳✵✹ ✭✻✹❜✐t✮ s
❧✐♥✉①♦✈ý♠ ❥❛❞r♦♠ ✷✳✻✳✸✽✲✶✸✲❣❡♥❡r✐❝✳

❱ýs❧❡❞❦② t❡st♦✈ sú ③♦❜r❛③❡♥é t❛❜✉➞❦♦✈♦✉ ❢♦r♠♦✉ ✭t❛❜✉➞❦② ✻✳✶✱ ✻✳✷ ✻✳✸✱ ✻✳✹✮ ❛❥ ❣r❛✜❝❦②
✭♦❜rá③❦② ✻✳✷✱ ✻✳✸✱ ✻✳✹ ❛ ✻✳✺✮✱ ❦✈ô❧✐ ❧❡♣➨✐❡♠✉ ♣♦❝❤♦♣❡♥✐✉✳

▼❛①✐♠á❧♥❛ ❤r❛♥✐❝❛ ♣♦↔t✉ ↔❛stí❝✱ ♣r✐ ❦t♦r♦♠ s✐♠✉❧á❝✐❛ ♣♦❜❡➸í ✈ r❡á❧♥♦♠ ↔❛s❡ ❥❡ ♦❦♦❧♦
✻✵✵✵✵ ♣r✐ r♦➸❧í➨❡♥í ♠r✐❡➸❦② ✽✵Ö✽✵Ö✽✵✳ ❱ ♣rí♣❛❞❡✱ ➸❡ ③❛♣♥❡♠❡ ③♦❜r❛③♦✈❛❝✐✉ ♠❡tó❞✉ ▼❛r❝❤✲
✐♥❣ ❝✉❜❡s s ✐♥t❡r♣♦❧á❝✐♦✉✱ ✈ý❦♦♥ ♣r✐ ❞❛♥ý❝❤ ♣❛r❛♠❡tr♦❝❤ ❡①tré♠♥❡ ♣♦❦❧❡s♥❡✱ ✈✐↕ ♦❜rá③♦❦
✻✳✺✳

❖❜rá③❡❦ ✻✳✷✿ ❱ýs❧❡❞❦② t❡st♦✈❛♥✐❛ s ♣♦✉➸✐tí♠ ✶✺✵✵✵ ↔❛stí❝✳

❩ t❡st♦✈ ❥❡ ✈✐❞✐❡➫✱ ➸❡ ♣♦st✉♣♥ý♠ ③✈ý➨❡♥í♠ r♦③❧í➨❡♥✐❛ s✐♠✉❧❛↔♥❡❥ ♠r✐❡➸❦② s❛ ③♥í➸✐ ❞♦❜❛
✈ý♣♦↔t✉ s✐♠✉❧á❝✐❡✳ ❚♦ ❥❡ ♣ôs♦❜❡♥é tý♠✱ ➸❡ ✈ ♣r✐❡♠❡r❡ ♥❛ ❥❡❞♥✉ ❜✉♥❦✉ ♣❛❞♥❡ ♠❡♥❡❥ ↔❛stí❝
♣r✐ ♠❡♥➨♦♠ r♦③❧í➨❡♥í✳ ❚ý♠✱ ➸❡ ③✈ý➨✐♠❡ r♦③❧í➨❡♥✐❡✱ ③✈ý➨✐♠❡ ❛❥ ✈ý♣♦↔❡t♥é ♥ár♦❦② ♥❛ ú❞r➸❜✉
♠r✐❡➸❦② ✭❤❡➨♦✈❛♥✐❡ ❛ ③♦r❛❞❡♥✐❡ ↔❛stí❝✱ ❛❦t✉❛❧✐③á❝✐❡ ❜✉♥✐❡❦✮✳ ❑✈ô❧✐ t♦♠✉✱ ➸❡ ♠❡tó❞❛ ▼❛r❝❤✐♥❣
❝✉❜❡s ♣♦✉➸í✈❛ ♠r✐❡➸❦✉ s✐♠✉❧á❝✐❡✱ ③✈ý➨✐♠❡ ↔❛s ♣♦tr❡❜♥ý ❦ ✈ý♣♦↔t♦♠✱ ❛❧❡ tý♠ ♣á❞♦♠ ③✈ý➨✐♠❡
❛❥ ❦✈❛❧✐t✉ ✈ýs❧❡❞❦♦✈✱ t❡❞❛ ❤❧❛❞❦♦s➫ ♣♦✈r❝❤✉✳

