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❉❡❝❧❛r❛t✐♦♥

■ ❤❡r❡❜② ❞❡❝❧❛r❡ t❤❛t ■ ❛♠ t❤❡ s♦❧❡ ❛✉t❤♦r ♦❢ t❤❡ t❤❡s✐s ❡♥t✐t❧❡❞ ✧❖♣t✐♠✐③✐♥❣ ❈✉st♦♠❡r ▲✐❢❡✲
t✐♠❡ ❱❛❧✉❡ ✐♥ ❘❡t❛✐❧ ❇❛♥❦✐♥❣❭✳ ■ ❞✉❧② ♠❛r❦❡❞ ♦✉t ❛❧❧ q✉♦t❛t✐♦♥s✳ ❚❤❡ ✉s❡❞ ❧✐t❡r❛t✉r❡ ❛♥❞
s♦✉r❝❡s ❛r❡ st❛t❡❞ ✐♥ t❤❡ ❛tt❛❝❤❡❞ ❧✐st ♦❢ r❡❢❡r❡♥❝❡s✳
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❆❝❦♥♦✇❧❡❞❣❡♠❡♥t

■ ❤❡r❡❜② ✇✐s❤ t♦ ❡①♣r❡ss ♠② ❛♣♣r❡❝✐❛t✐♦♥ ❛♥❞ ❣r❛t✐t✉❞❡ ❢♦r ❤❡❧♣ ❛♥❞ s✉♣♣♦rt t♦ t❤❡ s✉♣❡r✈✐s♦r
♦❢ ♠② t❤❡s✐s✱ ■♥❣✳ P❛✈❡❧ ❏❛s❡❦✳ ❋✉rt❤❡r♠♦r❡ ♠② ❢❛♠✐❧②✱ ♠❛✐♥❧② ♣❛r❡♥ts ✇❤♦ ❡♥❝♦✉r❛❣❡❞ ♠❡
❞✉r✐♥❣ ♠② ✇❤♦❧❡ st✉❞✐❡s✳



❆❜str❛❝t

❊❛❝❤ ②❡❛r ❜❛♥❦✐♥❣ ✐♥st✐t✉t✐♦♥s s♣❡♥❞ ❜✐❧❧✐♦♥s ♦❢ ❞♦❧❧❛rs ♦♥ ♠❛r❦❡t✐♥❣ ✐♥❝❡♥t✐✈❡s t♦ st❛②
❝♦♠♣❡t✐t✐✈❡✳ ❲❤✐❧st ❢♦❝✉s✐♥❣ ♦♥ s❤♦rt✲t❡r♠ ♠❡tr✐❝s ❡✳❣✳ ♣r♦☞t ♦r r❡✈❡♥✉❡✱ t❤❡② ♣r♦♠♦t❡
♣r♦❞✉❝ts ❛♥❞ s❡r✈✐❝❡s ✇❤✐❝❤ ❞♦ ♥♦t ❝♦♠♣❧❡t❡❧② ☞t ❝✉st♦♠❡r✬s ♥❡❡❞s✳ ❚♦ ♠❡❛s✉r❡ t❤❡ ✐♠♣❛❝t
♦❢ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s ♦♥ ❝✉st♦♠❡r ❧♦②❛❧t② ❛♥❞ ❢✉t✉r❡ ❜❡❤❛✈✐♦r✱ ❛ ❝✉st♦♠❡r✲❝❡♥tr✐❝ ♠♦❞❡❧
❜❛s❡❞ ♦♥ ❈✉st♦♠❡r ▲✐❢❡t✐♠❡ ❱❛❧✉❡ ✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ ❛ ▼❛r❦♦✈ ❝❤❛✐♥ ♠♦❞❡❧ ✐s s✉❣❣❡st❡❞✳
❚r❡❛t✐♥❣ ❝✉st♦♠❡rs ❛s ❝♦♠♣❛♥②✬s ❛ss❡ts ✐s ❛♥ ❡ss❡♥t✐❛❧ ❛ss✉♠♣t✐♦♥ ❢♦r ❧♦♥❣✲t❡r♠ ♣r♦☞t❛❜✐❧✐t②
❛♥❞ ❣r♦✇t❤✳ ❚♦ ♦♣t✐♠✐③❡ t❤❡ ♠❛r❦❡t✐♥❣ r❡s♦✉r❝❡ ❛❧❧♦❝❛t✐♦♥✱ ✐t ✐s ❝r✉❝✐❛❧ t♦ ❝♦✈❡r ♥♦t ♦♥❧② ♦♥❡
st❡♣ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s ✭❡✳❣✳ ♥❡①t ❜❡st ♦☛❡r✮✱ ❜✉t t❤❡ ♦✈❡r❛❧❧ ♠❛r❦❡t✐♥❣ str❛t❡❣②✱ ❜❡❛r✐♥❣
✐♥ ♠✐♥❞ ❛❧❧ ♣♦ss✐❜❧❡ ❝♦♥s❡q✉❡♥❝❡s✳ ❙✉❝❤ ❛♥ ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ t♦ str❛t❡❣✐❝ ❣❛♠❡s
❛♥❞ ✐s ❜❡st ❞❡s❝r✐❜❡❞ ❜② ❛ ▼❛r❦♦✈ ❉❡❝✐s✐♦♥ Pr♦❝❡ss✳ ❚❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞✱ ✇❤✐❝❤ ❝♦✈❡rs
t❤❡ ✇❤♦❧❡ r❡t❛✐❧ ❜❛♥❦✐♥❣ ♠❛r❦❡t✐♥❣ ♣r♦❝❡ss ❢r♦♠ t❤❡ ❝❛♠♣❛✐❣♥ ❞❡☞♥✐t✐♦♥ ✉♣ t♦ t❤❡ r❡s✉❧t
♦♣t✐♠✐③❛t✐♦♥✱ ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s t❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s t❤❡s✐s✳ ❚❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢
❡①✐st✐♥❣ ❛♥❞ ❈▲❱ ♦♣t✐♠❛❧ ♠❛r❦❡t✐♥❣ str❛t❡❣✐❡s ♦❢ ❛ ♠✐❞✲s✐③❡ ❊✉r♦♣❡❛♥ ❜❛♥❦ ✐s ♣r♦✈✐❞❡❞ t♦
✈❛❧✐❞❛t❡ t❤❡ ♠♦❞❡❧✐♥❣ ❛♣♣r♦❛❝❤ ♦♥ ❛ ❞❛t❛s❡t ❝♦♥t❛✐♥✐♥❣ ♠♦r❡ t❤❛♥ ✺ ♠✐❧❧✐♦♥ ❝✉st♦♠❡rs✳

❑❡②✇♦r❞s

❈✉st♦♠❡r ▲✐❢❡t✐♠❡ ❱❛❧✉❡✱ ▼❛r❦♦✈ ❈❤❛✐♥✱ ▼❛r❦♦✈ ❉❡❝✐s✐♦♥ Pr♦❝❡ss✱ ❘❡t❛✐❧ ❇❛♥❦✐♥❣✱
▼❛r❦❡t✐♥❣ ❈❛♠♣❛✐❣♥s



❆❜str❛❦t

❇❛♥❦♦✈♥í s♣♦❧❡è♥♦st✐ ♣♦ ❝❡❧é♠ s✈ìtì ✉tr❛tí ❦❛➽❞♦r♦è♥ì ♠✐❧✐❛r❞② ❞♦❧❛rù ③❛ ♠❛r❦❡t✐♥❣♦✈é
✈ý❞❛❥❡✱ ❛❜② ✉❞r➽❡❧② s✈é ♣♦st❛✈❡♥í ✈ ❦♦♥❦✉r❡♥è♥í♠ ♣r♦stø❡❞í✳ ❩❛tí♠❝♦ s❡ t②t♦ ☞r♠② s♦✉stø❡❞í
♥❛ ❦rát❦♦❞♦❜ì ♦r✐❡♥t♦✈❛♥é ♠❡tr✐❦② ✭♥❛♣ø✳ ♦❜r❛t è✐ ③✐s❦✮✱ ♥❛❜í③í ③á❦❛③♥í❦ù♠ ♣r♦❞✉❦t② ❛
s❧✉➽❜②✱ ❦t❡ré ♣❧♥ì ♥❡♦❞rá➽❡❥í ❥❡❥✐❝❤ ♣♦tø❡❜②✳ ❩á❦❛③♥✐❝❦② ♦r✐❡♥t♦✈❛♥ý ♠♦❞❡❧ ③❛❧♦➽❡♥ý ♥❛
♣r✐♥❝✐♣✉ ❈✉st♦♠❡r ▲✐❢❡t✐♠❡ ❱❛❧✉❡ ✈ ❦♦♠❜✐♥❛❝✐ s ▼❛r❦♦✈s❦ý♠ ø❡tì③❝❡♠ ❥❡ ♥❛✈r❤♦✈á♥✱ ❛❜②
❜②❧♦ ♠♦➽♥é ♠ìø✐t ✈❧✐✈ ♠❛r❦❡t✐♥❣♦✈ý❝❤ ❦❛♠♣❛♥í ♥❛ s♣♦❦♦❥❡♥♦st ③á❦❛③♥í❦ù ❛ ❥❡❥✐❝❤ ❜✉❞♦✉❝í
❝❤♦✈á♥í✳ ❩♠ì♥❛ ✈❡ ✈♥í♠á♥í ③á❦❛③♥í❦❛ ❥❛❦♦➽t♦ ❛❦t✐✈❛ ♣♦❞♥✐❦✉ ❥❡ ③á❦❧❛❞♥í♠ ♣ø❡❞♣♦❦❧❛❞❡♠
♣r♦ ❞❧♦✉❤♦❞♦❜♦✉ ③✐s❦♦✈♦st ❛ rùst✳ ❑ ♥❡❥✈❤♦❞♥ì❥➵í♠✉ r♦③✈r❤♥✉tí ♠❛r❦❡t✐♥❣♦✈ý❝❤ ③❞r♦❥ù ❥❡
③❛♣♦tø❡❜í s❡ ③❛♠ìø✐t ♥❡❥❡♥ ♥❛ ♦♣t✐♠á❧♥í ✈ý❜ìr ♥ás❧❡❞✉❥í❝í ♠❛r❦❡t✐♥❣♦✈é ❦❛♠♣❛♥ì✱ ❛❧❡ ✈②❤♦✲
❞♥♦t✐t t❛❦é ✈❧✐✈ ❝❡❧é ♠❛r❦❡t✐♥❣♦✈é str❛t❡❣✐❡ s❡ ✈➵❡♠✐ ❥❡❥í♠✐ ❞ùs❧❡❞❦②✳ ❚❛❦♦✈ý ♣øíst✉♣ ❥❡ sr♦✲
✈♥❛t❡❧♥ý s❡ str❛t❡❣✐❝❦ý♠✐ ❤r❛♠✐ ❛ ♥❡❥❧é♣❡ ❥❡❥ ❧③❡ ♠♦❞❡❧♦✈❛t ♣♦♠♦❝í ▼❛r❦♦✈♦✈❛ r♦③❤♦❞♦✈❛❝í❤♦
♣r♦❝❡s✉✳ ◆❛✈r➽❡♥á ♠❡t♦❞❛✱ ❦t❡rá ♣♦❦rý✈á ❝❡❧ý ♠❛r❦❡t✐♥❣♦✈ý ♣r♦❝❡s ✈ r❡t❛✐❧♦✈é♠ ❜❛♥❦♦✈♥✐❝t✈í
♦❞ t✈♦r❜② ♠❛r❦❡t✐♥❣♦✈é ❦❛♠♣❛♥ì ❛➽ ♣♦ ♦♣t✐♠❛❧✐③❛❝✐ ✈ýst✉♣✉✱ ❥❡ ❤❧❛✈♥í♠ ♣øí♥♦s❡♠ tét♦ ♣rá❝❡✳
❙r♦✈♥á♥í stá✈❛❥í❝í ❛ ♦♣t✐♠á❧♥í ♠❛r❦❡t✐♥❣♦✈é str❛t❡❣✐❡ ✭s ♦❤❧❡❞❡♠ ♥❛ ❈▲❱✮ stø❡❞♥ì ✈❡❧❦é
❡✈r♦♣s❦é ❜❛♥❦② s ✈í❝❡ ♥❡➽ ✺ ♠✐❧✐♦♥② ③á❦❛③♥í❦② ❥❡ ✉✈❡❞❡♥♦ ③❛ úè❡❧❡♠ ♦✈ìø❡♥í ♥❛✈r❤♦✈❛♥é❤♦
♣øíst✉♣✉✳

❑❧íè♦✈á s❧♦✈❛

❈✉st♦♠❡r ▲✐❢❡t✐♠❡ ❱❛❧✉❡✱ ▼❛r❦♦✈s❦ý ø❡tì③❡❝✱ ▼❛r❦♦✈ù✈ r♦③❤♦❞♦✈❛❝í ♣r♦❝❡s✱ r❡t❛✐❧♦✈é
❜❛♥❦♦✈♥✐❝t✈í✱ ♠❛r❦❡t✐♥❣♦✈é ❦❛♠♣❛♥ì



❈♦♥t❡♥ts

✶ ■♥tr♦❞✉❝t✐♦♥ ✶

✷ ▲✐t❡r❛t✉r❡ r❡✈✐❡✇ ✸
✷✳✶ ❈▲❱ s✉r✈❡②s ❛♥❞ r❡s❡❛r❝❤❡s ♦♥ ❈▲❱ ✉t✐❧✐③❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸
✷✳✷ ❋r❛♠❡✇♦r❦s ❛♥❞ ♠♦❞❡❧s ✉s❡❞ ❢♦r ❈▲❱ ♠♦❞❡❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽
✷✳✸ ▼♦❞❡❧✐♥❣ ❈▲❱ ❛♥❞ ✐ts ✉s❛❣❡ ✐♥ ✈❛r✐♦✉s ✐♥❞✉str✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾
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✸✳✼ ❚❤❡ ❝❛♠♣❛✐❣♥ t❛r❣❡t✐♥❣ ♣r♦❝❡ss✱ ❙♦✉r❝❡✿ ✭❑❛ts♦✈✱ ✷✵✶✽✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✹✳✶ ▼❡t❤♦❞♦❧♦❣✐❡s ✉s❡❞ t♦ ♠♦❞❡❧ ❈▲❱ ✇✐t❤✐♥ t❤❡ ❜❛♥❦✐♥❣ ✐♥❞✉str②✱ ✉♥❞❡r❧②✐♥❣
r❡s❡❛r❝❤ ✭❊❦✐♥❝✐✱ ❯r❛②✱ ✫ Ü❧❡♥❣✐♥✱ ✷✵✶✷✮✱ ❙♦✉r❝❡✿ ❆✉t❤♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✹✳✷ ❆ ▼❛r❦♦✈ ❝❤❛✐♥ s♣❡❝✐❢②✐♥❣ ❛ ❝✉st♦♠❡r ♠✐❣r❛t✐♦♥ ❜❛s❡❞ ♠♦❞❡❧✱ ❙♦✉r❝❡✿ ❆✉t❤♦r ✹✽



✹✳✸ ❘❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❈▲❱ ✈❛❧✉❡✱ s❡❧❡❝t❡❞ t✐♠❡✲❢r❛♠❡ ❛♥❞ ❞✐s❝♦✉♥t r❛t❡✱ ✈✐s✉✲
❛❧✐③❡❞ ❢♦r ✹ ❞✐☛❡r❡♥t ❝✉st♦♠❡r st❛t❡s ✭♠✐❝r♦s❡❣♠❡♥ts✮✱ ❙♦✉r❝❡✿ ❆✉t❤♦r ✳ ✳ ✳ ✳ ✺✷

✹✳✹ ❊①❛♠♣❧❡ ♦❢ ♠♦❞❡❧✐♥❣ ❝✉st♦♠❡r ❞②♥❛♠✐❝s ✇✐t❤ ▼❛r❦♦✈ ❉❡❝✐s✐♦♥ Pr♦❝❡ss✱ ❙♦✉r❝❡✿
❆✉t❤♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✹✳✺ ❚❤❡ ❣r❛❞✉❛❧ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❜♦t❤ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ♣♦❧✐❝② t♦ ♦♣t✐♠❛❧
✈❡rs✐♦♥s✱ ❙♦✉r❝❡✿ ✭✈❛♥ ❖tt❡r❧♦ ✫ ❲✐❡r✐♥❣✱ ✷✵✶✷✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✺✳✶ ❈▲❱ ♦♣t✐♠✐③❛t✐♦♥ ♣✐♣❡❧✐♥❡✱ t❡❝❤♥♦❧♦❣② ❛♥❞ ❝♦♠♣♦♥❡♥t ♦✈❡r✈✐❡✇✱ ❙♦✉r❝❡✿ ❆✉t❤♦r ✻✶
✺✳✷ ❆ ❑✲♠❡❛♥s s✐♠✉❧❛t✐♦♥✱ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♥✉♠❜❡r ♦❢ ❝❧✉st❡rs ❛♥❞ ❲❙❙❊✱
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✺✳✸ ❊①❛♠♣❧❡ ♦❢ ❛ ▼❛r❦♦✈ ❈❤❛✐♥ ♠♦❞❡❧ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❙❛♥❦❡② ❞✐❛❣r❛♠✱ ❙♦✉r❝❡✿
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✺✳✹ ❚❤❡ ✐♠♣❛❝t ♦❢ ❛ ♣r❡❢❡rr❡❞ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥ t❛r❣❡t❡❞ ♦♥ t❤❡ s❡❧❡❝t❡❞ ❝✉s✲

t♦♠❡r ♠✐❝r♦s❡❣♠❡♥t✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♥❛t✉r❛❧ ❝✉st♦♠❡r ❜❡❤❛✈✐♦r✱ ❙♦✉r❝❡✿ ❆✉✲
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✻✳✶ ❇✉s✐♥❡ss ❙❡❣♠❡♥t ❞✐str✐❜✉t✐♦♥ ♦✈❡r ❝✉st♦♠❡r ❜❛s❡✱ ❙♦✉r❝❡✿ ❆✉t❤♦r ✳ ✳ ✳ ✳ ✳ ✳ ✼✺
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✻✳✹ ❊st✐♠❛t❡❞ ❈▲❱ ❞❡✈❡❧♦♣♠❡♥t ♦♥ s❡❧❡❝t❡❞ ♠✐❝r♦s❡❣♠❡♥ts✱ ❙♦✉r❝❡✿ ❆✉t❤♦r ✳ ✳ ✼✼
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▲✐st ♦❢ ❚❛❜❧❡s

✷✳✶ Pr♦❞✉❝t ◗✉❛❧✐t② ●❛♠❡ ✲ P❛②♦☛ ♠❛tr✐①✱ ❙♦✉r❝❡✿ ✭❘♦➽❡❦ ✫ ❑❛r❧íè❡❦✱ ✷✵✶✹✮ ✳ ✳ ✶✾
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✻✳✶ ▼❉P ♠♦❞❡❧ ♦✉t♣✉t ✲ ❡st✐♠❛t❡❞ ♠❛r❦❡t✐♥❣ str❛t❡❣② ♣❡r ♠✐❝r♦s❡❣♠❡♥ts ✳ ✳ ✳ ✳ ✼✾



❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥

▼❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s ❛r❡ ❣❡tt✐♥❣ ♠♦r❡ ❛♥❞ ♠♦r❡ ❝♦♠♣❧❡① ❛s ❝♦r♣♦r❛t✐♦♥s str✐✈❡ t♦ ❣❛✐♥

♥❡✇ ❝✉st♦♠❡rs ♦r t♦ ❦❡❡♣ ❡①✐st✐♥❣ ♦♥❡s✳ ❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ❝❛✉s❡❞ ♠❛✐♥❧② ❜② ♥❡✇ t❡❝❤✲

♥✐❝❛❧ ❝❛♣❛❜✐❧✐t✐❡s t❤❛t ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ ♦✈❡r t❤❡ ♣❛st ❞❡❝❛❞❡s✳ ❚❡❝❤♥♦❧♦❣✐❡s s✉❝❤ ❛s ❜✐❣ ❞❛t❛

♣r♦❝❡ss✐♥❣ ❛♥❞ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ♦☛❡r t❛✐❧♦r❡❞ r❡❛❧✲t✐♠❡ ❝✉st♦♠❡r ✐♥t❡r❛❝t✐♦♥ ❛♥❞ ❡①♣❡r✐❡♥❝❡✳

❘❡❝❡♥t r❡s❡❛r❝❤ ❝♦♥❞✉❝t❡❞ ❜② ✭❊❝♦♥s✉❧t❛♥❝②✱ ✷✵✶✹✮ ❛♥❞ ✭❊❛r♥✐① ✫ ▼❛r❦❡t❢♦r❝❡✱ ✷✵✶✼✮ ❤❛s

r❡✈❡❛❧❡❞ ❤♦✇ ✐♠♣♦rt❛♥t ❛♥❞ ❝✉rr❡♥t❧② r❡❧❡✈❛♥t t❤✐s t♦♣✐❝ ✐s✳

❈❛♠♣❛✐❣♥ ♠❛♥❛❣❡♠❡♥t ✐s ❛ ❞❡❝✐s✐♦♥✐♥❣ ♣r♦❝❡ss t❤❛t ❝❛♥ ❜❡ ❞r✐✈❡♥ ❜② ❞✐✈❡rs❡ ♠❡t✲

r✐❝s ❡✳❣✳ ❝✉st♦♠❡r s❛t✐s❢❛❝t✐♦♥✱ ❝✉st♦♠❡r ❧♦②❛❧t② ❛♥❞ ❝✉st♦♠❡r ❧✐❢❡t✐♠❡ ✈❛❧✉❡✳ ■t ❝❛♥ ❛❧s♦

