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Introduction

Systems of equations that occur in engineering practice often involve uncertain
parameters. It is then often desirable to characterize the set of parameter
values, for which the given equation system has a solution.

The main goal of the thesis is to develop and implement an algorithm that can
perform such characterization. It should be based on floating point arithmetic
and robust with respect to rounding errors.

Theoretical approach

Our approach is based on working with boxes (i.e. cartesian products of in-
tervals) and performing computations via interval arithmetic to ensure the
robustness with respect to rounding errors.
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T'o perform a solution existence test for a given parametric system of equations
we employ a method involving the use of the properties of Brouwer’s topological
degree [1].

Informally, the method is based on examining the behavior of the equation
system on the boundary 0X of its domain X and subsequently splitting 0.X
into subsets, such that at least one component of the system is guaranteed
to be non-zero on each of those subsets. We then make use of the algorithm
presented in [2| that uses such information to compute the topological degree.

Main algorithm

We designed and implemented an algorithm characterizing sets of points p € P,
with respect to the solution existence of a given parametric system of equa-
tions fp(x,p) =0, where fp: X C R" — R" is a continuous function formed
by arithmetic expressions involving constants, variables, parameters and any

functions for which their interval enclosure can be computed via interval arith-
metic [3].

The algorithm recursively splits the input parameter box P into sub-boxes in
order to classify them either as red or green. For each parameter value in a
oreen box, it is guaranteed that a solution of the given equation system exists,
while for each parameter value in a red box, it is assured that the equation
system has no solution.
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Figure 1:Top-level flow of the main algorithm.

Main algorithm (cont.)

The most of the logic is centered around the way the variable domain box X
is manipulated during the computation. We discovered, that this greatly in-
Huences the ability to correctly localize a solution of the equation system. We
devised, implemented and experimentally compared several of such ways and

kept the design and implementation extensible enough for potentially new ways
to be added in the tuture.

Each run of the algorithm can be highly parametrized and in the case of 1-D
and 2-D equation systems, our implementation allows the result to be visual-
ized.
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Figure 2:Visualized result for the system of two equations: arccos(pz +¢q) — 3, sin(py +¢) — 3,

with variables z,y € [—2, 2] x [—2, 2] and parameters p,q € [—1,1] x [—1, 1]

Notable contributions

Apart from the main algorithm, we provided a custom implementation of
the algorithm |2] for computing the topological degree. Our implementation
proved to be noticeably faster than the original on experimental data (more
than ten times on average).

We also managed to tightly and seamlessly integrate the degree computation
into our main algorithm, that works with parametrized functions. To our

knowledge, our approach is more efficient compared to the one suggested
in [4].
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Figure 3:Differences in the flow of the algorithm |2| and our customization.

Experimental evaluation

For our main algorithm, we prepared a test suite consisting of representational
classes of equation systems like systems of polynomial equations, trigonometric
equations or equations formed by intersections of ellipsoids and hyper-surfaces.

We compared the quality of the different parametrizations of our algorithm with
respect to the way the input variable domain box is internally manipulated.
The quality was measured as the total area of the parameter space that the
algorithm was able to classify into a red or a green sub-box.

80% B areen
B red

b0%

40%

Fraction of the parameter space covered

static bisect-only tree grid

Domain box manipulation strategy

Figure 4:Quality of our algorithm for a sample system ot equations formed by intersections of

ellipsoids and hyper-surfaces.
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