❙❛♠♦t♥á ♠❡tó❞❛ ▼❛r❝❤✐♥❣ ❝✉❜❡s ♥✐❡ ❥❡ ❝✐t❧✐✈á ♥❛ ♣♦↔❡t ♣♦✉➸í✈❛♥ý❝❤ ↔❛stí❝✳ ❚♦ ❥❡ ③
❞ô✈♦❞✉ ✐♠♣❧❡♠❡♥tá❝✐❡✱ ❛❦♦ ✉➸ ❜♦❧♦ ♣♦♣ís❛♥é ✈ ♣♦❞❦❛♣✐❧♦❧❡ ✺✳✸✳ ❑✈ô❧✐ ♠❛❧❡❥ ✈ý❦♦♥♥♦st✐
♣♦✉➸í✈❛♥❡❥ ❣r❛✜❝❦❡❥ ❦❛rt② ♥❡❜♦❧♦ ♠♦➸♥é ✈ ❦❛➸❞♦♠ ❜♦❞❡ ♠r✐❡➸❦② ♣♦↔❛s ✈③♦r❦♦✈❛♥✐❛ ✈②♣♦↔í✲
t❛➫ ❤✉st♦t✉ ✐③♦♣❧♦❝❤②✱ ♣r❡t♦ ❜♦❧✐ ♣♦✉➸í✈❛♥é ❤♦❞♥♦t② ❤✉stôt ❜✉♥✐❡❦✳ ❚♦t♦ r✐❡➨❡♥✐❡ ❢✉♥❣✉❥❡

✹✼



❖❜rá③❡❦ ✻✳✸✿ ❱ýs❧❡❞❦② t❡st♦✈❛♥✐❛ s ♣♦✉➸✐tí♠ ✸✵✵✵✵ ↔❛stí❝✳

❖❜rá③❡❦ ✻✳✹✿ ❱ýs❧❡❞❦② t❡st♦✈❛♥✐❛ s ♣♦✉➸✐tí♠ ✹✺✵✵✵ ↔❛stí❝✳

✈❡➞♠✐ rý❝❤❧❡ ❛ ♣♦♠♦❝♦✉ r❡❧❛tí✈♥❡❥ ❤✉st♦t② s❛ ❞❛❥ú ✐♥t❡r♣♦❧♦✈❛➫ ✈r❝❤♦❧② ♥❛ ❤r❛♥á❝❤ ❦♦❝✐❡❦✳
◆❡❣❛tí✈♥❛ str❛♥❛ t♦❤♦ r✐❡➨❡♥✐❛ ❥❡ ♠❡♥❡❥ ♣r❡s♥ý ✈②❡①tr❛❤♦✈❛♥ý ♣♦✈r❝❤✳ ❱❡➞❦á ✈ý❤♦❞❛ ♣r✐

✹✽



❖❜rá③❡❦ ✻✳✺✿ ❱ýs❧❡❞❦② t❡st♦✈❛♥✐❛ s ♣♦✉➸✐tí♠ ✻✵✵✵✵ ↔❛stí❝✳

❣❡♥❡r♦✈❛♥í ✈ýs❧❡❞❦♦✈ ❥❡✱ ➸❡ tát♦ ♠❡tó❞❛ ♥✐❡ ❥❡ ③á✈✐s❧á ♥❛ ✜♥á❧♥♦♠ r♦③❧í➨❡♥í ③♦❜r❛③❡♥✐❛✱ ❛❦♦
♥❛♣r✳ ♠❡tó❞❛ ❘❛② ❝❛st✐♥❣✳

✻✳✷ Prá❝❡ ❞♦ ❜✉❞ú❝♥❛

❱ t❡❥t♦ ❦❛♣✐t♦❧❡ ❦rát❦♦ ♣♦♣í➨❡♠❡ ♠♦➸♥é ✈②❧❡♣➨❡♥✐❛ ❛ ♦♣t✐♠❛❧✐③á❝✐❡ ♥❛r✈❤♥✉té❤♦ ❛ ✐♠♣❧❡✲
♠❡♥t♦✈❛♥é❤♦ s②sté♠✉✳

❷♦ s❛ tý❦❛ s✐♠✉❧á❝✐❡ ③ ❢②③✐❦á❧♥❡❥ str❛♥②✱ ❝❤ý❜❛ ✐♠♣❧❡♠❡♥tá❝✐❛ ♣♦r✈❝❤♦✈é❤♦ ♥❛♣ät✐❛✳
❚át♦ s✐❧❛ ♠á ♥❛ t❡❦✉t✐♥✉ ❧❡♥ ♠❛❧ý ✈♣❧②✈✱ ❛❧❡ ❛❦ ❝❤❝❡♠❡ ❞♦s✐❛❤♥✉➫ ✈②➨➨✐✉ ❦✈❛❧✐t✉ ✈ýs❧❡❞✲
❦♦✈ s✐♠✉❧á❝✐❡✱ t❛❦ ✈ý♣♦↔t② ❢②③✐❦á❧♥❡❤♦ ♠♦❞❡❧✉ ❜② ♠❛❧✐ ✈②♣♦↔ít❛➫ ♣ôs♦❜❡♥✐❡ t❡❥t♦ s✐❧② t✐❡➸✳
❩♦ str❛♥② ♦♣t✐♠❛❧✐③á❝✐❡ tr❡❜❛ ♥á❥s➫ ❛ ♣r❡❞♣♦↔ít❛➫ ✈➨❡t❦② ↔❛st✐ ❛❧❣♦r✐t♠✉✱ ❦t♦ré sú ✈②♣♦↔í✲
t❛♥é ③❜②t♦↔♥❡ ✈✐❛❝❦rát✳ ❸❛❧❡❥ ❜② s❛ ❞❛❧♦ ♦♣t✐♠❛❧✐③♦✈❛➫ s✐❛❤❛♥✐❡ ❞♦ ❣❧♦❜á❧♥❡❥ ♣❛♠ät❡✱ ♥❛♣r✳
♣♦✉➸í✈❛♥í♠ t❡①túr✱ ❦t♦ré sú ❦❡➨♦✈❛♥é✳