❜❡ ♣r♦❞✉❝t ❞r✐✈❡♥✱ ✇❤❡r❡ ♣r♦❞✉❝t ♠❛♥❛❣❡rs ♦✈❡rs❡❡ ♦♣t✐♠❛❧ r❡s♦✉r❝❡ ❛❧❧♦❝❛t✐♦♥ ✭❑♦t❧❡r ✫

❑❡❧❧❡r✱ ✷✵✶✶✮✳ ▼♦r❡♦✈❡r✱ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ t❤r❡❡ ♠❛✐♥ ❝❛t❡❣♦r✐❡s ④

❛❝q✉✐s✐t✐♦♥✱ ❝r♦ss✲s❡❧❧✐♥❣ ❛♥❞ ✉♣✲s❡❧❧✐♥❣✱ ❛♥❞ ☞♥❛❧❧② r❡t❡♥t✐♦♥✳ ❚♦ s✉st❛✐♥ ♣r♦☞t❛❜❧❡ ❧♦♥❣✲t❡r♠

❣r♦✇t❤✱ t❤❡ ♠❛r❦❡t✐♥❣ str❛t❡❣② ♠✉st s✐♠✉❧t❛♥❡♦✉s❧② ♠❛♥❛❣❡ ❝✉st♦♠❡rs t❤r♦✉❣❤♦✉t t❤❡ ✇❤♦❧❡

❝✉st♦♠❡r ❧✐❢❡ ❝②❝❧❡✳ ✭❚r✐♣❧❡tt✱ ✷✵✶✷✮

▼❛t❤❡♠❛t✐❝❛❧ ❛♥❞ st❛t✐st✐❝❛❧ ♠❡t❤♦❞s ❛r❡ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ s❡❧❡❝t❡❞ ♠❡tr✐❝✬s ❝❤❛♥❣❡

♦✈❡r t✐♠❡✳ ▼♦❞❡❧s s✉❝❤ ❛s t❤❡ ❘❡❝❡♥❝②✲❢r❡q✉❡♥❝②✲♠♦♥❡t❛r② ✭❘❋▼✮✱ ▼❛r❦♦✈ ❈❤❛✐♥s✱ ❇❛②❡s✐❛♥

❛♣♣r♦❛❝❤❡s ✭P❛r❡t♦✴◆❡❣❛t✐✈❡ ❇✐♥♦♠✐❛❧ ❉✐str✐❜✉t✐♦♥✮ ❛♥❞ ❘❡❣r❡ss✐♦♥ ✇❡r❡ ❛♣♣❧✐❡❞ t❤r♦✉❣❤♦✉t

✈❛r✐♦✉s ✐♥❞✉str② s❡❝t♦rs✳ ✭❊❦✐♥❝✐✱ ❯❧❡♥❣✐♥✱ ✫ ❯r❛②✱ ✷✵✶✹✮

❚❤❡ ❛✐♠ ♦❢ t❤✐s ▼❛st❡r✬s t❤❡s✐s ✐s t♦ ❞❡✈❡❧♦♣ ❛♥❞ ✐♠♣❧❡♠❡♥t ❛♥ ❛❧❣♦r✐t❤♠ ♦♣t✐♠✐③✐♥❣

✶



♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s ✐♥ t❤❡ r❡t❛✐❧ ❜❛♥❦✐♥❣ ✐♥❞✉str②✳ ❑❡② ✐♥❞✉str② s♣❡❝✐☞❝s ❛r❡ ❧♦♥❣✲st❛♥❞✐♥❣

r❡❧❛t✐♦♥s❤✐♣s ✇✐t❤ ❝✉st♦♠❡rs ❛♥❞ ❞❡t❛✐❧❡❞ ❤✐st♦r✐❝ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❝✉st♦♠❡r ❜❡❤❛✈✐♦r✳ ❆s

✐♠♣❧✐❡❞ ❜② t❤❡ ♥❛♠❡ ❭r❡t❛✐❧ ❜❛♥❦✐♥❣✧ ❛ ❝✉st♦♠❡r ✐s r❡❣❛r❞❡❞ t♦ ❜❡ ❛ ♣❡rs♦♥ ✇❤♦ ❤❛s ❛♥ ❛❝t✐✈❡

r❡❧❛t✐♦♥s❤✐♣ ✇✐t❤ t❤❡ ❜❛♥❦ ✭❡✳❣✳ ♦♣❡♥ ❝❤❡❝❦✐♥❣ ❛❝❝♦✉♥t✱ ❝❛s❤ ❧♦❛♥✱ ✐♥s✉r❛♥❝❡✮✳ ❈♦♠♣❛♥✐❡s

❛r❡ t❤❡r❡❢♦r❡ ❡①❝❧✉❞❡❞ ❢r♦♠ t❤✐s st✉❞②✳ ❋✐rst❧②✱ t❤❡ ❦❡② ❞r✐✈❡rs ♦❢ ❝✉st♦♠❡r r❡❧❛t✐♦♥s❤✐♣s ❛♥❞

t❤❡✐r ❞②♥❛♠✐❝s ♠✉st ❜❡ ✐❞❡♥t✐☞❡❞✱ ❛♥❞ s❡❝♦♥❞❧② t❤❡ ❛♣♣r♦♣r✐❛t❡ ♠♦❞❡❧✐♥❣ t❡❝❤♥✐q✉❡s ✇❤✐❝❤

❛r❡ ❛❜❧❡ t♦ ❧❡❛r♥ ❢r♦♠ t❤❡ r✐❝❤ ❞❛t❛ ❜❛❝❦❣r♦✉♥❞ ❛r❡ s❡❧❡❝t❡❞ t♦ ♣r♦✈✐❞❡ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳

❚❤❡ t❤❡s✐s ✐s ❞✐✈✐❞❡❞ ✐♥t♦ ❝❤❛♣t❡rs✱ str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✳ ❈❤❛♣t❡r ✷ ✭▲✐t❡r❛t✉r❡ r❡✲

✈✐❡✇✮ ❣✐✈❡s ❛ ❣❡♥❡r❛❧ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❝✉rr❡♥t ♠❛r❦❡t✐♥❣ ❛♣♣r♦❛❝❤❡s ❛♥❞ ✉s❡❞ ♦♣t✐♠✐③❛t✐♦♥

t❡❝❤♥✐q✉❡s ❛❝r♦ss ✐♥❞✉str✐❡s✳ ❈❤❛♣t❡rs ✸ ✫ ✹ ❞❡s❝r✐❜❡ ✐♥ ❞❡t❛✐❧ t❤❡ ❝✉st♦♠❡r ♠❡tr✐❝s ❛♥❞

♣r❡❞✐❝t✐✈❡ ♠♦❞❡❧✐♥❣ ✐♥ t❤❡ r❡t❛✐❧ ❜❛♥❦✐♥❣✳ ❈❤❛♣t❡r ✺ ❝♦♥t❛✐♥s ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ r❡s❡❛r❝❤

♠❡t❤♦❞ ❞❡✈❡❧♦♣♠❡♥t ❛♥❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❚❤❡ ♠♦❞❡❧ ❝♦♠♣❛r✐s♦♥ ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ❛r❡ ♠❡♥✲

t✐♦♥❡❞ ✐♥ ❝❤❛♣t❡r ✻✳ ❆❧❧ ☞♥❞✐♥❣s ❛r❡ s✉♠♠❡❞ ✉♣ ❛♥❞ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ☞♥❛❧ ❝❤❛♣t❡r ✼✳ ❆❧❧

❝❤❛♣t❡rs s❤♦✉❧❞ ❜❡ r❡❛❞ s❡q✉❡♥t✐❛❧❧② s✐♥❝❡ t❤❡② ❛r❡ ❝❤r♦♥♦❧♦❣✐❝❛❧❧② ♦r❞❡r❡❞ ✇✐t❤ r❡s♣❡❝t t♦

t❤❡ ❛✐♠ ♦❢ t❤❡ t❤❡s✐s✳

✷



❈❤❛♣t❡r ✷

▲✐t❡r❛t✉r❡ r❡✈✐❡✇

❚❤❡ ❛✐♠ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ❡✈❛❧✉❛t❡ ♣r❡✈✐♦✉s r❡s❡❛r❝❤ ♦♥ t❤❡ t♦♣✐❝ ♦❢ ♠❛r❦❡t✐♥❣ ❝❛♠✲

♣❛✐❣♥s ♦♣t✐♠✐③❛t✐♦♥✳ ❚❡❝❤♥♦❧♦❣✐❡s ❛♥❞ ♠❡t❤♦❞♦❧♦❣✐❡s ✉s❡❞ ❛❝r♦ss ❞✐✈❡rs❡ ✐♥❞✉str✐❡s ♣r♦✈✐❞❡

❛ s♦❧✐❞ ❜❛❝❦❣r♦✉♥❞ ❢♦r ❢✉rt❤❡r s♣❡❝✐❛❧✐③❛t✐♦♥ ❛t r❡t❛✐❧ ❜❛♥❦✐♥❣✳

✷✳✶ ❈▲❱ s✉r✈❡②s ❛♥❞ r❡s❡❛r❝❤❡s ♦♥ ❈▲❱ ✉t✐❧✐③❛t✐♦♥

❈♦♠♣❛♥✐❡s ❊❝♦♥s✉❧t❛♥❝② ❛♥❞ ❙✐t❡❝♦r❡ ❝♦♥❞✉❝t❡❞ ❛ r❡s❡❛r❝❤ ✭❊❝♦♥s✉❧t❛♥❝②✱ ✷✵✶✹✮ ♦♥

❈✉st♦♠❡r ▲✐❢❡t✐♠❡ ❱❛❧✉❡ ✭❈▲❱✮✶ ✇✐t❤ t❤❡ ❝♦♥t❡①t ♦❢ ❧♦②❛❧t② ❛♥❞ r❡✈❡♥✉❡✳ ■♥ t❤❡✐r r❡s❡❛r❝❤

t❤❡r❡ ✇❡r❡ ❛❧♠♦st ✾✵✵ r❡s♣♦♥❞❡♥ts ❢r♦♠ ✈❛r✐♦✉s ❜✉s✐♥❡ss s❡❝t♦rs✳ ❚❤❡ ✹ ❜✉s✐♥❡ss s❡❝t♦rs

r❡♣r❡s❡♥t❡❞ ❜② ♠♦st ♦❢ r❡s♣♦♥❞❡♥ts ✇❡r❡✿ ❘❡t❛✐❧ ✭✷✷✪✮✱ ❚❡❝❤♥♦❧♦❣②✱ ▼❡❞✐❛ ❛♥❞ ❚❡❧❡❝♦♠s

✭✶✾✪✮✱ ❋✐♥❛♥❝✐❛❧ ❙❡r✈✐❝❡s ✭✶✷✪✮ ❛♥❞ ❚r❛✈❡❧ ❛♥❞ ▲❡✐s✉r❡ ✭✼✪✮✳ ❚❤❡ r❡s❡❛r❝❤ ✐s ♠❡♥t✐♦♥❡❞

❤❡r❡ t♦ ❞❡♠♦♥str❛t❡ ❤♦✇ ♥♦♥✲t❡❝❤♥✐❝❛❧❧② ♦r✐❡♥t❡❞ r❡s♣♦♥❞❡♥ts ♣❡r❝❡✐✈❡ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢

s✐♥❣❧❡ ❝✉st♦♠❡r ✈✐❡✇✱ ❝✉st♦♠❡r ❡①♣❡r✐❡♥❝❡ ❛♥❞ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ♦♥❧✐♥❡ ❛♥❞ ♦✎✐♥❡ ❝❤❛♥♥❡❧s

✇❤✐❝❤ ✐s ❛❧❧ ❞r✐✈❡♥ ❜② t❡❝❤♥♦❧♦❣② ✐♥t❡❣r❛t✐♦♥✳ ▼❛❥♦r ☞♥❞✐♥❣s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

☞❣✉r❡s✳

✶❈✉st♦♠❡r ▲✐❢❡t✐♠❡ ❱❛❧✉❡ ✐s ❞❡☞♥❡❞ ✐♥ t❤❡ ❝❤❛♣t❡r ✸✳✷✳

✸



❋✐❣✉r❡ ✷✳✶✿ ❈▲❱✲r❡❧❛t❡❞ st❛t❡♠❡♥ts✱ ❙♦✉r❝❡✿ ✭❊❝♦♥s✉❧t❛♥❝②✱ ✷✵✶✹✮

❋✐❣✉r❡ ✷✳✶ s❤♦✇s ✇❤❛t ♣r♦♣♦rt✐♦♥ ♦❢ r❡s♣♦♥❞❡♥ts ❡✐t❤❡r ❛❣r❡❡❞ ♦r str♦♥❣❧② ❛❣r❡❡❞ ✇✐t❤

❣✐✈❡♥ r❡s❡❛r❝❤ st❛t❡♠❡♥ts✳ ❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ❢❛❝t ❢r♦♠ t❤❡ ❝✉st♦♠❡r ❧✐❢❡t✐♠❡ ✈❛❧✉❡ ♣♦✐♥t

♦❢ ✈✐❡✇ ✐s t❤❛t ✼✻✪ ♦❢ r❡s♣♦♥❞❡♥ts ❛❣r❡❡ t❤❛t ❈▲❱ ✐s ❛♥ ✐♠♣♦rt❛♥t ❝♦♥❝❡♣t ❢♦r t❤❡✐r ♦r✲

❣❛♥✐③❛t✐♦♥ ❜✉t ♦♥❧② ✹✷✪ ❝❧❛✐♠ t❤❡✐r ❛❜✐❧✐t② t♦ ♠❡❛s✉r❡ ✐t✳ ❇❛s❡❞ ♦♥ t❤❡ r❡s❡❛r❝❤ r❡s✉❧ts✱

r❡s♣♦♥❞❡♥ts ❞✐r❡❝t❧② ❧✐♥❦ ❝✉st♦♠❡r ❡①♣❡r✐❡♥❝❡ ❛♥❞ ❜r❛♥❞ ❧♦②❛❧t② ✭✽✾✪✮✳ ❆s ❝✉st♦♠❡r ❧♦②❛❧t②

✭❝❧✐❡♥t ❛ttr✐t✐♦♥✮ ✐s ♦♥❡ ♦❢ t❤❡ ❦❡② ♣✐❧❧❛rs ♦❢ t❤❡ ❈▲❱ ✭●✉♣t❛ ❡t ❛❧✳✱ ✷✵✵✻✮✱ ♦♥❡ ❝❛♥ ❛ss✉♠❡

t❤❛t ❝✉st♦♠❡r ❡①♣❡r✐❡♥❝❡ ❛♥❞ ❈▲❱ ❛r❡ ❛❧s♦ str♦♥❣❧② ❞❡♣❡♥❞❡♥t✳

❈✉rr❡♥t ❦❡② ❛r❡❛s ♦❢ ❈▲❱ ❛s ♦❢ ✷✵✶✹ ❛♥❞ t❤❡ ♠♦st ❧✐❦❡❧② ❢✉t✉r❡ ♦♥❡s ❛r❡ s❤♦✇♥ ✐♥ ☞❣✉r❡s

❜❡❧❧♦✇ r❡s♣❡❝t✐✈❡❧②✳

✹



❋✐❣✉r❡ ✷✳✷✿ ❋♦✉r ♠♦st ❡☛❡❝t✐✈❡ t♦♦❧s ❢♦r ❡♥❤❛♥❝✐♥❣ ❈▲❱ t♦❞❛②✱ ❙♦✉r❝❡✿ ✭❊❝♦♥s✉❧t❛♥❝②✱ ✷✵✶✹✮

❋✐❣✉r❡ ✷✳✸✿ ❋♦✉r ❛r❡❛s ♠♦st ❧✐❦❡❧② t♦ ✐♥❝r❡❛s❡ ❈▲❱ ✐♥ t❤❡ ❢✉t✉r❡✱ ❙♦✉r❝❡✿ ✭❊❝♦♥s✉❧t❛♥❝②✱

✷✵✶✹✮

❇♦t❤ ❝❤❛rts ✐♥ ☞❣✉r❡s ✷✳✷ ❛♥❞ ✷✳✸ ♣♦✐♥t ♦✉t ❙✐♥❣❧❡ ❈✉st♦♠❡r ❱❛❧✉❡ ✭❙❈❱✮ ❛s ❛♥ ❡☛❡❝✲

t✐✈❡ t♦♦❧s ❢♦r ❡♥❤❛♥❝✐♥❣ ❈▲❱✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ❛✇❛✐t❡❞ ❛r❡❛s ✐♥ t❤❡ ☞❣✉r❡ ✷✳✸ ❢♦❝✉s ♦♥ ❜❡tt❡r

❧❡✈❡r❛❣✐♥❣ ❞❛t❛ ✭❡✳❣✳ ✐♠♣r♦✈❡❞ ❝✉st♦♠❡r ❡①♣❡r✐❡♥❝❡ ❛♥❞ ✐♥❝r❡❛s❡❞ ♣❡rs♦♥❛❧✐③❛t✐♦♥✮ ✇❤❡r❡❛s

t❤❡ ❝✉rr❡♥t ❝❤❛rt ❡♠♣❤❛s✐③❡s t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❡♠♣❧♦②❡❡s ❛❞❞❡❞ ✈❛❧✉❡ ✭❡✳❣✳ ❞❡❞✐❝❛t❡❞ r❡✲

t❡♥t✐♦♥ t❡❛♠ ❛♥❞ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ♦♥❧✐♥❡ ❛♥❞ ♦✎✐♥❡ ❝❤❛♥♥❡❧s✮✳ ❖✈❡r❛❧❧✱ t❤❡r❡ ✐s ❛ ✈✐s✐❜❧❡

tr❡♥❞ ♦❢ ❞✐❣✐t❛❧✐③❛t✐♦♥ ❛♠♦♥❣ t❤❡s❡ ❝❤❛rts✳

✺



❆❝❝♦r❞✐♥❣ t♦ ✭❊❝♦♥s✉❧t❛♥❝②✱ ✷✵✶✹✮ t❤❡ ❈▲❱ ♦♣♣♦rt✉♥✐t✐❡s ✐♥ t❤❡ ☞♥❛♥❝✐❛❧ s❡r✈✐❝❡s ✐♥✲

❞✉str② ❛r❡ ☞rst❧② ❜✉✐❧❞✐♥❣ tr✉st✇♦rt❤② r❡❧❛t✐♦♥s❤✐♣s✱ s❡❝♦♥❞❧② ❛❞❞✐♥❣ ☞♥❛♥❝✐❛❧ ❝❡rt❛✐♥t✐❡s t♦

❝✉st♦♠❡rs✬ ❧✐✈❡s✳ ❚❤❡s❡ ❛r❡ ❡ss❡♥t✐❛❧ ❛ss✉♠♣t✐♦♥s t♦ ♣r❡✈❡♥t ❝✉st♦♠❡rs✬ s✇✐t❝❤✐♥❣ t♦ ❝♦♠✲

♣❡t✐t♦rs✳ ❚♦ ❡♥❤❛♥❝❡ ❈▲❱ t❤❡ r❡s❡❛r❝❤❡rs s✉❣❣❡st ✐♥❝r❡❛s✐♥❣ t❤❡ ❝✉st♦♠❡r ✐♥t❡r❛❝t✐♦♥ r❛t❡

❛s ✐♥ ☞♥❛♥❝✐❛❧ s❡r✈✐❝❡s ❛r❡ ✉s✉❛❧ ❛♥♥✉❛❧ ♦r ❡✈❡♥ ❧❡ss ❢r❡q✉❡♥t ♣✉r❝❤❛s❡s✳

❆♥♦t❤❡r st✉❞② ❢♦❝✉s✐♥❣ ♦♥ ❤✉♠❛♥ ❜❡❤❛✈✐♦r ❛♥❞ t❤❡ ✐♠♣❛❝t ♦❢ ♥❛t✐♦♥❛❧ ❝✉❧t✉r❡ ❛♥❞ t❤❡

❡❝♦♥♦♠✐❝ ❞✐♠❡♥s✐♦♥s ♦❢ ❛ ❝♦✉♥tr② ♦♥ ❈▲❱ ✇❛s ♣❡r❢♦r♠❡❞ ❜② ✭❑✉♠❛r ✫ P❛♥s❛r✐✱ ✷✵✶✻✮✳ ❆s

t❤❡ st✉❞② ✇❛s r❡str✐❝t❡❞ t♦ ✸✵ ❝♦✉♥tr✐❡s ❛♥❞ ♦♥❡ r❡t❛✐❧❡r ♦♥❧②✱ t❤❡ s❝♦♣❡ ✐s ❧✐♠✐t❡❞✳ ❉❛t❛ ✉s❡❞

t♦ tr❛✐♥ ❛ ❝❤♦✐❝❡ ♠♦❞❡❧ ✭♣r♦❜✐t✮ ❝♦♥s✐st❡❞ ♦❢ tr❛♥s❛❝t✐♦♥❛❧ ❞❛t❛✱ ❝✉❧t✉r❛❧ ❞❛t❛ ❛♥❞ ❛ ♠❛❝r♦❡✲

❝♦♥♦♠✐❝ ✈❛r✐❛❜❧❡ ✭●❉P ♣❡r ❝❛♣✐t❛✮✳ ❈✉❧t✉r❛❧ ❞❛t❛✱ ❣❛t❤❡r❡❞ ❢r♦♠ ❍♦❢st❡❞❡✬s r❡s❡❛r❝❤✷✱

✐♥❝❧✉❞❡❞ ✺ ❝✉❧t✉r❛❧ ❞✐♠❡♥s✐♦♥s✱ ♥❛♠❡❧② ■♥❞✐✈✐❞✉❛❧✐s♠✱ ❯♥❝❡rt❛✐♥t② ❆✈♦✐❞❛♥❝❡✱ ▲♦♥❣✲❚❡r♠