❩♦❜r❛③❡♥✐❡ ♠❡tó❞♦✉ ▼❛r❝❤✐♥❣ ❝✉❜❡s ♣♦tr❡❜✉❥❡ ③♥❛↔♥é ✈②❧❡♣➨❡♥✐❡✱ ↔♦ ♥❛ ♣♦✉➸í✈❛♥❡❥
❣r❛✜❝❦❡❥ ❦❛rt❡ ♥❡❜♦❧♦ r❡❛❧✐③♦✈❛t❡➞♥é✳ ❙❡♠ ♣❛trí ❡①tr❛❤♦✈❛♥✐❡ ♣♦✈r❝❤✉ t❡❦✉t✐♥②✱ ❛❦♦ ✉➸ ❜♦❧♦
♣♦♣ís❛♥é ✈ ❦❛♣✐t♦❧❡ ✺✳✸❀ ✈ ❜♦❞♦❝❤ ♠r✐❡➸❦② ✈②♣♦↔ít❛➫ ❤✉st♦t✉ ✐③♦♣❧♦❝❤②✳ ❸❛❧➨✐❛ ♣rá❝❛ ❥❡
✐♠♣❧❡♠❡♥t♦✈❛♥✐❡ ❛❞❛♣tí✈♥❡❥ ♠r✐❡➸❦②✱ ↔♦ ❜✉❞❡ ❣❡♥❡r♦✈❛➫ ❤❧❛❞❦ý ♣♦✈r❝❤ ❛ ③❛❝❤②tí ❛❥ ♠❛❧é
❦✈❛♣❦② t❡❦✉t✐♥②✱ ❦t♦ré ♣r✐ ♠❛❧♦♠ r♦③❧ís➨❡♥í ♠r✐❡➸❦② ♥✐❡ sú ❞❡t❡❦♦✈❛♥é✳

❚❡st♦✈❛♥✐❡ ♣r♦❣r❛♠✉ ♥❛ ✈ý❦♦♥♥❡❥ ❣r❛✜❝❦❡❥ ❦❛rt❡ ❜② ❜♦❧♦ ✈❡➞♠✐ ③❛✉❥í♠❛✈é✱ s✐♠✉❧♦✈❛➫
t❡❦✉t✐♥✉✱ ❦t♦rá s❛ s❦❧❛❞á ③ ✶✵✵ ❛❧❡❜♦ ✺✵✵ t✐sí❝ ↔❛stí❝✳ ◆❡✈ý❤♦❞❛ ♠❡tó❞② ❙P❍ ❥❡✱ ➸❡ ♣♦tr❡❜✉❥❡
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❆❦♦ ❥❡ ✈✐❞✐❡➫ ③ ✈ýs❧❡❞❦♦✈ t❡st♦✈❛♥✐❛ ✐♥t❡r♣♦❧á❝✐❛ ♥♦r♠á❧♦✈ ♣♦tr❡❜✉❥❡ ♥❛❥✈✐❛❝ ↔❛s✉✳ ❚♦ ❥❡ ③
❞ô✈♦❞✉ s♣ät♥é❤♦ ♠❛♣♦✈❛♥✐❛ ♥♦r♠á❧♦✈ ❛ ③ r❡❞✉♥❞❛❝✐❡ ✈ý♣♦↔t♦✈✳ ■♠♣❧❡♠❡♥t♦✈❛♥ý ❛❧❣♦r✐t♠✉s
❥❡ ✈❡➞♠✐ ❥❡❞♥♦❞✉❝❤ý✳ Pr♦❜❧é♠ ❥❡✱ ➸❡ ♦♣t✐♠❛❧✐③♦✈❛➫ ✉➸ ♥✐❡ ❥❡ t❛❦ ❥❡❞♥♦❞✉❝❤é✳
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r❡❢r❛❦❝✐✉ ❛ r❡✢❡①✐✉✳ ❚✐❡t♦ ✈❧❛st♥♦st✐ sú t②♣✐❝❦é ♣r❡ t❡❦✉t✐♥②✱ ❛ ♥✉t♥é ❦ t♦♠✉✱ ❛❜② s❛ ❥❛✈✐❧✐ ↔♦
♥❛❥r❡❛❧✐st✐❝❦❡❥➨✐❡✳ ▼❡tó❞❛ ❘❛② ❝❛st✐♥❣ ♣♦❞♣♦r✉❥❡ ✈➨❡t❦② t✐❡t♦ ✈❧❛st♥♦st✐✳ ◆❡❞♦st❛t♦❦ ♠❡tó❞②
❥❡✱ ➸❡ ✈ ♣♦r♦✈♥❛♥í s ▼❛r❝❤✐♥❣ ❝✉❜❡s ❥❡ ♦✈❡➞❛ ♣♦♠❛❧❡❥➨✐❛✳ ❩rý❝❤❧✐➫ s❛ ❞á ♥❛♣r✳ s ❉❡♣t❤
♣❡❡❧✐♥❣♦♠✱ ↔♦ ❜♦❧♦ ♣♦♣ís❛♥é ✈ ♣♦❞❦❛♣✐t♦❧❡ ✸✳✸✳
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❑❛♣✐t♦❧❛ ✼

❩á✈❡r

❱ýs❧❡❞❦♦♠ t❡❥t♦ ♣rá❝❡ ❥❡ ❢✉♥❦↔♥ý s✐♠✉❧át♦r ❦✈❛♣❛❧í♥✱ ❦t♦rý ❥❡ ③❛❧♦➸❡♥ý ♥❛ ❢②③✐❝❦♦♠ ♠♦❞❡❧✐
❙P❍✳ ❑✈❛♣❛❧✐♥② t✈♦r✐❛ ❞ô❧❡➸✐tú ↔❛s➫ ♥á➨❤♦ ♣r♦str❡❞✐❛ ✈ ❦t♦r♦♠ ➸✐❥❡♠❡✱ ♣r❡t♦ ❥❡ ✐❝❤ r❡❛❧✐st✐❝❦á
s✐♠✉❧á❝✐❛ ❛ ③♦❜r❛③❡♥✐❡ ✈❡➞♠✐ ❞ô❧❡➸✐té✱ ❛ t♦ ♥✐❡ ❧❡♥ ♥❛ ♣♦✉➸í✈❛♥✐❡ ✈ ♣♦↔ít❛↔♦✈ý❝❤ ❤rá❝❤✳
P♦✉➸í✈❛❥ú s❛ ❛❥ ♣r✐ ❜✐♦♠❡❞✐❦á❧♥②❝❤ s✐♠✉❧á❝✐❛❝❤✱ ♥❛♣r✳ ♥❛ s✐♠✉❧♦✈❛♥✐❡ ❦r✈♥é❤♦ ♣r✐❡t♦❦✉ ✈
➸✐❧á❝❤✳

Pr♦❣r❛♠ ✉♠♦➸➡✉❥❡ ✉➸í✈❛t❡➞♦✈✐ ✈②❜r❛➫ ③ rô③♥②❝❤ t②♣♦✈ ③♦❜r❛③❡♥í✳ ❚✐❡t♦ ③♦❜r❛③❡♥✐❛ sú
♠❡tó❞❛ P♦✐♥t ❙♣r✐t❡s ❛ ♠❡tó❞❛ ▼❛r❝❤✐♥❣ ❝✉❜❡s✳ ❷♦ ❥❡ ✈❡➞♠✐ ❞ô❧❡➸✐té✱ ✉➸í✈❛t❡➞ ♠ô➸❡ s♦ ✐♥t❡r✲
❛❣♦✈❛➫ s②sté♠♦♠✱ ③❛♣♥ú➫ ❢♦♥tá♥✉✱ ♠❡♥✐➫ ❥❡❥ ♣❛r❛♠❡tr❡✱ ❛❧❡❜♦ ♣♦♠✐❡➨❛t ❦✈❛♣❛❧✐♥✉ ♦tá↔❛♥í♠
s✐♠✉❧❛↔♥❡❥ ❦♦❝❦②✳

❊①♣❡r✐♠❡♥t② ③❛❤➥➡❛❧✐ ♦❦r❡♠ s✐♠✉❧á❝✐❡ ❛ ✐♠♣❧❡♠❡♥tá❝✐❡ ③♦❜r❛③❡♥í ❛❥ ✐❝❤ ✉rý❝❤❧❡♥✐❡ ♣♦✲
♠♦❝♦✉ ❣r❛✜❝❦❡❥ ❦❛rt②✱ ❦t♦rú ❥❡ ♠♦➸♥é ♣r♦❣r❛♠♦✈❛➫ ♥❛ r✐❡➨❡♥✐❡ ✈➨❡♦❜❡❝♥ý❝❤ ♣r♦❜❧é♠♦✈✳

❱ ♣r❡❞❝❤á❞③❛❥ú❝✐❝❤ ❦❛♣✐t♦❧á❝❤ ❜♦❧✐ ❞✐s❦✉t♦✈❛♥é ♥❡❞♦st❛t❦② ✐♠♣❧❡♠❡♥t♦✈❛♥ý❝❤ ♠❡tó❞ ❛
❛❧❣♦r✐t♠♦✈✱ ❛ ✐❝❤ t❡♦r❡t✐❝❦é r✐❡➨❡♥✐❡ ❛ ♣♦❦r❛↔♦✈❛♥✐❡✳