❖r✐❡♥t❛t✐♦♥✱ ▼❛s❝✉❧✐♥✐t② ❛♥❞ ■♥❞✉❧❣❡♥❝❡✳

❙✉♠♠❛r② ♦❢ s✉♣♣♦rt❡❞ ❤②♣♦t❤❡s✐s ✭❑✉♠❛r ✫ P❛♥s❛r✐✱ ✷✵✶✻✮✿

✭✐✮ ■♥❞✐✈✐❞✉❛❧✐s♠✿ ❚❤❡ ❤✐❣❤❡r t❤❡ ✐♥❞✐✈✐❞✉❛❧✐s♠ ✐♥ ❛ ❝♦✉♥tr②✱ t❤❡ ❣r❡❛t❡r ✐s t❤❡ ♣♦s✐t✐✈❡

✐♠♣❛❝t ♦♥ ♠✉❧t✐❝❤❛♥♥❡❧ ❜✉②✐♥❣ ♦♥ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♠❛r❣✐♥✳ ❚❤❡ ❧♦✇❡r t❤❡ ✐♥❞✐✈✐❞✉❛❧✐s♠

✐♥ ❛ ❝♦✉♥tr②✱ t❤❡ ❣r❡❛t❡r ✐s t❤❡ ♣♦s✐t✐✈❡ ✐♠♣❛❝t ♦❢ ❝r♦ss✲❜✉②✐♥❣ ♦♥ ❝♦♥tr✐❜✉t✐♦♥ ♠❛r❣✐♥✳

❚❤❡ ❧♦✇❡r t❤❡ ✐♥❞✐✈✐❞✉❛❧✐s♠ ✐♥ ❛ ❝♦✉♥tr②✱ t❤❡ ❣r❡❛t❡r ✐s t❤❡ ♣♦s✐t✐✈❡ ✐♠♣❛❝t ♦❢ ♦✇♥✐♥❣

❛ ❧♦②❛❧t② ❝❛r❞ ♦♥ ❝♦♥tr✐❜✉t✐♦♥ ♠❛r❣✐♥✳ ❚❤❡ ❤✐❣❤❡r t❤❡ ✐♥❞✐✈✐❞✉❛❧✐s♠ ✐♥ ❛ ❝♦✉♥tr②✱ t❤❡

❣r❡❛t❡r ✐s ✐♠♣❛❝t ♦❢ t❤❡ ✐♥✈❡rs❡ ❯✲s❤❛♣❡❞ r❡❧❛t✐♦♥s❤✐♣ ♦❢ r❡t✉r♥s ♦♥ ❝♦♥tr✐❜✉t✐♦♥ ♠❛r❣✐♥✳

✭✐✐✮ ❯♥❝❡rt❛✐♥t② ❆✈♦✐❞❛♥❝❡✿ ❚❤❡ ❧♦✇❡r t❤❡ ✉♥❝❡rt❛✐♥t② ❛✈♦✐❞❛♥❝❡ ✐♥ ❛ ❝♦✉♥tr②✱ t❤❡

❣r❡❛t❡r ✐s t❤❡ ♣♦s✐t✐✈❡ ✐♠♣❛❝t ♦❢ ♠✉❧t✐❝❤❛♥♥❡❧ ❜✉②✐♥❣ ♦♥ ❝♦♥tr✐❜✉t✐♦♥ ♠❛r❣✐♥✳ ❚❤❡

❤✐❣❤❡r t❤❡ ✉♥❝❡rt❛✐♥t② ❛✈♦✐❞❛♥❝❡ ✐♥ ❛ ❝♦✉♥tr②✱ t❤❡ ❣r❡❛t❡r ✐s ♣♦s✐t✐✈❡ ✐♠♣❛❝t ♦❢ ❝r♦ss✲

❜✉②✐♥❣ ♦♥ ❝♦♥tr✐❜✉t✐♦♥ ♠❛r❣✐♥✳ ❚❤❡ ❤✐❣❤❡r t❤❡ ✉♥❝❡rt❛✐♥t② ❛✈♦✐❞❛♥❝❡ ✐♥ ❛ ❝♦✉♥tr②✱ t❤❡

❣r❡❛t❡r ✐s t❤❡ ♣♦s✐t✐✈❡ ✐♠♣❛❝t ♦❢ ♦✇♥✐♥❣ ❛ ❧♦②❛❧t② ❝❛r❞ ♦♥ ❝♦♥tr✐❜✉t✐♦♥ ♠❛r❣✐♥✳ ❚❤❡

❧♦✇❡r t❤❡ ✉♥❝❡rt❛✐♥t② ❛✈♦✐❞❛♥❝❡ ✐♥ ❛ ❝♦✉♥tr②✱ t❤❡ ❣r❡❛t❡r ✐s t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ✐♥✈❡rs❡

✷▼♦r❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❍♦❢st❡❞❡✬s r❡s❡❛r❝❤ ❛♥❞ t❤❡ ❞❛t❛ ✐ts❡❧❢ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠

❤tt♣s✿✴✴✇✇✇✳❤♦❢st❡❞❡✲✐♥s✐❣❤ts✳❝♦♠✴❝♦✉♥tr②✲❝♦♠♣❛r✐s♦♥✴
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❯✲s❤❛♣❡❞ r❡❧❛t✐♦♥s❤✐♣ ♦❢ r❡t✉r♥s ♦♥ ❝♦♥tr✐❜✉t✐♦♥ ♠❛r❣✐♥✳

✭✐✐✐✮ ▲♦♥❣✲❚❡r♠ ❖r✐❡♥t❛t✐♦♥✿ ❚❤❡ ❤✐❣❤❡r t❤❡ ❧♦♥❣✲t❡r♠ ♦r✐❡♥t❛t✐♦♥ ✐♥ ❛ ❝♦✉♥tr②✱ t❤❡ ❧♦✇❡r

✐s t❤❡ ♣♦s✐t✐✈❡ ❡☛❡❝t ♦❢ ♠✉❧t✐❝❤❛♥♥❡❧ ❜✉②✐♥❣ ♦♥ ❝♦♥tr✐❜✉t✐♦♥ ♠❛r❣✐♥✳ ❚❤❡ ❤✐❣❤❡r t❤❡

❧♦♥❣✲t❡r♠ ♦r✐❡♥t❛t✐♦♥ ✐♥ ❛ ❝♦✉♥tr②✱ t❤❡ ❣r❡❛t❡r ✐s t❤❡ ♣♦s✐t✐✈❡ ✐♠♣❛❝t ♦❢ ❝r♦ss✲❜✉②✐♥❣ ♦♥

❝♦♥tr✐❜✉t✐♦♥ ♠❛r❣✐♥✳ ❚❤❡ ❤✐❣❤❡r t❤❡ ❧♦♥❣✲t❡r♠ ♦r✐❡♥t❛t✐♦♥ ✐♥ ❛ ❝♦✉♥tr②✱ t❤❡ ❣r❡❛t❡r ✐s

t❤❡ ♣♦s✐t✐✈❡ ✐♠♣❛❝t ♦❢ ♦✇♥✐♥❣ ❛ ❧♦②❛❧t② ❝❛r❞ ♦♥ ❝♦♥tr✐❜✉t✐♦♥ ♠❛r❣✐♥✳

✭✐✈✮ ▼❛s❝✉❧✐♥✐t②✿ ❚❤❡ ❧♦✇❡r t❤❡ ♠❛s❝✉❧✐♥✐t② ✐♥ ❛ ❝♦✉♥tr②✱ t❤❡ ❣r❡❛t❡r ✐s t❤❡ ♣♦s✐t✐✈❡ ✐♠♣❛❝t

♦❢ ❝r♦ss✲❜✉②✐♥❣ ♦♥ ❝♦♥tr✐❜✉t✐♦♥ ♠❛r❣✐♥✳

✭✈✮ ■♥❞✉❧❣❡♥❝❡✿ ❚❤❡ ❤✐❣❤❡r t❤❡ ✐♥❞✉❧❣❡♥❝❡ ✐♥ ❛ ❝♦✉♥tr②✱ t❤❡ ❧♦✇❡r ✐s t❤❡ ♣♦s✐t✐✈❡ ❡☛❡❝t ♦❢

♠✉❧t✐❝❤❛♥♥❡❧ ❜✉②✐♥❣ ♦♥ ❝♦♥tr✐❜✉t✐♦♥ ♠❛r❣✐♥✳ ❚❤❡ ❤✐❣❤❡r t❤❡ ✐♥❞✉❧❣❡♥❝❡ ✐♥ ❛ ❝♦✉♥tr②✱

t❤❡ ❣r❡❛t❡r ✐s t❤❡ ♣♦s✐t✐✈❡ ✐♠♣❛❝t ♦❢ ❝r♦ss✲❜✉②✐♥❣ ♦♥ ❝♦♥tr✐❜✉t✐♦♥ ♠❛r❣✐♥✳ ❚❤❡ ❧♦✇❡r

t❤❡ ✐♥❞✉❧❣❡♥❝❡ ✐♥ ❛ ❝♦✉♥tr②✱ t❤❡ ❣r❡❛t❡r ✐s t❤❡ ♣♦s✐t✐✈❡ ✐♠♣❛❝t ♦❢ ♦✇♥✐♥❣ ❛ ❧♦②❛❧t② ❝❛r❞

♦♥ ❝♦♥tr✐❜✉t✐♦♥ ♠❛r❣✐♥✳

✭✈✐✮ ❊❝♦♥♦♠✐❝ ❋❛❝t♦rs✿ ❚❤❡ ❤✐❣❤❡r t❤❡ ❝♦✉♥tr②✬s ●❉P ♣❡r ❝❛♣✐t❛✱ t❤❡ ❤✐❣❤❡r ✐s t❤❡ ❝♦♥✲

tr✐❜✉t✐♦♥ ♠❛r❣✐♥✳

❚❤❡ st✉❞② ♣r♦♦❢❡❞ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❜♦t❤ t❤❡ ❝✉❧t✉r❛❧ ❛♥❞ t❤❡ ❡❝♦♥♦♠✐❝ ❞✐♠❡♥s✐♦♥s ♦❢

❛ ❝♦✉♥tr② ❢♦r ♠❛①✐♠✐③✐♥❣ ☞r♠ ♣r♦☞ts✳ ❚❤❡ ♠♦❞❡❧ r❡s✉❧ts ✐♥❞✐❝❛t❡❞ t❤❛t ❝✉❧t✉r❛❧ ❞✐♠❡♥s✐♦♥s

❛☛❡❝t t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❈▲❱ ❛♥❞ ♣✉r❝❤❛s❡ ❢r❡q✉❡♥❝② ♦r ❝♦♥tr✐❜✉t✐♦♥ ♠❛r❣✐♥ ❛♥❞ t❤❛t

t❤❡ ❝♦✉♥tr②✬s ❡❝♦♥♦♠② ❤❛s ❛ ❞✐r❡❝t ✐♠♣❛❝t ♦♥ ❜♦t❤ ♣✉r❝❤❛s❡ ❢r❡q✉❡♥❝② ❛♥❞ ❝♦♥tr✐❜✉t✐♦♥

♠❛r❣✐♥✳ ✭❑✉♠❛r ✫ P❛♥s❛r✐✱ ✷✵✶✻✮

❇❛s❡❞ ♦♥ t❤❡s❡ r❡s✉❧ts✱ ♠♦❞❡❧✐♥❣ ❈▲❱ ✐♥ ❛ ❧♦❝❛❧ ❝♦♥t❡①t ♠✐❣❤t ❜❡ ❛❜str❛❝t❡❞ ❢r♦♠

❝✉❧t✉r❛❧ ❞✐✈❡rs✐t✐❡s ❛s t❤❡ ♥❛t✐♦♥ ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ❤♦♠♦❣❡♥❡♦✉s✳ ❍♦✇❡✈❡r✱ ❈▲❱ ♣r♦❥❡❝t✐♦♥

♦❢ ✇♦r❧❞✇✐❞❡ s❝♦♣❡ s❤♦✉❧❞ ❝♦♥s✐❞❡r ❝✉❧t✉r❛❧ ❞✐☛❡r❡♥❝❡s ❛s ♦♥❡ ♦❢ ✐♠♣♦rt❛♥t ❝❤❛r❛❝t❡r✐st✐❝s

❜❡s✐❞❡s t❤❡ tr❛♥s❛❝t✐♦♥ ❞❛t❛ ❛♥❞ t❤❡ ♠❛❝r♦❡❝♦♥♦♠✐❝ s✐t✉❛t✐♦♥✳
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✷✳✷ ❋r❛♠❡✇♦r❦s ❛♥❞ ♠♦❞❡❧s ✉s❡❞ ❢♦r ❈▲❱ ♠♦❞❡❧✐♥❣

✭●✉♣t❛ ❡t ❛❧✳✱ ✷✵✵✻✮ ♣r♦♣♦s❡ s✐♠♣❧✐☞❡❞ ❈♦♥❝❡♣t✉❛❧ ❋r❛♠❡✇♦r❦ ❢♦r ▼♦❞❡❧✐♥❣ ❈▲❱ ✭☞❣✉r❡

✷✳✹✮ r❡❣❛r❞❧❡ss ♦❢ t❤❡ ✐♥❞✉str② s♣❡❝✐☞❝s✳ ❆✉t❤♦rs ❞✐r❡❝t❧② ❧✐♥❦ ♠❛r❦❡t✐♥❣ ♣r♦❣r❛♠s ✇✐t❤

❈▲❱✱ ❈✉st♦♠❡r ❊q✉✐t② ✭❈❊✮✸ ❛♥❞ t❤❡ ☞r♠ ✈❛❧✉❡✳ ❚❤❡ ❈▲❱ ❛♣♣r♦❛❝❤ ❤❛s s❡✈❡r❛❧ ❛❞✈❛♥t❛❣❡s

❝♦♠♣❛r❡❞ t♦ tr❛❞✐t✐♦♥❛❧ ♠❛r❦❡t✐♥❣ ♠❡tr✐❝s s✉❝❤ ❛s ❜r❛♥❞ ❛✇❛r❡♥❡ss✱ ❝✉st♦♠❡r ❛tt✐t✉❞❡s✱

♦r ❡✈❡♥ s❛❧❡s ✈♦❧✉♠❡s ❛♥❞ ♠❛r❦❡t s❤❛r❡✳ ❙❤♦rt✲t❡r♠ ♦r✐❡♥t❡❞ ♠❛r❦❡t✐♥❣ ❛❝t✐♦♥s ❛✐♠❡❞ ❛t

tr❛❞✐t✐♦♥❛❧ ♠❡tr✐❝s ♠❛② ❤❛✈❡ ♥❡❣❛t✐✈❡ ✐♠♣❛❝t ✐♥ ❧♦♥❣✲r✉♥ ♦♥ t❤❡ ☞r♠✬s ♣r♦☞t❛❜✐❧✐t② ❛♥❞

✈❛❧✉❡✳ ❆❞❞✐t✐♦♥❛❧❧②✱ r❡s❡❛r❝❤❡s ✭●✉♣t❛ ❡t ❛❧✳✱ ✷✵✵✻✮ ❝❧❛✐♠ t❤❛t ❜❛s❡❞ ♦♥ ♦t❤❡r ❡♠♣✐r✐❝❛❧

st✉❞✐❡s ❈❊✹ ❛☛❡❝ts t❤❡ st♦❝❦ ♣r✐❝❡✳

❋✐❣✉r❡ ✷✳✹✿ ❈♦♥❝❡♣t✉❛❧ ❋r❛♠❡✇♦r❦ ❢♦r ▼♦❞❡❧✐♥❣ ❈✉st♦♠❡r ▲✐❢❡t✐♠❡ ❱❛❧✉❡✱ ❙♦✉r❝❡✿ ✭●✉♣t❛

❡t ❛❧✳✱ ✷✵✵✻✮

❖✈❡r✈✐❡✇ ♦❢ t❤❡ ♠♦st ✉s❡❞ t❡❝❤♥✐q✉❡s t♦ ♣r❡❞✐❝t ❈▲❱

❆❝❝♦r❞✐♥❣ t♦ ✭●✉♣t❛ ❡t ❛❧✳✱ ✷✵✵✻✮✱ s✐① ♠♦❞❡❧✐♥❣ ❛♣♣r♦❛❝❤❡s t②♣✐❝❛❧❧② ✉s❡❞ ❜② r❡s❡❛r❝❤❡s

❡①✐st✿ ❘❋▼ ♠♦❞❡❧s✱ ♣r♦❜❛❜✐❧✐t② ♠♦❞❡❧s✱ ❡❝♦♥♦♠❡tr✐❝ ♠♦❞❡❧s✱ ♣❡rs✐st❡♥❝❡ ♠♦❞❡❧s✱ ❝♦♠♣✉t❡r

s❝✐❡♥❝❡ ♠♦❞❡❧s ❛♥❞ ❞✐☛✉s✐♦♥✴❣r♦✇t❤ ♠♦❞❡❧s✳ ❚❤❡s❡ ❛♣♣r♦❛❝❤❡s ✇✐❧❧ ❜❡ ❢✉rt❤❡r ❞❡s❝r✐❜❡❞ ✐♥

✸❈✉st♦♠❡r ❊q✉✐t② ✐s ❞❡☞♥❡❞ t❤❡ ❝❤❛♣t❡r ✸✳✷✳
✹✭●✉♣t❛ ❡t ❛❧✳✱ ✷✵✵✻✮ ❞❡☞♥❡ ❈❊ ❛s ❈▲❱ ♦❢ ❝✉rr❡♥t ❛♥❞ ❢✉t✉r❡ ❝✉st♦♠❡rs✳

✽



❞❡t❛✐❧✳

✭✐✮ ❘❡❝❡♥❝②✲❢r❡q✉❡♥❝②✲♠♦♥❡t❛r② ✭❘❋▼✮ ▼♦❞❡❧s

❘❋▼ ♠♦❞❡❧s ❝❛♥ ❜❡ ❝❧❛ss✐☞❡❞ ❛s s✐♠♣❧❡ ❜❡❤❛✈✐♦r ♠♦❞❡❧s ❛s t❤❡② ❛r❡ ❜❛s❡❞ ♦♥ r❡❝❡♥❝②

♦❢ t❤❡ ❧❛st ❝✉st♦♠❡r✬s ♣✉r❝❤❛s❡✱ ❢r❡q✉❡♥❝② ♦❢ ♣✉r❝❤❛s❡s ❛♥❞ t❤❡ ♠♦♥❡t❛r② ✈❛❧✉❡ ♦❢ ♣❛st

♦r❞❡rs✳ ❚❤✐s ❦✐♥❞ ♦❢ ♠♦❞❡❧s ❤❛s ❜❡❡♥ ✉s❡❞ ♠❛✐♥❧② ✐♥ ❞✐r❡❝t ♠❛r❦❡t✐♥❣ ✇✐t❤ t❤❡ ♦❜❥❡❝t✐✈❡

t♦ ✐♠♣r♦✈❡ ❧♦✇ r❡s♣♦♥s❡ r❛t❡s ✭t②♣✐❝❛❧❧② ✷✪ ♦r ❧❡ss✮ ✭●✉♣t❛ ❡t ❛❧✳✱ ✷✵✵✻✮✳ ❈♦♠♣❛r❡❞

t♦ ♠♦❞❡❧s ❜❛s❡❞ ♦♥ t❤❡ ❝✉st♦♠❡r✬s ❞❡♠♦❣r❛♣❤✐❝s ♦♥❧②✱ ❘❋▼ ♠♦❞❡❧s ♣r♦✈✐❞❡ ❜❡tt❡r

♣r❡❞✐❝t✐♦♥ ❛❝❝✉r❛❝②✳

❚❤❡ ♦✉t♣✉ts ♦❢ ❘❋▼ ♠♦❞❡❧s ❛r❡ ❣r♦✉♣s ♦❢ ❝✉st♦♠❡rs ❭❝❡❧❧s✧ ❜❛s❡❞ ♦♥ t❤r❡❡ ❞✐♠❡♥s✐♦♥s

✲ ❘❡❝❡♥❝②✱ ❋r❡q✉❡♥❝② ❛♥❞ ▼♦♥❡t❛r② ✈❛❧✉❡✳ ❆ s✐♠♣❧❡ s✉❣❣❡st❡❞ s♦❧✉t✐♦♥ ❝❛♥ ❜❡ t♦ ❞✐✈✐❞❡

❡❛❝❤ ♦❢ t❤❡s❡ ✈❛r✐❛❜❧❡s t♦ ♥ ❜✉❝❦❡ts ✇✐t❤ t❤❡ ❝♦♠♣❛r❛❜❧❡ s✐③❡ ✭♥✉♠❜❡r ♦❢ ❝✉st♦♠❡rs✮✳ ❆

t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♠❛tr✐① ♦❢ s✐③❡ n× n× n ✐s ❝r❡❛t❡❞ ❛♥❞ t❤❡ ♠♦st ♣r♦☞t❛❜❧❡ ❝✉st♦♠❡r

❝♦❤♦rts ❝❛♥ ❜❡ ✐❞❡♥t✐☞❡❞✳

❚❤❡ ❘❋▼ ♠♦❞❡❧✬s ❛❜✐❧✐t② t♦ s❝♦r❡ ❝✉st♦♠❡rs ❜❛s❡❞ ♦♥ t❤❡✐r ❜❡❤❛✈✐♦r t♦ t❛r❣❡t ♠❛r✲

❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s ✐♥ t❤❡ s❤♦rt✲t❡r♠ ❤❛s ❜❡❡♥ ♣r♦✈❡♥ ❜② r❡s❡❛r❝❤❡s ✭●✉♣t❛ ❡t ❛❧✳✱ ✷✵✵✻❀

❱❡♥❦❛t❡s❛♥ ✫ ❑✉♠❛r✱ ✷✵✵✹✮✳ ❲❤❡r❡❛s t❤❡ ✉s❛❣❡ ♦❢ s✉❝❤ ♠♦❞❡❧s ❢♦r ❈▲❱ ♠♦❞❡❧✐♥❣ ✐s

❧✐♠✐t❡❞ ♠❛✐♥❧② ❞✉❡ t♦ ❢♦❧❧♦✇✐♥❣ ✐ss✉❡s✿ ❘❋▼ ♠♦❞❡❧s ♣r❡❞✐❝t t❤❡ ❝✉st♦♠❡r✬s ❜❡❤❛✈✐♦r