❆❦é ♣♦③✐tí✈❛ ♠✐ ❞❛❧ t❡♥t♦ ♣r♦❥❡❦t❄ ◆❛❥❞ô❧❡➸✐t❡❥➨✐❡ ❥❡✱ ➸❡ s♦♠ r♦③➨ír✐❧ ♠♦❥❡ ③♥❛❧♦st✐✱
s❦ús❡♥♦st✐ ❛ ✈②s❦ú➨❛❧ ✈❡❝✐✱ ❦t♦ré ♠❛ ✉➸ ❞á✈♥❡❥➨✐❡ ③❛✉❥í♠❛❧✐✳ Pr❡↔ít❛❧ s♦♠ ✈❡➞❛ ♠❛t❡r✐á❧♦✈✱
❦t♦ré ♦❜s❛❤♦✈❛❧✐ ❛❥ ✐♥é ♣r♦❜❧é♠② ❛ ✐❝❤ r✐❡➨❡♥✐❛✱ ❦✈ô❧✐ ↔♦♠✉ s♦♠ ♠♦❤♦❧ s♣♦③♥❛➫ ✈❡➞❛ ③❛✉❥í✲
♠❛✈ý❝❤ ✈❡❝✐ ③ ♦❜❧❛st✐ ♣♦↔ít❛↔♦✈❡❥ ❣r❛✜❦②✳ ❇♦❧♦ ③❛✉❥í♠❛✈é ✈②❤❧❛❞❛➫ ③ ♠❛t❡r✐á❧♦✈ r❡❧❡✈❛♥t♥é
✐♥❢♦r♠á❝✐❡✱ ♣♦❝❤♦♣✐➫ ✐❝❤ ❛ ♣♦❦ús✐➫ s❛ ✐♠♣❧❡♠❡♥t♦✈❛➫ ✐❝❤✳ ❸❛❧❡❥ s♦♠ ♠❛❧ ♠♦➸♥♦s➫ ✈②s❦ú➨❛➫
♣❧❛t❢♦r♠✉ ❈❯❉❆✱ ↔♦ ❥❛ ♣♦✈❛➸✉❥❡♠ ✈ ❞♥❡s♥❡❥ ❞♦❜❡ ③❛ ❞♦❜rú s❦ús❡♥♦s➫✳ ❖❦r❡♠ t♦❤♦ s♦♠ ♠❛❧
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❈✰✰ ✉➸ ♣♦✉➸í✈❛♠ ❞á✈♥❡❥➨✐❡✱ ✈❧❛st♥é tr✐❡❞② s♦♠ ♣r❡❞tý♠ ♥❡♥❛♣ís❛❧✳

Prá❝❛ ❜♦❧❛ ③á❜❛✈♥á ❛ ③❛✉❥í♠❛✈á✳ P❧á♥② ♥❛ ♣♦❦r❛↔♦✈❛♥✐❡ ✉➸ ♠á♠ ❛ ❜✉❞❡♠ rá❞✱ ❦❡↕ s❛
♠ô➸❡♠ ③♥♦✈❛ ♣✉st✐➫ r✐❡➨❡♥✐❛ ♣r♦❜❧é♠♦✈✳
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❖♣❡♥●▲ ❙❉❑✱ ✷✵✵✽✳

❬✷✵❪ ▼✳ ❉❡s❜r✉♥✱ ▼✳ ●❛s❝✉❡❧✿ ❙♠♦♦t❤❡❞ ♣❛rt✐❝❧❡s✿ ❆ ♥❡✇ ♣❛r❛❞✐❣♠ ❢♦r ❛♥✐♠❛t✐♥❣ ❤✐❣❤❧②
❞❡❢♦r♠❛❜❧❡ ❜♦❞✐❡s✳ ❊✉r♦❣r❛♣❤✐❝s ❲♦r❦s❤♦♣ ♦♥ ❈♦♠♣✉t❡r ❆♥✐♠❛t✐♦♥ ❛♥❞ ❙✐♠✉❧❛t✐♦♥
✭❊●❈❆❙✮✱ ✶✾✾✻✿ s✳ ✻✶✕✼✻✳

❬✷✶❪ ▼✳ ❑❡❧❛❣❡r✿ ▲❛❣r❛♥❣✐❛♥ ❋❧✉✐❞ ❉②♥❛♠✐❝s ❯s✐♥❣ ❙♠♦♦t❤❡❞ P❛rt✐❝❧❡ ❍②❞r♦❞②♥❛♠✐❝s✳
❉✐③❡rt❛↔♥í ♣rá❝❡✱ ✷✵✵✻✳