❢♦r t❤❡ ♥❡①t ♣❡r✐♦❞ ♦♥❧② ✭❈▲❱ ♠✉st ❜❡ ♣r❡❞✐❝t❡❞ ❢♦r ❛ ❝❡rt❛✐♥ t✐♠❡ ❤♦r✐③♦♥✱ ❡✳❣✳ ✷✹

♠♦♥t❤s✮✱ s❡❝♦♥❞❧② t❤❡ r❡❧✐❛❜✐❧✐t② ♦❢ t❤❡s❡ ♠♦❞❡❧s ✐s ❛☛❡❝t❡❞ ❜② t❤❡ ❧❛❝❦ ♦❢ ♦t❤❡r ❞❡✲

♠♦❣r❛♣❤✐❝ ✈❛r✐❛❜❧❡s ❛♥❞ ☞♥❛❧❧② ❝✉st♦♠❡rs ♣❛st ❜❡❤❛✈✐♦r ♠✐❣❤t ❜❡ ❛ r❡s✉❧t ♦❢ ❧❛✉♥❝❤❡❞

♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s✳ ✭●✉♣t❛ ❡t ❛❧✳✱ ✷✵✵✻✮

✭✐✐✮ Pr♦❜❛❜✐❧✐t② ▼♦❞❡❧s

❆ ♣r♦❜❛❜✐❧✐t② ♠♦❞❡❧ ✐s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✇♦r❧❞ ✐♥ ✇❤✐❝❤ ♦❜s❡r✈❡❞ ❜❡❤❛✈✐♦r ✐s

✈✐❡✇❡❞ ❛s t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ❛♥ ✉♥❞❡r❧②✐♥❣ st♦❝❤❛st✐❝ ♣r♦❝❡ss ❣♦✈❡r♥❡❞ ❜② ❧❛t❡♥t ✭✉♥✲

♦❜s❡r✈❡❞✮ ❜❡❤❛✈✐♦r❛❧ ❝❤❛r❛❝t❡r✐st✐❝s✳ ❚❤❡ ❦❡② ❛ss✉♠♣t✐♦♥ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠♦❞❡❧s ✐s t❤❛t

t❤❡ ❜❡❤❛✈✐♦r ❛❝r♦ss t❤❡ ♣♦♣✉❧❛t✐♦♥ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② s♦♠❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥✳

✭●✉♣t❛ ❡t ❛❧✳✱ ✷✵✵✻✮

✾



❚♦ t❤❡ ♠♦st ❝♦♠♠♦♥ ♣r♦❜❛❜✐❧✐t② ♠♦❞❡❧s ✐♥ t❡r♠s ♦❢ ❈▲❱ ♠♦❞❡❧✐♥❣ ❜❡❧♦♥❣s t❤❡ P❛r❡✲

t♦✴◆❇❉ ♠♦❞❡❧ ✭❱❡r❤♦❡❢ ✫ ❉♦♥❦❡rs✱ ✷✵✵✶❀ ❇❛s ❉♦♥❦❡rs✱ ✷✵✵✼✮✳ P❛r❡t♦✴◆❇❉ ♠♦❞❡❧✬s

❛ss✉♠♣t✐♦♥s ❛r❡ ❢♦❧❧♦✇✐♥❣✿ ✭●✉♣t❛ ❡t ❛❧✳✱ ✷✵✵✻✮

❼ ❚❤❡r❡ ❛r❡ ✷ ❝✉st♦♠❡r st❛t❡s ♦♥❧②✱ t❤❡ ❝✉st♦♠❡r ✐s ❡✐t❤❡r ❭❛❧✐✈❡✧ ✭♣❡r❢♦r♠❡❞ ❛

tr❛♥s❛❝t✐♦♥ ✐♥ t❤❡ r❡❝❡♥t ❤✐st♦r②✮ ♦r ♣❡r♠❛♥❡♥t❧② ✐♥❛❝t✐✈❡✳

❼ ❚❤❡ ♥✉♠❜❡r ♦❢ tr❛♥s❛❝t✐♦♥s ♣❡r❢♦r♠❡❞ ❜② ❛♥ ❛❝t✐✈❡ ✭❭❛❧✐✈❡✧✮ ❝✉st♦♠❡r ✐s ❝❤❛r❛❝✲

t❡r✐③❡❞ ❜② ❛ P♦✐ss♦♥ ❞✐str✐❜✉t✐♦♥✳

❼ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ tr❛♥s❛❝t✐♦♥ r❛t❡s ❛❝r♦ss ❝✉st♦♠❡rs ❢♦❧❧♦✇s ❛ ❣❛♠♠❛ ❞✐str✐❜✉✲

t✐♦♥✳

❼ ❚❤❡ ❛❝t✐✈❡ ❝✉st♦♠❡r✬s ❧✐❢❡t✐♠❡ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞✐str✐❜✉t✐♦♥✳

❼ ❍❡t❡r♦❣❡♥❡✐t② ✐♥ ❞r♦♣♦✉t r❛t❡s ❛❝r♦ss ❝✉st♦♠❡rs ❢♦❧❧♦✇s ❛ ❣❛♠♠❛ ❞✐str✐❜✉t✐♦♥✳

❼ ❚❤❡ tr❛♥s❛❝t✐♦♥ r❛t❡s ❛♥❞ t❤❡ ❞r♦♣♦✉t r❛t❡s ✈❛r② ✐♥❞❡♣❡♥❞❡♥t❧② ❛❝r♦ss ❝✉st♦♠❡rs✳

❚❤❡ P❛r❡t♦✴◆❇❉ ♠♦❞❡❧ ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ❛ ❜❛s❡ ♠♦❞❡❧ ❢♦r ❈▲❱ ❝♦♠♣✉t❛t✐♦♥ ✐♥

✈❛r✐♦✉s ✐♥❞✉str✐❡s✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ✐♥ t❡r♠s ♦❢ ❧♦♥❣✲❝♦♥tr❛❝t✉❛❧ s❡tt✐♥❣s t❤✐s ♠♦❞❡❧ ✐s

♥♦t s✉✐t❛❜❧❡✱ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ tr❛♥s❛❝t✐♦♥ r❛t❡s ❞✐str✐❜✉t✐♦♥ ✐s ✈✐♦❧❛t❡❞✳ ❍♦✇❡✈❡r✱ t❤✐s

❛♣♣r♦❛❝❤ ✇❛s s✉❝❝❡ss❢✉❧❧② ✉s❡❞ ❜② ♠❛♥② ❛✉t❤♦rs ✐♥ r❡t❛✐❧ ✐♥❞✉str✐❡s✱ ❡✳❣✳ ✭❈❤❡♥❣ ❡t ❛❧✳✱

✷✵✶✷❀ P❛❜❧♦ ❈❛s❛s✲❆r❝❡✱ ✷✵✶✼❀ ❈❤❛♠❜❡r❧❛✐♥ ❡t ❛❧✳✱ ✷✵✶✼✮✳

✭✐✐✐✮ ❊❝♦♥♦♠❡tr✐❝ ▼♦❞❡❧s

❚❤❡ ❡❝♦♥♦♠❡tr✐❝ ❛♥❞ ♣r♦❜❛❜✐❧✐t② ♠♦❞❡❧s ❤❛✈❡ ♠❛♥② ❝❤❛r❛❝t❡r✐st✐❝s ✐♥ ❝♦♠♠♦♥✱ ❢♦r

✐♥st❛♥❝❡ t❤❡ ❝❤✉r♥ ♣r❡❞✐❝t✐♦♥ ♠✐❣❤t ❜❡ ❧✐❦❡ P❛r❡t♦✴◆❇❉ ♠♦❞❡❧s✳ ❚❤❡ ♠❛✐♥ ❞✐☛❡r❡♥❝❡

❜❡t✇❡❡♥ t❤❡s❡ ♠♦❞❡❧s ✐s t❤❡ ✉s❛❣❡ ♦❢ ♠♦r❡ ❣❡♥❡r❛❧ ❤❛③❛r❞ ❢✉♥❝t✐♦♥s✳ ❚②♣✐❝❛❧❧②✱ t❤❡

❈▲❱ ✐s ❡st✐♠❛t❡❞ ❢r♦♠ ♥✉♠❜❡r ♦❢ ♠♦❞❡❧s ❛✐♠❡❞ s♣❡❝✐☞❝❛❧❧② ❛t ❝✉st♦♠❡r ❛❝q✉✐s✐t✐♦♥✱

r❡t❡♥t✐♦♥ ❛♥❞ ❡①♣❛♥s✐♦♥ ✭❝r♦ss✲s❡❧❧✱ ✉♣✲s❡❧❧✮✳

✭●✉♣t❛ ❡t ❛❧✳✱ ✷✵✵✻✮ ❞✐✈✐❞❡ ❡❝♦♥♦♠❡tr✐❝ ♠♦❞❡❧s ✐♥t♦ ✷ ❝❧❛ss❡s✳ ❋✐rst ❝❧❛ss ♦❢ ♠♦❞❡❧s tr✐❡s

t♦ ☞t ❛ ❢✉♥❝t✐♦♥ ♦❢ ❤❛③❛r❞ r❛t❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡ ❡rr♦r t❡r♠✱ t❤❡ ♠♦st

✉s❡❞ ♠♦❞❡❧s ❛r❡ ❧♦❣✐t ❛♥❞ ♣r♦❜✐t ♠♦❞❡❧s✳ ❚♦ ♠♦❞❡❧ t❤❡ ✌♦✇ ♦❢ ❝✉st♦♠❡rs ❛♠♦♥❣ ✐♥❞✉str②

✶✵



❝♦♠♣❡t✐t♦rs ♦r ❝✉st♦♠❡r st❛t❡s✱ ✐t ✐s ♠♦r❡ ❛♣♣r♦♣r✐❛t❡ t♦ ✉s❡ t❤❡ s❡❝♦♥❞ ❝❧❛ss ♦❢ ♠♦❞❡❧s

✇❤✐❝❤ ❛❧❧♦✇ t❤❡s❡ s✇✐t❝❤❡s✳ ●❡♥❡r❛❧❧②✱ t❤❡s❡ ♠♦❞❡❧s ❛r❡ ❜❛s❡❞ ♦♥ ▼❛r❦♦✈ ❝❤❛✐♥ ♦r ❛

♠♦r❡ ❝♦♠♣❧❡① ♠❛♥♥❡r ✲ ▼❛r❦♦✈ ❉❡❝✐s✐♦♥ Pr♦❝❡ss✳ ❙✉❝❤ ♠♦❞❡❧s ✐♥ ❛ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤

t❤❡ ❤❛③❛r❞ r❛t❡ ♠♦❞❡❧s ✉s❡❞ ❛s ♣r❡❞✐❝t♦rs ❛r❡ ❡s♣❡❝✐❛❧❧② ✈❛❧✉❛❜❧❡ ✐♥ t❤❡ ❧♦♥❣✲❧❛st✐♥❣

❝♦♥tr❛❝ts ❡✳❣✳ ❜❛♥❦✐♥❣✱ ✐♥s✉r❛♥❝❡ ❛♥❞ t❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥ ✐♥❞✉str✐❡s ✭P❡t❡r P❛❛✉✇❡✱

✷✵✵✼❀ ▼✐❝❤❛❡❧ ❍❛❡♥❧❡✐♥✱ ✷✵✵✼❀ ▼③♦✉❣❤✐❛ ✫ ▲✐♠❛♠✱ ✷✵✶✹✮✳

❚❤❡ ✉s❛❣❡ ♦❢ ❡❝♦♥♦♠❡tr✐❝ ♠♦❞❡❧s ❢r♦♠ t❤❡ ❝♦♠♣❛♥②✬s ♣❡rs♣❡❝t✐✈❡ ✐s ✈❡r② ❜r♦❛❞ ❛s t❤❡②

❣❡♥❡r❛❧❧② ♣❡r❢♦r♠ ✇❡❧❧ ✐♥ ❝✉st♦♠❡r r❡❧❛t✐♦♥s❤✐♣ ♠❛♥❛❣❡♠❡♥t✳ ❋♦r ❡①❛♠♣❧❡✱ ▼✐❝❤❛❡❧

▲❡✇✐s ✐♥ ✭✷✵✵✺✮ ♣❡r❢♦r♠❡❞ ❛ ❞②♥❛♠✐❝ ♣r✐❝✐♥❣ st✉❞② ✇❤❡r❡ ❤❡ ❢♦✉♥❞ ♦✉t t❤❛t ♥❡✇ ❝✉s✲

t♦♠❡rs ❛r❡ ♠♦r❡ s❡♥s✐t✐✈❡ t♦ ♣r✐❝❡ ❝❤❛♥❣❡s ❝♦♠♣❛r❡❞ t♦ ❝✉rr❡♥t ♦♥❡s✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❛t

❢❛❝t ❤❡ s✉❣❣❡st❡❞ ❛ s❡r✐❡s ♦❢ r❡❞✉❝✐♥❣ ❞✐s❝♦✉♥ts ✐♥st❡❛❞ ♦❢ s✇✐t❝❤✐♥❣ ❢r♦♠ t❤❡ ❞✐s❝♦✉♥t❡❞

s❡r✈✐❝❡ t♦ t❤❡ r❡❣✉❧❛r ♣r✐❝❡✱ ✐✳❡✳ ✼✺✪ ❞✐s❝♦✉♥t ♦♥ t❤❡ s✉❜s❝r✐♣t✐♦♥ ✇✐t❤✐♥ t❤❡ ☞rst ♣❡r✐♦❞✱

✺✵✪ ✐♥ t❤❡ s❡❝♦♥❞✱ ✷✺✪ ✐♥ t❤❡ t❤✐r❞ ❛♥❞ r❡❣✉❧❛r ♣r✐❝❡ ❢✉rt❤❡r ♦♥✳

✭✐✈✮ P❡rs✐st❡♥❝❡ ▼♦❞❡❧s

P❡rs✐st❡♥❝❡ ♠♦❞❡❧s ❛r❡ ❢♦❝✉s❡❞ ♦♥ ♠♦❞❡❧✐♥❣ ❝✉st♦♠❡r✬s ❜❡❤❛✈✐♦r ❜❛s❡❞ ♦♥ t✐♠❡✲s❡r✐❡s

❞❛t❛✳ ■♥ ♠❛❥♦r✐t② ♦❢ ❝❛s❡s t❤❡ ❱❡❝t♦r ❆✉t♦r❡❣r❡ss✐✈❡ ✭❱❆❘✮ ♠♦❞❡❧s ❛r❡ ✉s❡❞✳ ❚❤❡

❛❞✈❛♥t❛❣❡ ♦❢ t❤❡s❡ ♠♦❞❡❧s ✐s t❤❡✐r ❛❜✐❧✐t② t♦ st✉❞② ✇❤❛t ✐s t❤❡ ✐♠♣❛❝t ♦❢ ❛ ❝❤❛♥❣❡

✐♥ ♦♥❡ ✈❛r✐❛❜❧❡ t♦ ♦t❤❡r ✈❛r✐❛❜❧❡s ♦r t❤❡ ♦✈❡r❛❧❧ s②st❡♠✬s ❜❡❤❛✈✐♦r✱ ✐✳❡✳ s✐♠✉❧❛t❡ t❤❡

❞❡♠❛♥❞ s❤♦❝❦s r❡❧❛t❡❞ t♦ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s ❛♥❞ t❤❡ ✐♥✌✉❡♥❝❡ ♦♥ ♦t❤❡r ✈❛r✐❛❜❧❡s ✐♥

t❤❡ s❛♠❡ ♦r ❡✈❡♥ ❞❡❧❛②❡❞ ♣❡r✐♦❞✳

●❡♥❡r❛❧❧②✱ ♣❡rs✐st❡♥❝❡ ♠♦❞❡❧✐♥❣ ✭❱❆❘✮ ❝♦♥s✐sts ♦❢ t❤r❡❡ s❡♣❛r❛t❡ st❡♣s✿ ✭●✉♣t❛ ❡t ❛❧✳✱

✷✵✵✻✮

✶✳ ❊①❛♠✐♥❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❡❛❝❤ s②st❡♠✬s ✈❛r✐❛❜❧❡ ♦✈❡r t✐♠❡✳

✷✳ ❊st✐♠❛t❡ t❤❡ ❱❆❘ ♠♦❞❡❧ ✭t②♣✐❝❛❧❧② ✇✐t❤ t❤❡ ❧❡❛st✲sq✉❛r❡ ♠❡t❤♦❞✮✳ ❚❤❡ ❱❆❘✭♣✮

❢♦r♠✉❧❛ ❢♦r ✸ t✐♠❡ s❡r✐❡s ♠♦❞❡❧ ✭♥✉♠❜❡r ♦❢ ❝✉st♦♠❡rs ❛❝q✉✐r❡❞ ❜② ♠❛r❦❡t✐♥❣ ❛❝t✐♦♥s

MKT ✱ ♥✉♠❜❡r ♦❢ ❝✉st♦♠❡rs ❛❝q✉✐r❡❞ ❜② ❲♦r❞ ♦❢ ▼♦✉t❤ WOM ❛♥❞ t❤❡ ☞r♠✬s

✶✶



♣❡r❢♦r♠❛♥❝❡ ✈❛❧✉❡ V ALUE✮ ❛❝❝♦r❞✐♥❣ t♦ ✭❱r❛♥á ✫ ❏❛➵❡❦✱ ✷✵✶✺✮ ✐s ❢♦❧❧♦✇✐♥❣✿










MKTt

WOMt

V ALUEt











=











c1

c2

c3











+

p
∑

l=1











a11,l a12,l a13,l

a21,l a22,l a23,l

a31,l a32,l a33,l





















MKTt−l

WOMt−l

V ALUEt−l











+











e1,t

e2,t

e3,t











✭✷✳✶✮

✇❤❡r❡ t st❛♥❞s ❢♦r t✐♠❡✱ ✈❡❝t♦r (c1, c2, c3) ❝♦♥t❛✐♥s t❤❡ ❝♦♥st❛♥t t❡r♠s ❛♥❞ ✈❡❝t♦r

(e1,t, e2,t, e3,t) ✐♥✈♦❧✈❡s t❤❡ ❡rr♦r t❡r♠s✳ ✭❱r❛♥á ✫ ❏❛➵❡❦✱ ✷✵✶✺✮ ❤❛✈❡ s❤♦✇♥ t❤❛t

r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ✈❛r✐❛❜❧❡s ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❱❆❘ ♠♦❞❡❧✳ ◆❛♠❡❧②✿

❼ ❞✐r❡❝t ❡☛❡❝ts ♦❢ ❛❝q✉✐s✐t✐♦♥ ♦♥ t❤❡ ☞r♠✬s ♣❡r❢♦r♠❛♥❝❡

❼ ❝r♦ss✲❡☛❡❝ts ❜❡t✇❡❡♥ t✇♦ t②♣❡s ♦❢ ❝✉st♦♠❡r ❛❝q✉✐s✐t✐♦♥

❼ ❢❡❡❞❜❛❝❦ ❡☛❡❝ts✱ ✇❤✐❝❤ s❤♦✇ ❤♦✇ t❤❡ ☞r♠✬s ♣❡r❢♦r♠❛♥❝❡ ✐♥ ♣❡r✐♦❞ t ✐s ❛☛❡❝t❡❞

❜② t❤❡ ♦♥❡ ✐♥ t− 1

❼ r❡✐♥❢♦r❝❡♠❡♥t ❡☛❡❝ts ✇❤❡♥ t❤❡ t✐♠❡ s❡r✐❡s ✈❛❧✉❡s ❛☛❡❝t ❡❛❝❤ ♦t❤❡r✱ ❡✳❣✳ ❝✉s✲

t♦♠❡rs ❣❛✐♥❡❞ ❜② ❲♦r❞ ♦❢ ▼♦✉t❤ s♣r❡❛❞ t❤❡ ❢❡❡❞❜❛❝❦ ❛♥❞ t❤❡r❡❢♦r❡ ✐♥✌✉❡♥❝❡

t❤❡ ❢✉t✉r❡ ❛❝q✉✐s✐t✐♦♥s

✸✳ ❉❡r✐✈❡ t❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❱❆❘ ♠♦❞❡❧ ❡st✐♠❛t❡s✳

❚❤❡ ❱❆❘ ♠♦❞❡❧ ❝❛♥ ♣❡r❢♦r♠ ✇❡❧❧ ❛s ❛✉t❤♦rs ✭❱r❛♥á ✫ ❏❛➵❡❦✱ ✷✵✶✺✮ ♣r♦♦❢❡❞ ❜② t❤❡✐r

r❡s❡❛r❝❤ ✐♥ t❤❡ ♦♥❧✐♥❡ r❡t❛✐❧❡r✳ ❍♦✇ ✐s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ☞❣✉r❡ ✷✳✺✳ ❚❤❡ ❱❆❘ ♠♦❞❡❧s

❣❡♥❡r❛❧❧② ✭✐❢ ❝♦rr❡❝t❧② ❝❛❧✐❜r❛t❡❞✮ ❤❛✈❡ ❛ ❣r❡❛t ❛❜✐❧✐t② t♦ ♣r❡❞✐❝t t❤❡ ❢✉t✉r❡ ✈❛❧✉❡s ❛s t❤❡

✉♥❞❡r❧②✐♥❣ ✈❛r✐❛❜❧❡s ❛r❡ ✐♥ t❤❡ ❢♦r♠ ♦❢ t✐♠❡ s❡r✐❡s✳

❍♦✇❡✈❡r✱ ♦♥❧✐♥❡ r❡t❛✐❧ ✐s s♣❡❝✐☞❝ ✐♥ t❤❡ ✇❛② ❤♦✇ ♣r❡❝✐s❡❧② ♦♥❡ ❝❛♥ ♠❡❛s✉r❡ t❤❡ ✐♠♣❛❝t ♦❢

♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s ❛s t❤❡ ♣r✐♦r ✇❡❜s✐t❡s ❛♥❞ ❛❝t✐♦♥s ❛r❡ ❦♥♦✇♥ ❞✉❡ t♦ s❛✈❡❞ ❝♦♦❦✐❡s

❛♥❞ ♦t❤❡r tr❛❝❦✐♥❣ s②st❡♠s ❡✳❣✳ ●♦♦❣❧❡ ❆♥❛❧②t✐❝s✳ ■♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥ r❡t❛✐❧ ❜❛♥❦✐♥❣

✐s ❛ ❢❛r ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣ t❛s❦ ❛s t❤❡r❡ ✐s ♥♦ str❛✐❣❤t✲❢♦r✇❛r❞ ♠❡t❤♦❞ ❤♦✇ t♦ ❡st✐♠❛t❡

t❤❡ ✐♠♣❛❝t ♦❢ ♠❛r❦❡t✐♥❣ ❛❝t✐♦♥s✱ ❢✉rt❤❡r♠♦r❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ✇✐t❤✐♥ t❤❡ ✐♥❞✉str② ✐s

♥♦t ❜❛s❡❞ ♦♥ ♣✉r❝❤❛s❡s ❜✉t ♠♦r❡ ♦♥ t❤❡ ♣r♦❞✉❝t ✉s❛❣❡ ❛♥❞ ❡✈❡♥t✉❛❧❧② t❤❡ ♣r♦❞✉❝t

❛❝q✉✐s✐t✐♦♥✳
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❋✐❣✉r❡ ✷✳✺✿ ❚❤❡ ♥✉♠❜❡r ♦❢ ♣✉r❝❤❛s❡s ✐♥ ❛♥ ♦♥❧✐♥❡ r❡t❛✐❧❡r ✐♥t❡r♣♦❧❛t❡❞ ❛♥❞ ❡①tr❛♣♦❧❛t❡❞ ❜②

t❤❡ ❱❆❘ ♠♦❞❡❧✱ ❙♦✉r❝❡✿ ✭❱r❛♥á ✫ ❏❛➵❡❦✱ ✷✵✶✺✮

✭✈✮ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ▼♦❞❡❧s

●❡♥❡r❛❧❧②✱ ❝♦♠♣✉t❡r s❝✐❡♥❝❡ ♠♦❞❡❧s ❛r❡ ♥♦t ♦❢ ❛ ❜♦r❛❞ ✉s❛❣❡ ✐♥ ♠❛r❦❡t✐♥❣ ❛s t❤❡s❡ ♠♦❞✲

❡❧s ❛r❡ ♠♦r❡ ❞✐✍❝✉❧t t♦ ✐♥t❡r♣r❡t t❤❛♥ str✉❝t✉r❡❞ ♣❛r❛♠❡tr✐❝ ♠♦❞❡❧s ✭❡✳❣✳ ❧♦❣✐t✱ ♣r♦❜✐t✮✳

❍♦✇❡✈❡r✱ ❝♦♠♣✉t❡r s❝✐❡♥❝❡ ♠♦❞❡❧s s✉❝❤ ❛s ♥❡✉r❛❧ ♥❡t✇♦r❦s✱ ❞❡❝✐s✐♦♥ tr❡❡ ♠♦❞❡❧s✱ ❝❧❛ss✐✲

☞❝❛t✐♦♥ ❛♥❞ r❡❣r❡ss✐♦♥ tr❡ss ✭❈❆❘❚✮ ❛♥❞ s✉♣♣♦rt ✈❡❝t♦r ♠❛❝❤✐♥❡s ✭❙❱▼✮ ♠♦st❧② ❤❛✈❡

❤✐❣❤❡r ♣r❡❞✐❝t✐✈❡ ❛❜✐❧✐t②✳ ◆♦t ♦♥❧② t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡s❡ ♠♦❞❡❧s ✐s ❡①❝❡❡❞✐♥❣✱ ❜✉t s❡✈✲

❡r❛❧ st✉❞✐❡s ❤❛✈❡ ♣r♦✈❡♥ t❤❛t ❛❧s♦ t❤❡ t♦♣✲❞❡❝✐❧❡ ❧✐❢t ✐s s✐❣♥✐☞❝❛♥t❧② ❤✐❣❤❡r ✭●✉♣t❛ ❡t ❛❧✳✱

✷✵✵✻✮✳ ❇❡❛r✐♥❣ ✐♥ ♠✐♥❞ t❤❡ ❧✐♠✐t❡❞ ♠❛r❦❡t✐♥❣ ❜✉❞❣❡ts ❡s♣❡❝✐❛❧❧② t❤❡ t♦♣✲❞❡❝✐❧❡s ♠❛②

❣❡♥❡r❛t❡ ♣r♦☞t ♦❢ ❤✉♥❞r❡❞s t❤♦✉s❛♥❞s ❞♦❧❧❛rs✳

❆♥♦t❤❡r ❛❞✈❛♥t❛❣❡ ♦❢ ❝♦♠♣✉t❡r s❝✐❡♥❝❡ ♠♦❞❡❧s ✐s t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ❜✉✐❧❞ s❡✈❡r❛❧ ♠♦❞✲

❡❧s ✇✐t❤ ✈❛r✐♦✉s ❛❧❣♦r✐t❤♠s ❛♥❞ ❧❛t❡r ❝r❡❛t❡ ❛♥ ❡♥s❡♠❜❧❡ ♠♦❞❡❧✳ ❚❤❡ ❡♥s❡♠❜❧❡ ♠♦❞❡❧

❝❛♥ ✉s❡ ❝♦♠♣✉t❡r s❝✐❡♥❝❡ ❛❧❣♦r✐t❤♠s ❛❣❛✐♥ ♦r ❥✉st s✐♠♣❧② ❝❛❧❝✉❧❛t❡ ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡

♦❢ ☞rst✲❧❡✈❡❧ ♠♦❞❡❧ ♣r❡❞✐❝t✐♦♥s✳ ❊♥s❡♠❜❧❡ ♠♦❞❡❧s ❛r❡ ♣❛rt✐❝✉❧❛r❧② ✉s❡❢✉❧ ❢♦r ❡♥❤❛♥❝✐♥❣

t❤❡ ♠♦❞❡❧ st❛❜✐❧✐t②✱ s❡❝♦♥❞❧② t❤❡ ♣r❡❞✐❝t✐♦♥ ❛❝❝✉r❛❝②✳

❈♦♠♣✉t❡r s❝✐❡♥❝❡ ♠♦❞❡❧s ❜❡♥❡☞t ❢r♦♠ ❛ ✈❡r② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s✱ s♦♠❡t✐♠❡s

r❡❢❡rr❡❞ ❛s t❤❡ ❭❝✉rs❡ ♦❢ ❞✐♠❡♥s✐♦♥❛❧✐t②✧✳ ❙✉❝❤ ❢❡❛t✉r❡ s♣❛❝❡ ✐♥✌❛t❡s t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡
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❡st✐♠❛t❡s✱ ♠❛❦✐♥❣ tr❛❞✐t✐♦♥❛❧ ♣❛r❛♠❡tr✐❝ ❛♥❞ ♥♦♥♣❛r❛♠❡tr✐❝ ♠♦❞❡❧s ❧❡ss ✉s❡❢✉❧ ✭●✉♣t❛

❡t ❛❧✳✱ ✷✵✵✻✮✳ ■♥ t❡r♠s ♦❢ ❈▲❱ t❤✐s ❛♣♣r♦❛❝❤ ✐s ❛♣♣❧✐❝❛❜❧❡ ✐♥ ❜✉s✐♥❡ss❡s ✇✐t❤ ❛ ❧♦♥❣

❝♦♥tr❛❝t✉❛❧ ❤✐st♦r② ❡✳❣✳ ❜❛♥❦✐♥❣✱ t❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✇❤✐❧❡ ❤❛✈✐♥❣

♦♥❧② ❛ ❢❡✇ ✈❛r✐❛❜❧❡s ✭❡✳❣✳ ♦♥❧✐♥❡ r❡t❛✐❧❡rs r❡❝❡♥❝②✲❢r❡q✉❡♥❝②✲♠♦♥❡t❛r② ❞❛t❛✮✱ st❛t✐st✐❝❛❧

♦r ♣❡rs✐st❡♥❝❡ ♠♦❞❡❧s ❛r❡ ♠♦r❡ s✉✐t❛❜❧❡✳

✭✈✐✮ ❉✐☛✉s✐♦♥✴●r♦✇t❤ ▼♦❞❡❧s

❈♦♠♣❛r❡❞ t♦ ♣r❡✈✐♦✉s ♠♦❞❡❧s✱ ❞✐☛✉s✐♦♥✴❣r♦✇t❤ ♠♦❞❡❧s ❞♦ ♥♦t ♣r❡❞✐❝t t❤❡ ♣r♦❜❛❜✐❧✲

✐t② ♦❢ ❛❝q✉✐r✐♥❣ ❛ ♣❛rt✐❝✉❧❛r ❝✉st♦♠❡r✱ r❛t❤❡r t❤❡② ✉s❡ ❛❣❣r❡❣❛t❡ ❞❛t❛ t♦ ♣r❡❞✐❝t t❤❡

♥✉♠❜❡r ♦❢ ❝✉st♦♠❡rs t❤❛t t❤❡ ❝♦♠♣❛♥② ♠❛② ❛❝q✉✐r❡✳ ❚❤✐s ♣r✐♥❝✐♣❧❡ ✐s ❜❛s❡❞ ♦♥ t❤❡

❘♦❣❡r✬s ❉✐☛✉s✐♦♥ ♦❢ ■♥♥♦✈❛t✐♦♥ t❤❡♦r② ❛s s❤♦✇❡❞ ✐♥ t❤❡ ☞❣✉r❡ ✷✳✻ ✇❤✐❝❤ ❛ss✉♠❡s ❛

♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ✐♥♥♦✈❛t✐♦♥s ❛♠♦♥❣ t❤❡ ♣♦♣✉❧❛t✐♦♥✱ t❤✉s t❤❡ ❝✉♠✉❧❛t✐✈❡ ❢✉♥❝t✐♦♥

❝r❡❛t❡s ❛♥ ❙✲❝✉r✈❡✳ ✭❘♦❣❡rs✱ ✷✵✵✸✮ ❝❧❛✐♠s t❤❛t ✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥ t❤❡r❡ ❛r❡ ♦♥❧② ✷✳✺✪

♦❢ ■♥♥♦✈❛t♦rs✱ ✶✸✳✺✪ ♦❢ ❊❛r❧② ❆❞♦♣t❡rs✱ ✸✹✪ ♦❢ ❊❛r❧② ▼❛❥♦r✐t②✱ ✸✹✪ ♦❢ ▲❛t❡ ▼❛❥♦r✐t②

❛♥❞ ☞♥❛❧❧② ✶✻✪ ♦❢ ▲❛❣❣❛r❞s✳

❋✐❣✉r❡ ✷✳✻✿ ❉✐☛✉s✐♦♥ ♦❢ ■♥♥♦✈❛t✐♦♥ ▼♦❞❡❧✱ ❙♦✉r❝❡✿ ✭❘♦❣❡rs✱ ✷✵✵✸✮

❆✉t❤♦rs ✭❈❤❡♥❣ ❡t ❛❧✳✱ ✷✵✶✷✮ ❛♣♣❧✐❡❞ t❤❡ ❣r♦✇t❤ ♠♦❞❡❧s t♦ ♣r❡❞✐❝t t❤❡ ♥✉♠❜❡r ♦❢

♦♥❧✐♥❡ ❆✉str❛❧✐❛♥ s❤♦♣♣❡rs ♦✈❡r t✐♠❡✳ ❚❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♠♦❞❡❧s ♣r❡❞✐❝t✐♥❣ ☞rst✲

t✐♠❡ s❤♦♣♣❡rs ✐s ✈✐s✉❛❧✐③❡❞ ✐♥ t❤❡ ☞❣✉r❡ ✷✳✼ ❛♥❞ ❝✉♠✉❧❛t✐✈❡ ❢✉♥❝t✐♦♥ ✐♥ ✷✳✽✳ ✭❈❤❡♥❣
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❡t ❛❧✳✱ ✷✵✶✷✮ ❤❛✈❡ ♣r♦✈❡♥ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ ♥❡✇ s❡r✈✐❝❡s ♦r ♣r♦❞✉❝t ❧❛✉♥❝❤❡s ♦♥ t❤❡

♠❛r❦❡t✱ ❣r♦✇t❤ ♠♦❞❡❧s ♣❡r❢♦r♠ ❜❡tt❡r t❤❛♥ ❧♦❣✐st✐❝ ♠♦❞❡❧s✳

❋✐❣✉r❡ ✷✳✼✿ ❋✐t ♦❢ t❤❡ ❣r♦✇t❤ ♠♦❞❡❧s ♣r❡❞✐❝t✐♥❣ ♥✉♠❜❡r ♦❢ ❆✉str❛❧✐❛♥ ♦♥❧✐♥❡ s❤♦♣♣❡rs ✭✶✾✾✽✲

✷✵✵✷✮✱ ❙♦✉r❝❡✿ ✭❈❤❡♥❣ ❡t ❛❧✳✱ ✷✵✶✷✮

❋✐❣✉r❡ ✷✳✽✿ ❋✐t ♦❢ t❤❡ ❣r♦✇t❤ ♠♦❞❡❧s ♣r❡❞✐❝t✐♥❣ ❝✉♠✉❧❛t✐✈❡ ♥✉♠❜❡r ♦❢ ❆✉str❛❧✐❛♥ ♦♥❧✐♥❡

s❤♦♣♣❡rs ✭✶✾✾✽✲✷✵✵✷✮✱ ❙♦✉r❝❡✿ ✭❈❤❡♥❣ ❡t ❛❧✳✱ ✷✵✶✷✮

■♥t❡r❡st✐♥❣❧②✱ ❛❝❝♦r❞✐♥❣ t♦ ✭●✉♣t❛ ❡t ❛❧✳✱ ✷✵✵✻✮ ❞✐☛✉s✐♦♥ ♠♦❞❡❧s ♠❛② ❜❡ ✉s❡❞ ❛❧s♦ ❢♦r

❧♦s❡s ♣r❡❞✐❝t✐♦♥ ✇❤✐❧❡ ❤❛✈✐♥❣ ❛♥ ❛ss✉♠♣t✐♦♥ t❤❛t ❧❡❛✈✐♥❣ ❝✉st♦♠❡rs s♣r❡❛❞ t❤❡✐r ❛tt✐✲
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t✉❞❡s ❛♠♦♥❣ ♦t❤❡rs ✭♥❡❣❛t✐✈❡ ✇♦r❞ ♦❢ ♠♦✉t❤s✮ ❛♥❞ ❞✉❡ t♦ t❤✐s ❢❛❝t ❝✉rr❡♥t ❝✉st♦♠❡rs

❜❡❝♦♠❡ ❧❡ss ❧♦②❛❧✳

❚❤❡ ❞✐☛✉s✐♦♥✴❣r♦✇t❤ ♠♦❞❡❧s ☞t t❤❡ ❛❣❣r❡❣❛t❡❞ ♥✉♠❜❡rs ✈❡r② ✇❡❧❧ t❤❡r❡❢♦r❡ t❤❡② ❛r❡

✉s❡❞ ❢♦r ❡✈❛❧✉❛t✐♦♥s ♦❢ ♣r♦❞✉❝ts✱ s❡r✈✐❝❡s ♦r ❡✈❡♥ ✇❤♦❧❡ ❝♦♠♣❛♥✐❡s ✭●✉♣t❛ ❡t ❛❧✳✱ ✷✵✵✻✮✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❞❡r✐✈✐♥❣ ✐♥❞✐✈✐❞✉❛❧ ✈❛❧✉❡s ✭❡✳❣✳ ❈▲❱✮ ❢♦r ❛ ♣❛rt✐❝✉❧❛r ❝✉st♦♠❡r ✐s

❤❛r❞❧② ♣♦ss✐❜❧❡ ❛♥❞ ✐❢ s♦ ♦♥❧② ✇✐t❤ ❣r❡❛t ❛♠♦✉♥t ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥✳

❆ ❝♦♠♣r❡❤❡♥s✐✈❡ ❢r❛♠❡✇♦r❦ ❝♦♠❜✐♥✐♥❣ ❡❝♦♥♦♠❡tr✐❝ ♠♦❞❡❧s ✭❧♦❣✐st✐❝ r❡❣r❡ss✐♦♥✮ ❛♥❞

❝♦♠♣✉t❡r s❝✐❡♥❝❡ ♠♦❞❡❧s ✭r❡❣r❡ss✐♦♥ tr❡❡✱ r❛♥❞♦♠ ❢♦r❡st ❛♥❞ ♥❡✉r❛❧ ♥❡t✇♦r❦✮ ✇❛s ♣r♦♣♦s❡❞

❜② ✭❈❤❛♠❜❡r❧❛✐♥ ❡t ❛❧✳✱ ✷✵✶✼✮✳ ❚❤❡ ❢r❛♠❡✇♦r❦ ✐s ❞✐s♣❧❛②❡❞ ✐♥ t❤❡ ☞❣✉r❡ ✷✳✾✳ ❆✉t❤♦rs ❡①❛♠✲

✐♥❡❞ ❢❛❝t♦rs ✐♥✌✉❡♥❝✐♥❣ ❈▲❱ ✐♥ t❤❡ ♦♥❧✐♥❡ ❢❛s❤✐♦♥ ✐♥❞✉str②✳ ❚❤❡✐r ✇♦r❦ ✐s ❡s♣❡❝✐❛❧❧② ✈❛❧✉❛❜❧❡

❢♦r t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ ❞❡❡♣ ❧❡❛r♥✐♥❣ ❛❧❣♦r✐t❤♠s ✭♥❡✉r❛❧ ♥❡t✇♦r❦s✮ ✇✐t❤ t❤❡ ♦r❞✐♥❛r② ♠❛❝❤✐♥❡

❧❡❛r♥✐♥❣ ♣✐♣❡❧✐♥❡✳ ◆♦t s✉r♣r✐s✐♥❣❧② t❤❡ ♠♦st ✐♠♣♦rt❛♥t ✈❛r✐❛❜❧❡s ❢♦r t❤❡ ❈▲❱ ♠♦❞❡❧✐♥❣ ✇❡r❡

P✉r❝❤❛s❡ ❤✐st♦r② ✭✻✵✪ ♦✈❡r❛❧❧ ✐♠♣♦rt❛♥❝❡✮ ❛♥❞ ❲❡❜✴❛♣♣ s❡ss✐♦♥ ❧♦❣s ✭✸✹✳✺✪ ♦✈❡r❛❧❧ ✐♠✲

♣♦rt❛♥❝❡✮✳ ❱❛r✐❛❜❧❡s ✇✐t❤ ♦♥❧② ♠✐♥♦r ✐♠♣♦rt❛♥❝❡ ✇❡r❡ ❈✉st♦♠❡r ❞❡♠♦❣r❛♣❤✐❝s ✭✼✳✽✪✮ ❛♥❞

❘❡t✉r♥s ❤✐st♦r② ✭✶✳✼✪✮✳

❚❤❡ ❧♦✇ ✐♠♣♦rt❛♥❝❡ ♦❢ ❈✉st♦♠❡r ❞❡♠♦❣r❛♣❤✐❝s ♠❛② ❜❡ ❡①♣❧❛✐♥❡❞ ❜② ❧❛❝❦ ♦❢ ♣r❡❝✐s❡

♣r❡❞✐❝t♦rs ❛s ♦♥❧✐♥❡ r❡t❛✐❧❡rs ✉s✉❛❧❧② ❞♦ ♥♦t r❡❝♦r❞ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❝❛t❡❣♦r✐❡s s✉❝❤ ❛s ❛❣❡

♦r ❡❞✉❝❛t✐♦♥✳ ❍♦✇❡✈❡r✱ s♦♠❡ ❢❡❛t✉r❡s ♠✐❣❤t ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❝✉st♦♠❡r✬s ❧♦❝❛t✐♦♥ ❜❛s❡❞

♦♥ ❞❡✈✐❝❡✬s ●P❙ ♦r ■P ❛❞❞r❡ss ❛♥❞ ❞❡❧✐✈❡r② ❛❞❞r❡ss✳ ▲♦❝❛t✐♦♥ ❞❛t❛ ✐♥ st❛t✐st✐❝❛❧ ❝♦♥t❡①t

♠❛② r❡✈❡❛❧ t❤❡ ❡st✐♠❛t❡❞ ❞❡♠♦❣r❛♣❤✐❝ ✐♥❢♦r♠❛t✐♦♥ ✭❡✳❣✳ s♦❝✐❛❧ ❝❧❛ss✱ ❡t❤♥✐❝✐t②✱ r❡❧✐❣✐♦♥✱

✇♦r❦✲❝♦♠♠✉t✐♥❣ t✐♠❡ ❡t❝✳✮✳ ❚❤❡ ❞❡♠♦❣r❛♣❤✐❝ ♣r♦☞❧❡s ♠❛② ❛❧❧♦✇ r❡t❛✐❧❡rs t♦ ❜❡tt❡r t❛r❣❡t

t❤❡ ❝✉st♦♠❡rs ✇✐t❤ r❡❧❡✈❛♥t ♦☛❡rs ❛♥❞ ❤❡♥❝❡ ✐♥❝r❡❛s❡ ❝✉st♦♠❡r ❧✐❢❡t✐♠❡ ✈❛❧✉❡✳ ❉❡s♣✐t❡ t❤❡

❡①♣❡❝t❡❞ ✐♥❢♦r♠❛t✐♦♥ ❣❛✐♥ ❤✐❞❞❡♥ ✐♥ ❣❡♦❣r❛♣❤✐❝ ❞❛t❛✱ ❛✉t❤♦rs ✭❈❤❛♠❜❡r❧❛✐♥ ❡t ❛❧✳✱ ✷✵✶✼✮