❬✷✷❪ ▼✳ ▼ü❧❧❡r✱ ❉✳ ❈❤❛r②♣❛r✱ ▼✳ ❍✳ ●r♦ss✿ P❛rt✐❝❧❡✲❇❛s❡❞ ❋❧✉✐❞ ❙✐♠✉❧❛t✐♦♥ ❢♦r ■♥t❡r❛❝t✐✈❡
❆♣♣❧✐❝❛t✐♦♥s✳ ❙❈❆ ✬✵✸ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✷✵✵✸ ❆❈▼ ❙■●●❘❆P❍✴❊✉r♦❣r❛♣❤✐❝s
s②♠♣♦s✐✉♠ ♦♥ ❈♦♠♣✉t❡r ❛♥✐♠❛t✐♦♥✱ ✷✵✵✸✱ ✐❙❇◆ ✶✲✺✽✶✶✸✲✻✺✾✲✺✳

❬✷✸❪ ❖✳ ❊✳ ❑r♦❣✿ ●P❯✲❜❛s❡❞ ❘❡❛❧✲❚✐♠❡ ❙♥♦✇ ❆✈❛❧❛♥❝❤❡ ❙✐♠✉❧❛t✐♦♥s✳ ❉✐③❡rt❛↔♥í ♣rá❝❡✱
◆♦r✇❡❣✐❛♥ ❯♥✐✈❡rs✐t② ♦❢ ❙❝✐❡♥❝❡ ❛♥❞ ❚❡❝❤♥♦❧♦❣②✱ ✷✵✶✵✳

❬✷✹❪ P✳ ❇♦✉r❦❡✿ P♦❧②❣♦♥✐s✐♥❣ ❛ s❝❛❧❛r ✜❡❧❞✱ ❬♦♥❧✐♥❡❪✳
❤tt♣✿✴✴♣❛✉❧❜♦✉r❦❡✳♥❡t✴❣❡♦♠❡tr②✴♣♦❧②❣♦♥✐s❡✴✱ ✶✾✾✹✳

❬✷✺❪ P✳ ❑✐♣❢❡r✱ ▼✳ ❙❡❣❛❧✱ ❘✳ ❲❡st❡r♠❛♥♥✿ ❯❜❡r✲❋❧♦✇✿ ❆ ●P❯✲❜❛s❡❞ ♣❛rt✐❝❧❡ ❡♥❣✐♥❡✳
Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❆❈▼ ❙■●●❘❆P❍✴❊❯❘❖●❘❆P❍■❈❙ ❝♦♥❢❡r❡♥❝❡ ♦♥ ●r❛♣❤✐❝s
❤❛r❞✇❛r❡✱ ✷✵✵✹✿ s✳ ✶✶✺✕✶✷✷✳

❬✷✻❪ P✳ ❲✳ ❈❧❡❛r②✱ ▼✳ Pr❛❦❛s❤✿ ❙♠♦♦t❤ ♣❛rt✐❝❧❡ ❤②❞r♦❞②♥❛♠✐❝s✿ st❛t✉s ❛♥❞ ❢✉t✉r❡
♣♦t❡♥t✐❛❧✳ ■♥ Pr♦❣r❡ss ✐♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝s✱ ❛♥ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧✱
r♦↔♥í❦ ✼✱ ✷✵✵✹✱ s✳ ✼✵✕✾✵✳

❬✷✼❪ ❘✳ ●❡✐ss ✿ ●❡♥❡r❛t✐♥❣ ❈♦♠♣❧❡① Pr♦❝❡❞✉r❛❧ ❚❡rr❛✐♥s ❯s✐♥❣ t❤❡ ●P❯✱ ●P❯ ●❡♠s ✸✱
❈❤❛♣t❡r ✶✳ ❆❞❞✐s♦♥✲❲❡s❧❡②✱ ✷✵✵✼✱ ✐❙❇◆ ✸✷✶✺✶✺✷✻✾✳

❬✷✽❪ ❙ ❙❤❛♦✱ ✱ ❊✳ ❨✳ ▼✳ ▲♦✿ ■♥❝♦♠♣r❡ss✐❜❧❡ ❙P❍ ♠❡t❤♦❞ ❢♦r s✐♠✉❧❛t✐♥❣ ◆❡✇t♦♥✐❛♥ ❛♥❞
♥♦♥✲◆❡✇t♦♥✐❛♥ ✢♦✇s ✇✐t❤ ❛ ❢r❡❡ s✉r❢❛❝❡✳ ■♥ ❆❞✈❛♥❝❡s ✐♥ ❲❛t❡r ❘❡s♦✉r❝❡s✱ r♦↔♥í❦ ✷✻✱
✷✵✵✸✱ s✳ ✼✽✼✕✽✵✵✳

❬✷✾❪ ❚✳ ❇♦✉❜❡❦❡✉r✱ ▼✳ ❆❧❡①❛✿ P❤♦♥❣ ❚❡ss❡❧❧❛t✐♦♥✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ ❆❈▼ ❙■●●❘❆P❍
❆s✐❛ ✷✵✵✽✱ r♦↔♥í❦ ✷✼✱ ✷✵✵✽✱ s✳ ✶✕✺✳

❬✸✵❪ ❲✳ ❚✳ ❘❡❡✈❡s✿ P❛rt✐❝❧❡ ❙②st❡♠s✲❛ ❚❡❝❤♥✐q✉❡ ❢♦r ▼♦❞❡❧✐♥❣ ❛ ❈❧❛ss ♦❢ ❋✉③③② ❖❜❥❡❝ts✳
■♥ ❆❈▼ ❚r❛♥s❛❝t✐♦♥s ♦♥ ●r❛♣❤✐❝s ✭❚❖●✮✱ r♦↔♥í❦ ✷✱ ✶✾✽✸✱ s✳ ✾✶✕✶✵✽✳

✺✹



❬✸✶❪ ❲✐❦✐♣❡❞✐❛✿ ◆❡✇t♦♥✬s ❧❛✇s ♦❢ ♠♦t✐♦♥✱ ❬♦♥❧✐♥❡❪✳
❤tt♣✿✴✴❡♥✳✇✐❦✐♣❡❞✐❛✳♦r❣✴✇✐❦✐✴◆❡✇t♦♥✬s❴❧❛✇s❴♦❢❴♠♦t✐♦♥✱ ✷✵✶✶✳

❬✸✷❪ ❲✐❦✐♣❡❞✐❛✿ ❱♦❧✉♠❡ r❛② ❝❛st✐♥❣✱ ❬♦♥❧✐♥❡❪✳
❤tt♣✿✴✴❡♥✳✇✐❦✐♣❡❞✐❛✳♦r❣✴✇✐❦✐✴❱♦❧✉♠❡❴r❛②❴❝❛st✐♥❣✱ ✷✵✶✷✳

✺✺



P➦í❧♦❤❛ ❆

❖❜s❛❤ ❉❱❉

❼ ♣r♦❣r❛♠ ✕ ❙ú❜♦r② ❦ ♣r♦❣r❛♠✉

✕ ❜✐♥ ✕ s♣✉st✐t❡➞♥ý ♣r♦❣r❛♠ ✭▲✐♥✉① ①✻✹✮

✕ s❤❛❞❡r ✕ ③❞r♦❥♦✈é sú❜♦r② s❤❛❞❡r♦✈

✕ sr❝ ✕ ③❞r♦❥♦✈é sú❜♦r②

❼ ❞♦❝ ✕ ❉♦❦✉♠❡♥tá❝✐❛

✕ t❡① ✕ ❚❊❳ sú❜♦r②

✕ t❡❝❤♥✐❝❦❛❴③♣r❛✈❛✳♣❞❢ ✕ ❚❡❝❤♥✐❝❦á ③♣rá✈❛

❼ ❧✐❜ ✕ P♦✉➸✐✈❛♥é ❦♥✐➸♥✐❝❡

✕ ❝✉❞❛ ✕ ◆❱✐❞✐❛ ❈❯❉❆ ❚♦♦❧❦✐t ✹✳✷✳✾

✕ s❞❧ ✕ ❙✐♠♣❧❡ ❉✐r❡❝t♠❡❞✐❛ ▲❛②❡r ✶✳✷✳✶✺

❼ ✈✐❞❡♦ ✕ ❉❡♠♦♥str❛↔♥é ✈✐❞❡á

❼ ❘❊❆❉▼❊

✺✻



P➦í❧♦❤❛ ❇

▼❛♥✉❛❧

Pr♦❣r❛♠ ❥❡ ♣r♦tr❡❜♥é ♣r❡❧♦➸✐t ♣r❡❞ s♣✉st❡♥í♠✱ ♣rí❦❛③ ♠❛❦❡ ♥á♠ ✈②r♦❜í s♣✉st✐t❡➞♥ý sú❜♦r✳
❏❡ ♥✉t♥é ♠❛➫ ♥❛❦♦♥✜❣✉r♦✈❛♥é ❈❯❉❆ ❚♦♦❧❦✐t ❛ s♣rá✈♥❡ ♥❛st❛✈❡♥é ❝❡st②✳ ▼❛❦❡ ✈②t✈♦rí
s♣✉st✐t❡➞♥ý sú❜♦r✱ ↔♦ ♠ô➸❡♠❡ s♣✉st✐➫ s ♣rí❦❛③♦♠ ♠❛❦❡ r✉♥✳