♠♦✈❡❞ t❤❡✐r ❢♦❝✉s t♦✇❛r❞s ❲❡❜✴❛♣♣ s❡ss✐♦♥ ❧♦❣s✳

❚❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ✇❡❜✴❛♣♣ ❜❡❤❛✈✐♦r ❞❛t❛ ❧✐❡s ✐♥ ✐ts ✈❛r✐❡t② ❛♥❞ t❤✉s ❞✐✍❝✉❧t② ♦❢ ❡①✲

tr❛❝t✐♥❣ ❤❛♥❞❝r❛❢t❡❞ ❢❡❛t✉r❡s ❢♦r ♠♦❞❡❧✐♥❣✳ ❚♦ ♠✐t✐❣❛t❡ t❤✐s ✐ss✉❡ ❛✉t❤♦rs ✭❈❤❛♠❜❡r❧❛✐♥ ❡t

❛❧✳✱ ✷✵✶✼✮ ❞❡❝✐❞❡❞ t♦ ✉s❡ ♥❡✉r❛❧ ♥❡t✇♦r❦ ♠♦❞❡❧s ♣♦✇❡r❡❞ ❜② ●♦♦❣❧❡ ❚❡♥s♦r✌♦✇✺✳ ❚❤❡s❡ ❢❡❛✲

✺▼♦r❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ t❡❝❤♥♦❧♦❣② ●♦♦❣❧❡ ❚❡♥s♦r✌♦✇ ❝❛♥ ❜❡ ❢♦✉♥❞ ❛t✿

✶✻



❋✐❣✉r❡ ✷✳✾✿ ❈▲❱ ❋r❛♠❡✇♦r❦ ✇✐t❤ ❈✉st♦♠❡r ❊♠❜❡❞❞✐♥❣ ●❡♥❡r❛t♦r✱ ❙♦✉r❝❡✿ ✭❈❤❛♠❜❡r❧❛✐♥ ❡t

❛❧✳✱ ✷✵✶✼✮

t✉r❡s ✇❡r❡ ♣♦♦❧❡❞ t♦❣❡t❤❡r ✇✐t❤ ♦t❤❡r tr❛❞✐t✐♦♥❛❧❧② ❤❛♥❞❝r❛❢t❡❞ ♦♥❡s ❛♥❞ ❢✉rt❤❡r ♣r♦❝❡ss❡❞

❢♦r t❤❡ ❈❤✉r♥ ❝❧❛ss✐☞❝❛t✐♦♥ ❛♥❞ ❈▲❱ r❡❣r❡ss✐♦♥✳

❆♥♦t❤❡r ♣❛rt ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❢r❛♠❡✇♦r❦ ✇♦rt❤ ♣♦✐♥t✐♥❣ ♦✉t ✐s t❤❡ ❝❛❧✐❜r❛t✐♦♥✳ ❚♦

❛❝❤✐❡✈❡ ❝♦♥s✐st❡♥t r❡s✉❧ts✱ ❛✉t❤♦rs ✭❈❤❛♠❜❡r❧❛✐♥ ❡t ❛❧✳✱ ✷✵✶✼✮ ❝❛❧✐❜r❛t❡❞ ♦✉t♣✉ts ♦❢ ❜♦t❤

❈❤✉r♥ ❝❧❛ss✐☞❝❛t✐♦♥ ❛♥❞ ❈▲❱ ❘❡❣r❡ss✐♦♥✳ ❚❤❡② ✉s❡❞ ❛ s✐♠♣❧❡ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ t❡❝❤♥✐q✉❡

t♦ ♣❡r❢♦r♠ t❤❡ ❝❛❧✐❜r❛t✐♦♥✳ ❆❝❝♦r❞✐♥❣ t♦ ✭❈❤❛♠❜❡r❧❛✐♥ ❡t ❛❧✳✱ ✷✵✶✼✮✱ t❤✐s ❛♣♣r♦❛❝❤ ❤❛s ✷

♠❛✐♥ ❛❞✈❛♥t❛❣❡s✿ ✭✶✮ t❤❡ ♠♦❞❡❧ ❜❡❝♦♠❡s ♠♦r❡ r♦❜✉st t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♦✉t❧✐❡rs ❛♥❞ ✭✷✮

❛✈❡r❛❣❡ ✈❛❧✉❡s ♦❢ ♦❜t❛✐♥❡❞ ♣r❡❞✐❝t✐♦♥s ♦✈❡r ❛ s❡t ♦❢ ❝✉st♦♠❡rs ♠❛t❝❤ t❤❡ ♦❜s❡r✈❡❞ ♦♥❡s ♠♦r❡

❤tt♣s✿✴✴✇✇✇✳t❡♥s♦r✌♦✇✳♦r❣✴

✶✼



❛❝❝✉r❛t❡❧②✳

❆ ❢r❛♠❡✇♦r❦ ❜❛s❡❞ ♦♥ t❤❡ ▼❛r❦♦✈ ❈❤❛✐♥ ♠♦❞❡❧ ❢r♦♠ t❤❡ ❣r♦✉♣ ♦❢ Pr♦❜❛❜✐❧✐t② ♠♦❞❡❧s

✇❛s ❛♣♣❧✐❡❞ ❜② ✭❈❤❡♥❣ ❡t ❛❧✳✱ ✷✵✶✷✮✳ ❚❤❡ ❢r❛♠❡✇♦r❦ ✇❛s ❞❡s✐❣♥❡❞ t♦ ☞t ❛ ❝❛r✲r❡♣❛✐r ✐♥❞✉str②✱

❜✉t ❛❣❛✐♥ ✐t ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ♦t❤❡r ✐♥❞✉str✐❡s ✇✐t❤ r❡♣❡t✐t✐✈❡ ♣✉r❝❤❛s❡s ♦r ❧♦♥❣✲❧❛st✐♥❣ ❝♦♥tr❛❝ts✳

❚❤❡ ❢r❛♠❡✇♦r❦ ❤❛s ✸ ♠❛✐♥ ♣✐❧❧❛rs ❛s ❝❛♥ ❜❡ s❡❡♥ ✐♥ t❤❡ ☞❣✉r❡ ✷✳✶✵✱ ♥❛♠❡❧② ▲✐❢❡t✐♠❡ ♣r❡❞✐❝t✐♦♥✱

Pr♦☞t ♣r❡❞✐❝t✐♦♥ ❛♥❞ ❇❡❤❛✈✐♦r ♣r❡❞✐❝t✐♦♥✳ ❚❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ♠♦❞❡❧ ✐s t❤❡♥ ❜✉✐❧t ❜❛s❡❞ ♦♥

♦✉t♣✉ts ♦❢ t❤❡s❡ ❝♦♠♣♦♥❡♥ts ❛♥❞ ❝❛❧❝✉❧❛t❡s t❤❡ ❡st✐♠❛t❡❞ ❧✐❢❡t✐♠❡ ✈❛❧✉❡✳

❋✐❣✉r❡ ✷✳✶✵✿ ❈▲❱ ❋r❛♠❡✇♦r❦ ❜❛s❡❞ ♦♥ ▲✐❢❡t✐♠❡✱ Pr♦☞t ❛♥❞ ❇❡❤❛✈✐♦r ♣r❡❞✐❝t✐♦♥✱ ❙♦✉r❝❡✿

✭❈❤❡♥❣ ❡t ❛❧✳✱ ✷✵✶✷✮

❚❤❡ ❈❤❡♥❣✬s st✉❞② ✐s ✈❛❧✉❛❜❧❡ ♠♦r❡ ❢♦r t❤❡ ❢r❛♠❡✇♦r❦ str✉❝t✉r❡ t❤❛♥ t❤❡ r❡s✉❧ts ✐ts❡❧❢

❜❡❝❛✉s❡ ❛✉t❤♦rs ❞✐❞ ♥♦t ❡①❛♠✐♥❡ r❡❧❛t✐♦♥s❤✐♣ s♣❡❝✐☞❝s ♦❢ t❤❡ ✐♥❞✉str② s✉❝❤ ❛s ♠✐❧❡❛❣❡ ❛♥❞

s❡r✈✐❝❡ ✐♥s♣❡❝t✐♦♥s✳ ❚❤✐s ✇❛s ✉s❡❞ t♦ ♠♦❞❡❧ ♦r❞✐♥❛r② s❡r✈✐❝❡ ✈✐s✐ts ✭❡✳❣✳ ♦✐❧ ❡①❝❤❛♥❣❡s✱ ❜r❛❦❡

r❡♣❧❛❝❡♠❡♥ts✮ ❛s ✇❡❧❧ ❛s ✉♥♣❧❛♥♥❡❞ ♦♥❡s ✭❡✳❣✳ ❞❛♠❛❣❡s ❝❛✉s❡❞ ❜② ❛❝❝✐❞❡♥ts✱ s✉❞❞❡♥ ❝❛r ♣❛rt

❜r❡❛❦❞♦✇♥s✮✱ t❤❡ ❞❛t❛ str✉❝t✉r❡ ❛♥❞ q✉❛❧✐t② ✐s ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥t✳ ❚❤❡ ☞♥❛❧ ▼❛r❦♦✈

✶✽



❝❤❛✐♥ ♠♦❞❡❧ ✐♥✈♦❧✈❡❞ ♦♥❧② ♦♥❡ ✈❛r✐❛❜❧❡ ✭♥✉♠❜❡r ♦❢ ✈✐s✐ts ❜② t❤❡ ❝✉st♦♠❡r ♦✈❡r ②❡❛r✮✱ ✇❤✐❝❤

✐s ❛♥ ✉♥s❛t✐s❢❛❝t♦r② r❡s✉❧t✳

✷✳✸ ▼♦❞❡❧✐♥❣ ❈▲❱ ❛♥❞ ✐ts ✉s❛❣❡ ✐♥ ✈❛r✐♦✉s ✐♥❞✉str✐❡s

▼❛♥② st✉❞✐❡s s❤♦✇ t❤❛t ❝✉st♦♠❡rs ❤❛✈❡ ❞✐☛❡r❡♥t ❛tt✐t✉❞❡s t♦✇❛r❞s ♠❛r❦❡t✐♥❣ ❝❤❛♥♥❡❧s

✇❤✐❝❤ ❛☛❡❝t t❤❡ ♣r♦♣❡♥s✐t② ♦❢ ❛❝q✉✐s✐t✐♦♥ ♦❢ t❤❡ ♠❛r❦❡t❡❞ ♣r♦❞✉❝t✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ✐♥✌✉✲

❡♥❝❡ ❈▲❱ ♥♦♥❧✐♥❡❛r❧②✳ ❆✉t❤♦rs ✭❱❡♥❦❛t❡s❛♥ ✫ ❑✉♠❛r✱ ✷✵✵✹✮ ❝❧❛✐♠ t❤❛t ❝✉st♦♠❡rs ✇❤♦ ❛r❡

s❡❧❡❝t❡❞ ♦♥ t❤❡ ❜❛s✐s ♦❢ t❤❡✐r ❈▲❱ ♣r♦✈✐❞❡ ❤✐❣❤❡r ♣r♦☞ts ✐♥ ❢✉t✉r❡ t❤❛♥ ❞♦ ❝✉st♦♠❡rs s❡❧❡❝t❡❞

♦♥ t❤❡ ❜❛s✐s ♦❢ s❡✈❡r❛❧ ♦t❤❡r ❝✉st♦♠❡r✲❜❛s❡❞ ♠❡tr✐❝s✳

❘♦③❡❦ ❛♥❞ ❑❛r❧✐❝❡❦ ✭✷✵✶✹✮ ♣♦✐♥t❡❞ ♦✉t t❤❡ ❞✐☛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❈▲❱ ♦r✐❡♥t❡❞ ❛♣✲

♣r♦❛❝❤ ❛♥❞ t❤❡ ♣r♦☞t✲♦r✐❡♥t❡❞ ❛♣♣r♦❛❝❤ ♦♥ t❤❡ Pr♦❞✉❝t ◗✉❛❧✐t② ●❛♠❡ ✭●❛♠❡ ❚❤❡♦r② ♠♦❞❡❧✮✳

❚❤✐s ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ ❣❛♠❡ ❤❛s ✷ ♣❧❛②❡rs ✭t❤❡ ❝✉st♦♠❡r ❛♥❞ t❤❡ ❝♦♠♣❛♥②✮✳ ❚❤❡ ❣❛♠❡ s❝❡✲

♥❛r✐♦ ✐s ❛s ❢♦❧❧♦✇s✿ t❤❡ ❝♦♠♣❛♥② ♠❛♥✉❢❛❝t✉r❡s ❛♥❞ ♦☛❡rs ❛ ♣r♦❞✉❝t ❢♦r ❛ ☞①❡❞ ♣r✐❝❡✱ ✐t ❝❛♥

❝❤♦♦s❡ ✇❤❡t❤❡r t♦ ♣r♦❞✉❝❡ ❤✐❣❤✲q✉❛❧✐t② ♣r♦❞✉❝ts ✭✇❤✐❝❤ ❧♦✇❡rs t❤❡ ❝♦♠♣❛♥②✬s ♣r♦☞t✮ ♦r ❧♦✇✲

q✉❛❧✐t② ♣r♦❞✉❝ts ✭✇❤✐❝❤ ✐♥❝r❡❛s❡s t❤❡ ❝♦♠♣❛♥②✬s ♣r♦☞t✮✳ ❚❤❡ ❝✉st♦♠❡r ❤❛s ✷ ♦♣t✐♦♥s ❛s ✇❡❧❧

④ ❡✐t❤❡r ❜✉② ❛ ♣r♦❞✉❝t ♦r ♥♦t✳ ❚❤❡ ❝✉st♦♠❡r ✐s ❧✐♠✐t❡❞ ❜② t❤❡ ❢❛❝t t❤❛t ❤❡ ♦r s❤❡ ❞♦❡s ♥♦t

❦♥♦✇ t❤❡ ♣r♦❞✉❝t q✉❛❧✐t② ✐♥ ❛❞✈❛♥❝❡ ✭❜❡❢♦r❡ t❤❡ ❛❝t✉❛❧ ♣✉r❝❤❛s❡✮✳ ❚❤❡ ♣♦ss✐❜❧❡ ♣❛②♦☛s ♦❢

t❤❡ ❝✉st♦♠❡r✬s ❛♥❞ ❝♦♠♣❛♥②✬s str❛t❡❣✐❡s ❛r❡ ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ t❛❜❧❡ ✷✳✶✳

❚❛❜❧❡ ✷✳✶✿ Pr♦❞✉❝t ◗✉❛❧✐t② ●❛♠❡ ✲ P❛②♦☛ ♠❛tr✐①✱ ❙♦✉r❝❡✿ ✭❘♦➽❡❦ ✫ ❑❛r❧íè❡❦✱ ✷✵✶✹✮

❈✉st♦♠❡r✬s str❛t❡❣✐❡s ❛♥❞ ♣❛②♦☛s

❈♦♠♣❛♥②✬s str❛t❡❣✐❡s

❛♥❞ ♣❛②♦☛s

❚♦ ♣✉r❝❤❛s❡
◆♦t t♦

♣✉r❝❤❛s❡

❍◗ ♣r♦❞✉❝t ✺ ✴ ✺ ✵ ✴ ✵
▲◗ ♣r♦❞✉❝t ✶✵ ✴ ✲✺ ✵ ✴ ✵

❚❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠✻ ✉♥❞❡r s✉❝❤ ❝♦♥❞✐t✐♦♥s ❧❛②s ✐♥ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❧♦✇ q✉❛❧✐t②

✻❚❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t ✐s ❛♥ ♥✲t✉♣❧❡ s✉❝❤ t❤❛t ❡❛❝❤ ♣❧❛②❡r✬s ♠✐①❡❞ str❛t❡❣② ♠❛①✐♠✐③❡s ❤✐s ♣❛②♦☛ ✐❢

t❤❡ str❛t❡❣✐❡s ♦❢ t❤❡ ♦t❤❡rs ❛r❡ ❤❡❧❞ ☞①❡❞✳ ❚❤✉s✱ ❡❛❝❤ ♣❧❛②❡r✬s str❛t❡❣② ✐s ♦♣t✐♠❛❧ ❛❣❛✐♥st t❤♦s❡ ♦❢ t❤❡ ♦t❤❡rs✳

✭◆❛s❤✱ ✶✾✺✶✮ ■♥ ♦t❤❡r ✇♦r❞s t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✐s s✉❝❤ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ str❛t❡❣✐❡s t❤❛t ♥❡✐t❤❡r ♦❢ t❤❡

♣❧❛②❡rs ❝❛♥ ✐♥❝r❡❛s❡ t❤❡✐r ♣❛②♦☛ ❜② ❝❤♦♦s✐♥❣ ❛ ❞✐☛❡r❡♥t str❛t❡❣②✳

✶✾



♣r♦❞✉❝t✐♦♥ ❢r♦♠ t❤❡ ❝♦♠♣❛♥②✬s s✐❞❡ ❛♥❞ ❞❡❝✐s✐♦♥ ♥♦t t♦ ♣✉r❝❤❛s❡ ❢r♦♠ t❤❡ ❝✉st♦♠❡r✬s s✐❞❡✳

❍♦✇❡✈❡r✱ ♥❡✐t❤❡r t❤❡ ❝✉st♦♠❡r ♥♦r t❤❡ ❝♦♠♣❛♥② ✇✐❧❧ ♣r♦☞t ❢r♦♠ t❤✐s str❛t❡❣②✱ ✇❤✐❝❤ ❧❡❛❞s

✐♥t♦ ❝❤❛♥❣❡ ✐♥ t❤❡ ❝♦♠♣❛♥②✬s ❜❡❤❛✈✐♦r✳ ❚❤❡ ❝♦♠♣❛♥② ❤❛s ❣❡♥❡r❛❧❧② t✇♦ ♦♣t✐♦♥s✿ ✭✶✮ ♣r❡t❡♥❞

t❤❛t ✐t ♣r♦❞✉❝❡s ❤✐❣❤✲q✉❛❧✐t② ♣r♦❞✉❝ts ✇❤✐❧❡ ♠❛♥✉❢❛❝t✉r✐♥❣ t❤❡ ❧♦✇✲q✉❛❧✐t② ♦♥❡s ✭r❛✐s✐♥❣

✐ts ♠❛r❦❡t✐♥❣ ❡①♣❡♥❞✐t✉r❡s✮ ♦r ✭✷✮ ♠❛♥✉❢❛❝t✉r❡ ❤✐❣❤✲q✉❛❧✐t② ♣r♦❞✉❝ts ❛♥❞ t❤✉s ❞✐♠✐♥✐s❤ ✐ts

♣r♦☞t✳ ✭❘♦➽❡❦ ✫ ❑❛r❧íè❡❦✱ ✷✵✶✹✮

❚❤❡ ☞rst ♦♣t✐♦♥ ♣✉ts t❤❡ ❝♦♠♣❛♥② ✐♥t♦ t❤❡ s✐t✉❛t✐♦♥ ♦❢ ♠♦r❛❧ ❤❛③❛r❞✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞

✇❤✐❧❡ ❤❛✈✐♥❣ ❛♥ ❛ss✉♠♣t✐♦♥ ♦❢ ♥♦♥✲r❡♣❡t✐t✐✈❡ ♣✉r❝❤❛s❡s ❢r♦♠ t❤❡ ♣❛rt✐❝✉❧❛r ❝✉st♦♠❡r ❛♥❞ ❧♦✇

✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♣❡r❝❡✐✈❡❞ q✉❛❧✐t② s♣r❡❛❞ ❛♠♦♥❣ ❝✉st♦♠❡rs✱ t❤✐s ❜❡❤❛✈✐♦r ♠❛② ❜❡ ✈❡r②

❛❞✈❛♥t❛❣❡♦✉s✳ ❋♦r ❡①❛♠♣❧❡✱ t❤✐s s❝❡♥❛r✐♦ ✐s t②♣✐❝❛❧ ❢♦r ✈❛r✐♦✉s ❜✉s✐♥❡ss❡s ✐♥ t❤❡ t♦✉r✐st✐❝

❞❡st✐♥❛t✐♦♥s✳ ◆♦♥❡t❤❡❧❡ss t❤❡ ♠❛❥♦r✐t② ♦❢ ❝♦♠♣❛♥✐❡s ❝❛♥♥♦t tr✐❝❦ ❝✉st♦♠❡rs ✐♥ s✉❝❤ ✇❛② ✐♥

❧♦♥❣ t✐♠❡ ❤♦r✐③♦♥ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♦♥❧② s✉st❛✐♥❛❜❧❡ str❛t❡❣② ❢r♦♠ t❤❡ ❝♦♠♣❛♥②✬s s✐❞❡ ✐s t♦

♦☛❡r ❤✐❣❤✲q✉❛❧✐t② ♣r♦❞✉❝ts✳ ❚❤❡ ❝✉st♦♠❡rs t❤❡♥ ❤❛✈❡ ♥♦ ♥❡❡❞ t♦ t❡r♠✐♥❛t❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣

❛♥❞ ❣♦ t♦ t❤❡ ❝♦♠♣❡t✐t♦r✳

■♠♣❧✐❝❛t✐♦♥s ❢r♦♠ t❤❡ Pr♦❞✉❝t ◗✉❛❧✐t② ●❛♠❡ ❢♦r t❤❡ ❈▲❱ ♠♦❞❡❧✐♥❣ ❛r❡ ✉♥❞♦✉❜t❛❜❧❡

④ ♦♥❝❡ ❛❝q✉✐r❡❞ ❝✉st♦♠❡rs ✇✐❧❧ st❛② ♦♥❧② ✐♥ t❤❡ ❢❛✐r ❭✇✐♥✲✇✐♥✧ r❡❧❛t✐♦♥s❤✐♣✱ ✇❤❡r❡ t❤❡② ✇✐❧❧