◆❛ ♦✈❧á❞❛♥✐❡ ♣r♦❣r❛♠✉ ❥❡ ♠♦➸♥é ♣♦✉➸í✈❛➫ ♠②➨ ❛ ❦❧á✈❡s♦✈é s❦r❛t❦②✳

❑❧á✈❡s♦✈é s❦r❛t❦②✿

❊s❝ ❱②♣♥✉t✐❡ ♣r♦❣r❛♠✉

❋✶ ❩♦❜r❛③❡♥✐❡ P♦✐♥t ❙♣r✐t❡s

❋✷ ❩♦❜r❛③❡♥✐❡ ▼❛r❝❤✐♥❣ ❝✉❜❡s ✭③á❦❧❛❞♥ý✮

❋✷ ❩♦❜r❛③❡♥✐❡ ▼❛r❝❤✐♥❣ ❝✉❜❡s ✭♣♦✈r❝❤♦✈é ♥♦r♠á❧②✮

❋✹ ❩♦❜r❛③❡♥✐❡ ▼❛r❝❤✐♥❣ ❝✉❜❡s ✭t❡ss❡❧♦✈❛♥ý✮

❋✺ ❩♦❜r❛③❡♥✐❡ ▼❛r❝❤✐♥❣ ❝✉❜❡s ✭t❡ss❡❧♦✈❛♥é tr♦❥✉❤♦❧♥í❦②✮

❋✻ ❩♦❜r❛③❡♥✐❡ ❘❛② ❝❛st✐♥❣

❘ ❑♦♠♣❧❡t♥é ③❛st❛✈❡♥✐❡✴s♣✉st❡♥✐❡ s✐♠✉❧á❝✐❡ ❛ ❣❡♥❡r♦✈❛♥✐❛ ③♦❜r❛③❡♥í

❊ ❙♣✉st❡♥✐❡ ❛ ③❛st❛✈❡♥✐❡ ✐♥t❡❣r♦✈❛♥✐❛ ✈ s✐♠✉❧á❝✐✐

❆ ❙♣✉st❡♥✐❡ ❛ ✈②♣♥✉t✐❡ ❢♦♥tá♥②

❳ Pr❡♣♥✉t✐❡ ♣♦③í❝✐❡ ❢♦♥tá♥②

❈ ■♥✐❝✐❛❧✐③á❝✐❛ ♣♦③í❝✐í ↔❛stí❝

■ ❩❛♣♥✉t✐❡✴✈②♣♥✉t✐❡ ✐♥t❡r♣♦❧♦✈❛♥✐❛ ♥♦r♠á❧♦✈ ✭❢✉♥❣✉❥❡ s ▼❛r❝❤✐♥❣ ❝✉❜❡s✮

◆ ❩❛♣♥✉t✐❡✴✈②♣♥✉t✐❡ ✈②❦r❡s❧❡♥✐❛ ♥♦r♠á❧♦✈ ✭❢✉♥❣✉❥❡ s ▼❛r❝❤✐♥❣ ❝✉❜❡s✮

❉ ❩❛♣♥✉t✐❡✴✈②♣♥✉t✐❡ ❞②♥❛♠✐❝❦é❤♦ ♣r❡❢❛r❜❡♥✐❛ ✭❢✉♥❣✉❥❡ s P♦✐♥t ❙♣r✐t❡s✮

● ❩♠❡♥❛ ❣r❛❞✐❡♥t✉ ❢❛r❜❡♥✐❛ ✭❢✉♥❣✉❥❡ s P♦✐♥t ❙♣r✐t❡s✮

❙ Pr❡♣♥✉t✐❡ ③♦❜r❛③❡♥✐❛ ♠❡❞③✐ s✐❧♦✈ý♠✐ ❛ t❧❛❦♦✈ý♠✐ ♣♦➞❛♠✐ ✭❢✉♥❣✉❥❡ s P♦✐♥t ❙♣r✐t❡s✮

❲ ■♥❦r❡♠❡♥tá❝✐❛ ❢❛❦t♦r✉ ♣r❡♠✐❡st♥❡♥✐❛ tr♦❥✉❤♦❧♥í❦♦✈ ♣r✐ t❡ss❡❧❧á❝✐✐

✺✼



◗ ❉❡❦r❡♠❡♥tá❝✐❛ ❢❛❦t♦r✉ ♣r❡♠✐❡st♥❡♥✐❛ tr♦❥✉❤♦❧♥í❦♦✈ ♣r✐ t❡ss❡❧❧á❝✐✐

❈tr❧ ✰ ❲ ■♥❦r❡♠❡♥tá❝✐❛ t❡ss❡❧❧❛↔♥ý❝❤ úr♦✈♥í

❈tr❧ ✰ ◗ ❉❡❦r❡♠❡♥tá❝✐❛ t❡ss❡❧❧❛↔♥ý❝❤ úr♦✈♥í

❋ ■♥❦r❡♠❡♥tá❝✐❛ rý❝❤❧♦st✐ ↔❛stí❝ ❢♦♥tá♥②

❈tr❧ ✰ ❋ ❉❡❦r❡♠❡♥tá❝✐❛ rý❝❤❧♦st✐ ↔❛stí❝ ❢♦♥tá♥②

P ■♥❦r❡♠❡♥tá❝✐❛ ♣♦↔t✉ ↔❛stí❝ ❢♦♥tá♥②

❈tr❧ ✰ P ❉❡❦r❡♠❡♥tá❝✐❛ ♣♦↔t✉ ↔❛stí❝ ❢♦♥tá♥②

▼②➨✿
❽❛✈é t❧❛↔ít❦♦ s❧ú➸✐ ♥❛ ♦tá↔❛♥✐❡✱ ♣r❛✈é ♥❛ ♣r✐❜❧í➸❡♥✐❡✳

✺✽
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