❜❡ tr❡❛t❡❞ ✇✐t❤ r❡s♣❡❝t✳ ❖♥ t❤❡ ❝♦♥tr❛r② ❛❝❝♦r❞✐♥❣ t♦ ✭❘♦➽❡❦ ✫ ❑❛r❧íè❡❦✱ ✷✵✶✹✮✱ ✷✵✪ ♦❢ t❤❡

❝✉st♦♠❡rs ❝r❡❛t❡ ❢r♦♠ ✶✺✵✪ t♦ ✸✵✵✪ ♦❢ t❤❡ ❝♦♠♣❛♥②✬s ♣r♦☞t✱ ❢r♦♠ ✻✵✪ t♦ ✼✵✪ ❝✉st♦♠❡rs

❛r❡ ♦♥ t❤❡ ❜r❡❛❦✲❡✈❡♥ ✭t❤❡✐r ❈▲❱ ❡q✉❛❧s t♦ ③❡r♦✮ ❛♥❞ ❢r♦♠ ✶✵✪ t♦ ✷✵✪ ♦❢ t❤❡ ❝✉st♦♠❡rs

❧♦s❡ ❢r♦♠ ✺✵✪ t♦ ✷✵✵✪ ♦❢ t❤❡ ❝♦♠♣❛♥②✬s t♦t❛❧ ♣r♦☞t✼✳ ❆✉t❤♦rs t❤❡r❡❢♦r❡ s✉❣❣❡st s♣❡♥❞✐♥❣

♠❛r❦❡t✐♥❣ ❡①♣❡♥❞✐t✉r❡s r❡❛s♦♥❛❜❧② ❛♥❞ ❢♦❝✉s ♦♥ t❤❡ ❤✐❣❤ ♣r♦☞t❛❜❧❡ ❝✉st♦♠❡r ❣r♦✉♣s✳

❇❛s ❉♦♥❦❡rs ✭✷✵✵✼✮ st✉❞✐❡❞ t❤❡ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ ❛ r❛♥❣❡ ♦❢ ♠♦❞❡❧s t♦ ♣r❡❞✐❝t ❈▲❱ ✐♥ t❤❡

✐♥s✉r❛♥❝❡ ✐♥❞✉str②✱ ❡✳❣✳ ❛ st❛t✉s q✉♦ ♠♦❞❡❧✱ ❛ ❚♦❜✐t ■■ ♠♦❞❡❧✱ ❝❤♦✐❝❡ ♠♦❞❡❧s✱ ❛♥❞ ❞✉r❛t✐♦♥

♠♦❞❡❧s✳ ❊✈❡♥ t❤♦✉❣❤ t❤❡ t❛r❣❡t❡❞ t✐♠❡ ❤♦r✐③♦♥ ❢♦r t❤❡ ❈▲❱ ♣r❡❞✐❝t✐♦♥ ✇❛s ✹ ②❡❛rs✱ t❤❡

♠♦r❡ ❝♦♠♣❧❡① ♠♦❞❡❧s ❞✐❞ ♥♦t ❢❛r ♦✉t♣❡r❢♦r♠ t❤❡ s✐♠♣❧❡st ♦♥❡s ✭t❤❡ st❛t✉s q✉♦ ♠♦❞❡❧ ✇❤✐❝❤

♣r❡❞✐❝ts t❤❡ ♥❡①t ♣❡r✐♦❞ ❝✉st♦♠❡r✬s ♣r♦☞t t♦ ❜❡ t❤❡ s❛♠❡ ❛s t❤❡ ❝✉rr❡♥t ♦♥❡✮✳ ❚❤✐s ♠✐❣❤t

✼❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❝✉st♦♠❡r ♣❡r❝❡♥t✐❧❡s ❛♥❞ t❤❡ ❝✉♠✉❧❛t✐✈❡ ♣r♦☞t ❝❛♥ ❜❡ s❡❡♥ ✐♥ t❤❡ ☞❣✉r❡ ✸✳✶✳

✷✵



❜❡ ❝❛✉s❡❞ ❜② ✐♥s✉✍❝✐❡♥t ❢❡❛t✉r❡ s♣❛❝❡ s✐♥❝❡ t❤❡r❡ ✇❡r❡ ♦♥❧② ❞❛t❛ ❛❜♦✉t ✐♥s✉r❛♥❝❡ t②♣❡✱

❧♦②❛❧t② ♣r♦❣r❛♠✱ ♣✉r❝❤❛s❡ ❤✐st♦r②✱ ❝❛♥❝❡❧❧❛t✐♦♥ ❤✐st♦r②✱ ❛♥❞ ❝♦♥tr❛❝t ❞✉r❛t✐♦♥ ❛✈❛✐❧❛❜❧❡✳ ❚❤❡

st❛t✉s q✉♦ ♠♦❞❡❧ ♣❡r❢♦r♠❡❞ ✇❡❧❧ ♣❛rt✐❝✉❧❛r❧② ❜❡❝❛✉s❡ ♦❢ r❡❧❛t✐✈❡❧② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❝✉st♦♠❡rs

t❤❛t ❞♦ ♥♦t ❝❤❛♥❣❡ t❤❡✐r ♣✉r❝❤❛s❡ ❜❡❤❛✈✐♦r ✭✐♥s✉r❛♥❝❡ t②♣❡s✮ ♦✈❡r t✐♠❡✳ ❋r♦♠ t❤❡ ❜✉s✐♥❡ss

♣❡rs♣❡❝t✐✈❡ t❤❡ ✭❇❛s ❉♦♥❦❡rs✱ ✷✵✵✼✮ ✇♦r❦ r❡✈❡❛❧❡❞ ✇❤✐❝❤ ❢❛❝t♦rs ❛☛❡❝t t❤❡ ❝✉st♦♠❡r r❡t❡♥t✐♦♥

r❛t❡ ✭t❤❡ ♣r♦❜✐t ♠♦❞❡❧✮ ❛♥❞ t❤❡ ❝r♦ss ❡☛❡❝ts ❛t t❤❡ ✐♥s✉r❛♥❝❡ ❧❡✈❡❧✳ ❚❤❡ ❤✐❣❤❧② ❝♦rr❡❧❛t❡❞

✐♥s✉r❛♥❝❡ t②♣❡s ♠❛② ❧❡❛❞ t♦ ❝r♦ss✲s❡❧❧ ✐♥✐t✐❛t✐✈❡s ❛s ♦♥❡ ❝❛♥ ❛ss✉♠❡ s✐♠✐❧❛r ❝✉st♦♠❡r ♥❡❡❞s✳

❆♥♦t❤❡r st✉❞② ❜② ✭P❡t❡r P❛❛✉✇❡✱ ✷✵✵✼✮ ✇❛s ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ ❛✐♠ t♦ ❡st✐♠❛t❡ t❤❡

❈▲❱ ♦❢ ❝✉st♦♠❡rs ✐♥ ❛♥ ❡✲❝♦♠♠❡r❝❡ ❡♥✈✐r♦♥♠❡♥t✳ ❆❧t❤♦✉❣❤ s❡✈❡r❛❧ ♦t❤❡r r❡s❡❛r❝❤❡s ♠❡♥✲

t✐♦♥❡❞ ✐♥ t❤❡ t❤❡s✐s ❢♦❝✉s ♦♥ t❤❡ s❛♠❡ ✐♥❞✉str②✱ t❤✐s st✉❞② ✐s s♣❡❝✐☞❝ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♠❛r❦❡t

s❡❣♠❡♥t r❡str✐❝t✐♦♥✳ ❆✉t❤♦r✬s ♦r✐❡♥t❡❞ ♦♥ t❤❡ s❡❧❧s ♦❢ ✐♥❦ ❝❛rtr✐❞❣❡s ❢♦r ✐♥❦✲❥❡t ♣r✐♥t❡rs✱

t❤❡r❡❢♦r❡ t❤❡ ❝✉st♦♠❡r✬s ❜❡❤❛✈✐♦r ✐s ♠♦r❡ ❧✐❦❡❧② ❛ ❧♦♥❣✲❧❛st✐♥❣ r❡❧❛t✐♦♥s❤✐♣ ❛s t❤❡ ♠❡❛♥ ♣❡✲

r✐♦❞ ❜❡t✇❡❡♥ ♣✉r❝❤❛s❡s ✐s ✷✳✼ ♠♦♥t❤s✳ ❉✉❡ t♦ t❤✐s ❢❛❝t ✭P❡t❡r P❛❛✉✇❡✱ ✷✵✵✼✮ ❞❡❝✐❞❡❞ t♦ ✉s❡

t❤❡ ❉❡❝✐s✐♦♥ ❚r❡❡ ▼❛r❦♦✈ ❈❤❛✐♥ ✭❉❚▼❈✮ ♠♦❞❡❧✳ ❚❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧ ❝♦♥s✐sts ♦❢ ✷ ♣❤❛s❡s✱

✭✶✮ ❉❡❝✐s✐♦♥ tr❡❡ st❡♣ ✲ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ s❡❣♠❡♥ts ✭❝✉st♦♠❡r st❛t❡s✮ ✉s✐♥❣ ❛ ❈❆❘❚ tr❡❡

❛♥❞ ✭✷✮ ▼❛r❦♦✈ ❝❤❛✐♥ st❡♣ ✲ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❜❛s❡❞ ♦♥ t❤❡ ❡st✐♠❛t❡❞

❝✉st♦♠❡r st❛t❡ ❝❤❛♥❣❡s ✐♥ t❤❡ tr❛✐♥✐♥❣ ♣❡r✐♦❞✱ ❛ ♣r❡❞✐❝t✐♦♥ ♦❢ t❤❡ ❝❧✐❡♥t ❜❛s❡ str✉❝t✉r❡ ❛❢t❡r

♥ ♣❡r✐♦❞s ❛♥❞ ❞✐s❝♦✉♥t✐♥❣ t❤❡ ♦❜s❡r✈❡❞ ✈❛❧✉❡s✳ ❆✉t❤♦r✬s ❛❞♠✐t t❤❛t ❞✐☛❡r❡♥t ♠♦❞❡❧s ♦✉t♣❡r✲

❢♦r♠ t❤❡ ❉❚▼❈ ♠♦❞❡❧ ✭❡✳❣✳ ❘❋▼ ♠♦❞❡❧s✮ ✐♥ ❈▲❱ ♣r❡❞✐❝t✐♦♥s✱ ♥❡✈❡rt❤❡❧❡ss t❤❡② ❤✐❣❤❧✐❣❤t

❉❚▼❈ ♠♦❞❡❧✬s ❛❜✐❧✐t② t♦ ♠❡❛s✉r❡ ♠❛r❦❡t✐♥❣ ❡☛♦rt ❡☛❡❝ts ❛♥❞ ✐ts ❣r❡❛t ✐♥t❡r♣r❡t❛❜✐❧✐t② t♦

❜✉s✐♥❡ss ✉s❡rs ❞✉❡ t♦ ❝❧❡❛r❧② ❞❡☞♥❡❞ ❝✉st♦♠❡r st❛t❡s✳ ❚❤♦✉❣❤ ❛✉t❤♦rs ♠❡♥t✐♦♥ t❤❛t t❤❡ ♠♦st

❧✐♠✐t✐♥❣ ❢❛❝t♦r ✇❛s t❤❡ ❧❛❝❦ ♦❢ ❞❡♠♦❣r❛♣❤✐❝ ❞❛t❛✳ ❚❤❡r❡❢♦r❡ ♥✉♠❜❡r ♦❢ ❞✐s❝♦✈❡r❡❞ s❡❣♠❡♥ts

✇❛s ♣r♦❜❛❜❧② ♥♦t s✉✍❝✐❡♥t ❛♥❞ ❧❡❛❞ t♦ ❞✐st♦rt✐♦♥ ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥ ❡st✐♠❛t♦rs✳

■♥t❡r❡st✐♥❣ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❧✐❢❡t✐♠❡ ✈❛❧✉❡ ♠❡♥t✐♦♥❡❞ ✭❙✉tt♦♥ ✫ ❇❛rt♦✱ ✷✵✶✻✮ ✐♥ t❤❡ ❝❛s❡

st✉❞② ❛✐♠❡❞ ❛t ♣❡rs♦♥❛❧✐③❡❞ ✇❡❜ s❡r✈✐❝❡s✳ ❚❤❡✐r ❛ss✉♠♣t✐♦♥ ✇❛s t♦ ✉s❡ ▼❛r❦♦✈ ❉❡❝✐s✐♦♥

Pr♦❝❡ss t♦ ✐♠♣r♦✈❡ t❤❡ ❝❧✐❝❦✲t❤r♦✉❣❤ r❛t❡ ✭❈❚❘✮✱ ✇❤✐❝❤ ❤❡ ❞❡☞♥❡s ❛s t❤❡ r❛t✐♦ ♦❢ t❤❡ t♦t❛❧

✷✶



♥✉♠❜❡r ♦❢ ❝❧✐❝❦s ❛❧❧ ✉s❡rs ♠❛❦❡ ♦♥ ❛ ✇❡❜♣❛❣❡ t♦ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ✈✐s✐ts ♦♥ t❤❡ ♣❛❣❡✳ ❚❤❡

✉♥❞❡r❧②✐♥❣ ✐❞❡❛ ✐s t❤❛t ❝✉st♦♠❡rs ✇❤♦ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥ t❤❡ ❛❞✈❡rt✐s❡♠❡♥t ♦♥ t❤❡ ✇❡❜♣❛❣❡ ❛r❡

❛☛❡❝t❡❞ ❜② t❤❛t ❢❛❝t ✭▼❛r❦♦✈ st❛t❡s✮✳ ❈✉st♦♠❡rs ❞❡♠♦♥str❛t❡ t❤❡✐r ❛tt✐t✉❞❡ ❜② ❝❧✐❝❦✐♥❣ t❤❡

❛❞❞✱ ❤♦♦✈❡r✐♥❣ ♦✈❡r ✐t ♦r r❡❛❞✐♥❣ t❤❡ ♣❛❣❡ ✇✐t❤♦✉t ❛♥② ❛❝t✐♦♥✳ ❆ ✇❡❜s❡r✈❡r r❡s♣♦♥❞s t♦ t❤❡

❝✉st♦♠❡r✬s ❜❡❤❛✈✐♦r ✇✐t❤ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❛❝t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❝✉st♦♠❡r✬s st❛t❡✳ ❚❤❡ ❧✐❢❡t✐♠❡

✈❛❧✉❡ ♠❡tr✐❝ ✉s❡❞ ✐♥ t❤❡ ✇❡❜ ❛♥❛❧②t✐❝s ✐s ♥♦t ❞✐r❡❝t❧② tr❛♥s❢♦r♠❛❜❧❡ t♦ t❤❡ ❈✉st♦♠❡r ▲✐❢❡t✐♠❡

❱❛❧✉❡✱ ❜✉t ♠✐❣❤t ❜❡ ❛ ✈❛❧✉❛❜❧❡ ❝♦♥❝❡♣t ✐♥ ❞❡s✐❣♥✐♥❣ t❤❡ ❝♦♠♣❛♥②✬s ✇❡❜♣❛❣❡s ❛♥❞ r❡✈❡❛❧✐♥❣

❝✉st♦♠❡r✬s r❡❛❝t✐♦♥s✱ ❡✳❣✳ ♥❡✇ ♣r♦❞✉❝t ❧❛✉♥❝❤❡s✳ ❚❤❡ ✐❞❡❛ ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ ♦☛❡rs ❢♦❧❧♦✇✐♥❣ ❛

♣r❡❞❡☞♥❡❞ ♣♦❧✐❝② ✐s ❛❧s♦ ❢❛✈♦r❡❞ ❜② ♦♥❡ ♦❢ t❤❡ ♠❛r❦❡t ❧❡❛❞❡rs ❆❞♦❜❡ t❤❛t ✐♠♣❧❡♠❡♥t❡❞ t❤✐s

❢❡❛t✉r❡ ✐♥ t❤❡ ▼❛r❦❡t✐♥❣ ❈❧♦✉❞✳

❙✉♠♠❛r②

❚❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ❈▲❱ ✈❛❧✉❡ ✐s ❛ ✈❡r② ❝✉rr❡♥t t♦♣✐❝ ♠❡♥t✐♦♥❡❞ ✐♥ ❛ ❜r♦❛❞ r❛♥❣❡ ♦❢

r❡s❡❛r❝❤❡s ❢♦❝✉s❡❞ ♦♥ ♠❛r❦❡t✐♥❣✱ ❝♦♠♣✉t❡r s❝✐❡♥❝❡ ♦r ❡✈❡♥ s♦❝✐♦❧♦❣②✳ ❊s♣❡❝✐❛❧❧② ✐♥ ❤✐❣❤❧②

❝♦♠♣❡t✐t✐✈❡ r❡t❛✐❧ ❜❛♥❦✐♥❣ ④ ✐♥❞✉str② s♣❡❝✐☞❝ ❢♦r t❤❡ ✈♦❧✉♠❡s ♦❢ ❝✉st♦♠❡r ❞❛t❛ ④ ❈▲❱ ♣r❡✲

❞✐❝t✐♦♥ ❛♥❞ ♦♣t✐♠✐③❛t✐♦♥ ❡♠❡r❣❡❞ t♦ ❜❡ ❛ ❝r✐t✐❝❛❧ ❝♦♥❝❡♣t t♦ r❡t❛✐♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞

♠❛r❦❡t s❤❛r❡✳ ❖♥❧② ❢❡✇ ♦❢ t❤❡ ❞✐s❝✉ss❡❞ ♠♦❞❡❧s ♣r♦✈✐❞❡ t❤❡ r❡s✉❧ts ♦♥ ❝✉st♦♠❡r ❧❡✈❡❧✱ ✇❤✐❝❤

✐s ❛ ❝r✉❝✐❛❧ ♣r♦♣❡rt② ❢♦r ❢✉rt❤❡r ❈▲❱ ♦♣t✐♠✐③❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ✉s❡ ❝❛s❡s ✇❤❡♥ ❛♥ ❛❣❣r❡❣❛t❡❞

❝✉st♦♠❡r ♣♦rt❢♦❧✐♦ ❧✐❢❡t✐♠❡ ✈❛❧✉❡ ✐s s✉✍❝✐❡♥t ❡①✐st ✭❡✳❣✳ ❜✉s✐♥❡ss ✈❛❧✉❛t✐♦♥✮✱ t❤❡r❡❢♦r❡ t❤❡s❡

♠♦❞❡❧s ✇❡r❡ ♠❡♥t✐♦♥❡❞ t♦ ♣r♦✈✐❞❡ ❛ t❤♦r♦✉❣❤ ♦✈❡r✈✐❡✇ ♦❢ ❈▲❱ ❛♣♣r♦❛❝❤❡s✳
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❈❤❛♣t❡r ✸

❈❛♠♣❛✐❣♥ ❖♣t✐♠✐③❛t✐♦♥ ✐♥

❈♦♥str❛✐♥ts ♦❢ ❘❡t❛✐❧ ❇❛♥❦✐♥❣

❚❤❡ ❛✐♠ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ❞❡s❝r✐❜❡ t❤❡ r❡t❛✐❧ ❜❛♥❦✐♥❣ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ ✐ts ♠❛r❦❡t✐♥❣

✐♥✐t✐❛t✐✈❡s✱ ♠❡tr✐❝s ✉s❡❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ ♠❛r❦❡t✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ ☞♥❛❧❧② ✐♥tr♦❞✉❝❡ t❤❡

♠❛r❦❡t ❧❡❛❞✐♥❣ s♦❧✉t✐♦♥s ❢r♦♠ ✈❡♥❞♦rs s✉❝❤ ❛s ❆❞♦❜❡✱ ❙❆❙✱ ♦r ❖r❛❝❧❡✳ ❆ ❝♦♠♣r❡❤❡♥s✐✈❡

❢r❛♠❡✇♦r❦ ✐s ♣r♦♣♦s❡❞ ❛♥❞ ❞✐s❝✉ss❡❞ ❛t t❤❡ ✈❡r② ❡♥❞ ♦❢ t❤❡ ❝❤❛♣t❡r✳

✸✳✶ ❇❛♥❦✐♥❣ ✐♥❞✉str② s♣❡❝✐☞❝s

❚❤❡ ☞♥❛♥❝✐❛❧ s❡r✈✐❝❡s ❛r❡ ❣❡tt✐♥❣ ♠♦r❡ ❛♥❞ ♠♦r❡ ❝♦♠♣❧❡① ❛s t❡❝❤♥✐❝❛❧ ❝❛♣❛❜✐❧✐t✐❡s ❛❧❧♦✇

t❛r❣❡t✐♥❣ ♥♦t ♦♥❧② t❤❡ ❭♠❛✐♥str❡❛♠✧ ❝❧✐❡♥ts ✇✐t❤ ❛✈❡r❛❣❡ ♥❡❡❞s ❜✉t ❡①t❡♥❞✐♥❣ t❤❡ ♣r♦❞✉❝t

♣♦rt❢♦❧✐♦ t♦ ♦☛❡r ❛ t❛✐❧♦r❡❞ ♣r♦❞✉❝t ❝♦♠❜✐♥❛t✐♦♥ ❢♦r ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ❝❧✐❡♥t✳ ❈♦♥s❡q✉❡♥t❧②✱

t❤✐s ❜❡❤❛✈✐♦r ✐♥❝r❡❛s❡❞ t❤❡ r❡q✉✐r❡♠❡♥ts ♦♥ ❦♥♦✇❧❡❞❣❡ ♦❢ ☞♥❛♥❝✐❛❧ ❛❞✈✐s♦rs ❛♥❞ t❤❡r❡❢♦r❡ t❤❡

t✐♠❡ ♥❡❝❡ss❛r② t♦ ♣r❡♣❛r❡ ♥❡✇ ❡♠♣❧♦②❡❡s ❢♦r t❤❡ ❞❡s✐r❡❞ ❥♦❜✳

❲❤❡r❡❛s ✐♥ ❝♦r♣♦r❛t❡ ❜❛♥❦✐♥❣ ❡❛❝❤ ❝❧✐❡♥t✬s ♥❡❡❞s ❛r❡ s♦ s♣❡❝✐☞❝ t❤❛t ❛✉t♦♠❛t✐♦♥ ♦❢ t❤❡s❡

♣r♦❝❡ss❡s ✇♦✉❧❞ ❜❡ t♦♦ ❝♦st❧② ♦r ❡✈❡♥ ✐♠♣♦ss✐❜❧❡✱ ✐♥ r❡t❛✐❧ ❛♥❞ ♣♦t❡♥t✐❛❧❧② ❙♠❛❧❧ ❛♥❞ ▼❡❞✐✉♠✲

s✐③❡❞ ❡♥t❡r♣r✐s❡ ✭❙▼❊✮ ❜❛♥❦✐♥❣ ❝❧✐❡♥ts ❝❛♥ ❜❡ ❝❧✉st❡r❡❞ ✐♥t♦ ❣r♦✉♣s ✭s❡❣♠❡♥ts✮ ✇❤✐❝❤ ❛r❡

✐♥t❡r♥❛❧❧② ❤♦♠♦❣❡♥♦✉s ❛♥❞ ❡①t❡r♥❛❧❧② ❤❡t❡r♦❣❡♥♦✉s✱ ✐✳❡✳ ❝❧✐❡♥ts ✐♥ ❡❛❝❤ s❡❣♠❡♥t ❤❛✈❡ s✐♠✐❧❛r
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❝❤❛r❛❝t❡r✐st✐❝s t♦ ❡❛❝❤ ♦t❤❡r ❜✉t ❞✐☛❡r❡♥t ❢r♦♠ t❤♦s❡ ✐♥ ♦t❤❡r s❡❣♠❡♥ts✳ ❚❤❡s❡ s❡❣♠❡♥ts

❝❛♥ ❜❡ ✐♥❞✐✈✐❞✉❛❧❧② tr❡❛t❡❞ ❜② t❤❡ ♠♦st s✉✐t❛❜❧❡ str❛t❡❣✐❡s ✇❤✐❝❤ ☞t ❝❧✐❡♥t✬s ♥❡❡❞s✳ ❚❤❡

♣r❡❞❡☞♥❡❞ str❛t❡❣✐❡s ❤❡❧♣ r❡❞✉❝❡ ❡♠♣❧♦②❡❡✬s tr❛✐♥✐♥❣ t✐♠❡ ❛♥❞ ❛❧❧♦✇ ☞♥❛♥❝✐❛❧ ❛❞✈✐s♦rs t♦

♦☛❡r t❤❡ ♦♣t✐♠❛❧ ♣r♦❞✉❝ts ❛♥❞ s❡r✈✐❝❡s✳ ❚❤❡ ❜❛♥❦✐♥❣ ❞♦♠❛✐♥ ❡①♣❡rt✐s❡ ✐s ♥♦t ❛♥ ♦❜❥❡❝t✐✈❡

♦❢ t❤✐s t❤❡s✐s ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❝♦r♣♦r❛t❡ ❜❛♥❦✐♥❣ ✐s ♥♦t ❢✉rt❤❡r ❝♦♥s✐❞❡r❡❞✳

❚❤❡ ❜❛♥❦✐♥❣ ❡♥✈✐r♦♥♠❡♥t ❝❛♥ ❜❡ ❞✐st✐♥❣✉✐s❤❡❞ ❢r♦♠ ♦t❤❡r ✐♥❞✉str✐❡s ❜② ♠❛♥② ❞✐☛❡r❡♥t

❝❤❛r❛❝t❡r✐st✐❝s ❜❛s❡❞ ♦♥ t❤❡ ❡✈❛❧✉❛t♦r✬s ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❋r♦♠ t❤❡ ♠❛r❦❡t✐♥❣ ♣❡rs♣❡❝t✐✈❡ t❤r❡❡

♠❛✐♥ ❢❛❝t♦rs ❝❛♥ ❜❡ ✐❞❡♥t✐☞❡❞✱ ♥❛♠❡❧② ✭✶✮ t❤❡ r❡❣✉❧❛t✐♦♥ r❡str✐❝t✐♦♥s ✐♠♣♦s❡❞ ♦♥ t❤❡ ✐♥❞✉str②✱

✭✷✮ t❤❡ ✐♥❞✐s♣❡♥s❛❜❧❡ tr✉st✇♦rt❤✐♥❡ss ♦❢ ☞♥❛♥❝✐❛❧ ✐♥st✐t✉t✐♦♥s ❛♥❞ ☞♥❛❧❧② ✭✸✮ t❤❡ r❡❧❛t✐♦♥s❤✐♣s

❜❡t✇❡❡♥ t❤❡ ❜✉s✐♥❡ss❡s ❛♥❞ t❤❡✐r ❝❧✐❡♥ts ❛r❡ ❧♦♥❣✲❧❛st✐♥❣✱ s♦♠❡t✐♠❡s ❡✈❡♥ ❧✐❢❡✲❧♦♥❣ ❧❛st✐♥❣ ❛♥❞

♠❛② ❜❡ ♦❢ ❛ s✐❣♥✐☞❝❛♥t ✐♥✌✉❡♥❝❡ ♦♥ t❤❡ ❝❧✐❡♥t✬s ❧✐✈❡s✳

❼ ❘❡❣✉❧❛t✐♦♥s✿ ❚❤❡ ❞❛t❛ ❡①❝❤❛♥❣❡ ❜❡t✇❡❡♥ t❤❡ ❜❛♥❦ ❛♥❞ t❤✐r❞✲♣❛rt② ❜✉s✐♥❡ss❡s ✐s

♣❛rt✐❝✉❧❛r❧② ❧✐♠✐t❡❞ ❜② t❤❡ ❧❡❣❛❧ r❡str✐❝t✐♦♥s ❛s t❤❡ ❞❛t❛ s❡❝✉r✐t② ✐s ❛♥ ✐♠♣♦rt❛♥t ❝♦♥❝❡r♥✳

❇❛♥❦s ❤❛✈❡ t♦ ❝♦♠♣❧② ✇✐t❤ ♥♦t ♦♥❧② ❜❛♥❦✐♥❣ s♣❡❝✐☞❝ r❡❣✉❧❛t✐♦♥s ❡✳❣✳ ❙❛r❜❛♥❡s✲❖①❧❡②

❆❝t ✭❙❖❳✮✱ ❜✉t ❛❧s♦ t❤❡ ❡✲♣r✐✈❛❝② ♣r♦t❡❝t✐♥❣ ❧❛✇s✱ ❢♦r ❡①❛♠♣❧❡ ●❡♥❡r❛❧ ❉❛t❛ Pr♦t❡❝t✐♦♥

❘❡❣✉❧❛t✐♦♥ ✭●❉P❘✮✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❤❡♥ t❤❡ ❜❛♥❦ ♥❡❡❞s t♦ ❡♥r✐❝❤ ✐ts ✐♥t❡r♥❛❧ ❞❛t❛

s♦✉r❝❡s ✐♥ ❡✳❣✳ ❝✉st♦♠❡r✬s ❜❡❤❛✈✐♦r ♦r r✐s❦ s❝♦r❡✱ ✐t ♠✉st ❛❣r❡❡ ✇✐t❤ ✐ts ♣❛rt♥❡r ♦♥ t❤❡

❝r②♣t♦❣r❛♣❤✐❝ ❛❧❣♦r✐t❤♠ t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ❢♦r ❞❛t❛ ❛♥♦♥②♠✐③❛t✐♦♥✱ ✇❤✐❝❤ ❡♥s✉r❡s t❤❛t

❛♥② ✐♥t❡r♠❡❞✐❛t❡ ♣❛rt② ✇✐❧❧ ♥♦t ❜❡ ❛❜❧❡ t♦ r❡❝♦♥str✉❝t ❛♥② ♣❡rs♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥✳ ❯s✉❛❧❧②

♦♥❡✲✇❛② ❝r②♣t♦❣r❛♣❤✐❝ ❤❛s❤ ❢✉♥❝t✐♦♥s ✭❡✳❣✳ ❙❍❆✶✱ ❙❍❆✷✺✻✮ ❛r❡ ✉s❡❞ ❢♦r s✉❝❤ t❛s❦s✳

▼♦r❡♦✈❡r✱ t❤❡ ❜❛♥❦ ✐s ♥♦t ❛❧❧♦✇❡❞ t♦ s❤❛r❡ ✐♥t❡r♥❛❧ ❝❧✐❡♥t✬s ❞❛t❛ t♦ ❜✉s✐♥❡ss ♣❛rt♥❡rs✱

✇❤✐❝❤ ❤❛r❞❧② ❛☛❡❝ts ❞❛t❛ ♠♦♥❡t✐③✐♥❣ t❡❝❤♥✐q✉❡s ✇❡❧❧ ❞❡✈❡❧♦♣❡❞ ✐♥ ♦t❤❡r s❡❝t♦rs ♦❢

❡❝♦♥♦♠② ✭❡✳❣✳ ♦☛❡r✐♥❣ ♦❢ ❝♦♠♣❧✐♠❡♥t❛r② s❡r✈✐❝❡s t❤r♦✉❣❤ t❤❡ ❜✉s✐♥❡ss ♣❛rt♥❡rs✮✳

❼ ❚r✉st✇♦rt❤✐♥❡ss✿ ❚❤❡ ♠❛r❦❡t s❤❛r❡ ✐s r❡❧❛t✐✈❡❧② st❛❜❧❡ ❛s t❤❡ ❡❝♦♥♦♠✐❝ ❜❛rr✐❡r t♦

❡♥tr② ✐s ✈❡r② ❤✐❣❤✳ ◆❡✇ ❝♦♠❡rs ♠✉st ❞❡♠♦♥str❛t❡ t❤❡ str♦♥❣ ☞♥❛♥❝✐❛❧ ❜❛❝❦❣r♦✉♥❞

✭✐♥✐t✐❛❧ ❝❛♣✐t❛❧✮✱ ❢✉❧☞❧❧ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✬s ❝♦♥❞✐t✐♦♥s t♦ ♦❜t❛✐♥ ❛ ❜❛♥❦✐♥❣ ❧✐❝❡♥s❡ ❛♥❞

♠♦st ✐♠♣♦rt❛♥t❧② ✇♦r❦ ♦♥ t❤❡ r❡♣✉t❛t✐♦♥ t♦ ❣❛✐♥ t❤❡✐r ❝r❡❞✐❜✐❧✐t② ❛s t❤❡② ♦♣❡r❛t❡ ✇✐t❤

♣❡♦♣❧❡✬s s❛✈✐♥❣s✳ ❇✉✐❧❞✐♥❣ tr✉st✇♦rt❤② r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ ❜❛♥❦s ❛♥❞ t❤❡✐r ❝❧✐❡♥ts ✐s
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❛ ❧♦♥❣✲❧❛st✐♥❣ ♣r♦❝❡ss✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✐t ❝❛♥ ❜❡ ❤❡❛✈✐❧② ❛☛❡❝t❡❞ ❜② ❢r❛✉❞✉❧❡♥t ♦r s✉s✲

♣✐❝✐♦✉s ❛❝t✐✈✐t✐❡s✳ ❚❤❡ ❞❛♠❛❣❡❞ r❡♣✉t❛t✐♦♥ ✐♥ s✉❝❤ ❝❛s❡s ♠❛② ❧❡❛❞ ✉♣ t♦ ❛ ❜❛♥❦r✉♣t❝②

✭❡✳❣✳ ▲❡❤♠❛♥ ❇r♦t❤❡rs ❝r✐s✐s ✐♥ ✷✵✵✽✮✳

❼ ❉✉r❛t✐♦♥ ♦❢ r❡❧❛t✐♦♥s❤✐♣s✿ ❈♦♠♣❛r❡❞ t♦ ♦t❤❡r ✐♥❞✉str✐❡s✱ ❜❛♥❦ ❝❧✐❡♥ts ❝❛♥♥♦t ❝❤♦♦s❡

❢r♦♠ s✉❝❤ ❛ ❜r♦❛❞ ✈❛r✐❡t② ♦❢ ❝♦♠♣❡t✐t♦rs✱ ✇❤✐❝❤ ✐s ❞❡☞♥✐t❡❧② ♦♥❡ ♦❢ t❤❡ ❞❡t❡r♠✐♥✐♥❣

❢❛❝t♦rs✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡ ❜❛♥❦ s✉❝❝❡ss❢✉❧❧② ♠❡❡ts ❝❧✐❡♥t✬s ❡①♣❡❝t❛t✐♦♥s ❛♥❞ ♥❡❡❞s ④

❢r♦♠ ❞❛② t♦ ❞❛② tr❛♥s❛❝t✐♦♥s t♦ ❞❡❜t ☞♥❛♥❝✐♥❣ ❛♥❞ ✐♥✈❡st♠❡♥t ♠❛♥❛❣❡♠❡♥t ④ t❤❡

♣r♦❜❛❜✐❧✐t② ♦❢ ❝❧✐❡♥t✬s ❝❤✉r♥ ❞❡❝r❡❛s❡s t♦ ❛ ♠✐♥✐♠✉♠ ❧❡✈❡❧✳ ❚❤❡r❡❢♦r❡✱ ❛ ❝❧✐❡♥t st❛②✐♥❣

t❤r♦✉❣❤♦✉t t❤❡ ✇❤♦❧❡ ❧✐❢❡ ✐♥ ❛ r❡❧❛t✐♦♥s❤✐♣ ✇✐t❤ ♦♥❡ ♣❛rt✐❝✉❧❛r ❜❛♥❦✐♥❣ ✐♥st✐t✉t✐♦♥ ✐s

♥♦t ❛♥ ❡①❝❡♣t✐♦♥❛❧ ❜❡❤❛✈✐♦r✳ ■♥t❡r❡st✐♥❣❧② ❛s ✭●✉♣t❛ ❡t ❛❧✳✱ ✷✵✵✻✮ ❝❧❛✐♠s ✐♥ t❤❡ st✉❞②✱

t❤✐s ❝❛♥♥♦t ❜❡ ❣❡♥❡r❛❧✐③❡❞ ❛t t❤❡ ✇❤♦❧❡ ☞♥❛♥❝✐❛❧ ✐♥❞✉str②✳ ❊✈❡♥ t❤♦✉❣❤ ✐♥s✉r❛♥❝❡

❝♦♠♣❛♥✐❡s ♦♣❡r❛t❡ ✇✐t❤ ❝❧✐❡♥t✬s ❝❛♣✐t❛❧ ❛s ✇❡❧❧✱ t❤❡ ✌✉❝t✉❛t✐♦♥ r❛t❡ ❛♠♦♥❣ ❝♦♠♣❡t✐t♦rs

✐s s✐❣♥✐☞❝❛♥t ❛♥❞ ❧❡❛❞s t♦ r❡t❡♥t✐♦♥ ❛❝t✐✈✐t✐❡s✳

✸✳✷ ❈✉st♦♠❡r ▼❡tr✐❝s

❙❡✈❡r❛❧ ❦✐♥❞s ♦❢ ♠❡tr✐❝s ♠❛② ❜❡ ✉s❡❞ ❢♦r ❡✈❛❧✉❛t✐♦♥ ♦❢ ❝✉st♦♠❡r✬s ♣❡r❢♦r♠❛♥❝❡ ❜❡❣✐♥♥✐♥❣

❢r♦♠ s✐♠♣❧❡ ♦♥❡✲t✐♠❡ ♣r♦☞t ♦r✐❡♥t❡❞✱ ♦✈❡r ❝❧✐❡♥t✬s ♥❡❡❞s ♣❡♥❡tr❛t✐♦♥ ✉♣ t♦ ♠♦r❡ ❝♦♠♣❧❡① ♦♥❡s

s✉❝❤ ❛s ❈✉st♦♠❡r ▲✐❢❡t✐♠❡ ❱❛❧✉❡ ✭❈▲❱✮✳ ❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ st✉❞② ✭❆❜❞♦❧✈❛♥❞ ✫ ❆❧❜❛❞✈✐✱

✷✵✶✷✮✱ ❛ ❝r✐t✐❝❛❧ r❡q✉✐r❡♠❡♥t ✐♥ ♣❡r❢♦r♠❛♥❝❡ ♠❛♥❛❣❡♠❡♥t ✐s t❤❡ ❝❧♦s❡♥❡ss ♦❢ t❤❡ ♠❡tr✐❝ t♦

t❤❡ ❛❝t✉❛❧ ❝❧✐❡♥t ♣❡r❢♦r♠❛♥❝❡✳ ■♥ ❛ s❤♦rt✲r✉♥ t❤❡ ♣r♦☞t✲♦r✐❡♥t❡❞ ♠❡tr✐❝ ❝❛♥ ❜❡ s✉✍❝✐❡♥t

❢♦r t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❡✈❛❧✉❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ❛s ❛❧r❡❛❞② ❞✐s❝✉ss❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✱ ❜❛♥❦✐♥❣

✐♥❞✉str② ✐s ☞rst❧② s♣❡❝✐☞❝ ✐♥ t❤❡ ❞✉r❛t✐♦♥ ♦❢ r❡❧❛t✐♦♥s❤✐♣s ❛♥❞ s❡❝♦♥❞❧② t❤❡ ❜❡❤❛✈✐♦r ❧❡❛❞✐♥❣

t♦ ♣r♦☞t ❣❡♥❡r❛t✐♦♥ ✐s s♦♠❡t✐♠❡s ♥♦t ✉tt❡r❧② ❡t❤✐❝❛❧ ✇❤✐❝❤ ✐s r❡❧❛t❡❞ t♦ t❤❡ ❧❡✈❡❧ ♦❢ ❝❧✐❡♥t✬s

☞♥❛♥❝✐❛❧ ❧✐t❡r❛❝②✳ ❘❡❣✉❧❛t♦rs tr② t♦ ♣r♦t❡❝t ❡♥❞ ❝❧✐❡♥ts ❜② ♣❡♥❛❧✐③✐♥❣ ☞♥❛♥❝✐❛❧ ✐♥st✐t✉t✐♦♥s

❢♦r ❛♥ ✐♥❛♣♣r♦♣r✐❛t❡ ❛❞✈✐s♦r② ✭❡✳❣✳ ❤✐❣❤ r✐s❦② ❛♥❞ ♣r♦☞t❛❜❧❡ ✐♥✈❡st♠❡♥t ♦♣♣♦rt✉♥✐t✐❡s s♦❧❞

t♦ ❝❧✐❡♥ts ♥♦t ❢✉❧❧② ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ♣r♦❞✉❝t ❛♥❞ ♣♦t❡♥t✐❛❧ ❧♦ss✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡

s✐t✉❛t✐♦♥ ✐s ♥♦t str❛✐❣❤t ❢♦r✇❛r❞ ❛s t❤❡ ❛✐♠ ♦❢ ♠❛❥♦r✐t② ♦❢ ❡♥t❡r♣r✐s❡s ♥♦t ♦♥❧② ✐♥ ❜❛♥❦✐♥❣
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✐♥❞✉str② ✐s t♦ ❣❡♥❡r❛t❡ ♣r♦☞t t♦ t❤❡✐r ♦✇♥❡rs ♦r s❤❛r❡❤♦❧❞❡rs✳

❚❤❡ ❝✉st♦♠❡r ♠❡tr✐❝s ❡✈❛❧✉❛t❡❞ ❢r♦♠ ❡❝♦♥♦♠✐❝ ❛♥❞ ♠❛♥❛❣❡r✐❛❧ ♣❡rs♣❡❝t✐✈❡ ✭❛❜str❛❝t✐♥❣

❢r♦♠ ❡t❤✐❝❛❧ ❛s♣❡❝ts✮ ✇✐t❤ ✐ts ♣r♦s ❛♥❞ ❝♦♥s ❛r❡ s✉♠♠❛r✐③❡❞ ❜❡❧♦✇✳

❼ ❋✐♥❛♥❝✐❛❧ ●❛✐♥ ✲ Pr♦☞t✱ ▼❛r❣✐♥ ❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ♠❡tr✐❝ ✐s ✐ts s✐♠♣❧✐❝✐t②

❛♥❞ ❞✐r❡❝t ☞♥❛♥❝✐❛❧ ✐♠♣❛❝t✳ ❋r♦♠ t❤❡ ♠❛♥❛❣❡rs ♣♦✐♥t ♦❢ ✈✐❡✇ ❝❧❡❛r ♦❜❥❡❝t✐✈❡s ❝❛♥ ❜❡

s❡t ✭❡✳❣✳ ❛❝❤✐❡✈❡ t♦t❛❧ ♣r♦☞t ♦❢ ✩ ✶✵ ▼✐❧❧✐♦♥ q✉❛rt❡r❧②✮✳ ❚❤❡ ♠♦t✐✈❛t✐♦♥❛❧ ❝♦♠♣♦♥❡♥t

✐♥ t❤❡ ❡♠♣❧♦②❡❡✬s s❛❧❛r② ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛s ❛ ❝❡rt❛✐♥ ♣❡r❝❡♥t❛❣❡ ❢r♦♠ t❤❡ t♦t❛❧ ♣r♦☞t

♦r t✉r♥♦✈❡r✳ ❖♥ t❤❡ ❝♦♥tr❛r② t❤✐s str❛t❡❣② ♠❛② ❧❡❛❞ t♦ s✉❜♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ♦☛❡rs✱

❢♦r ✐♥st❛♥❝❡ ☞♥❛♥❝✐❛❧ ❛❞✈✐s♦rs ♠❛② ❞❡❝✐❞❡ t♦ ♣r♦♠♦t❡ ❛ ♣r♦❞✉❝t ✇✐t❤ ❤✐❣❤❡r ☞♥❛♥❝✐❛❧

❝♦♠♠✐ss✐♦♥ ♦r ❝✉st♦♠✐③❡ t❤❡ ♣r♦❞✉❝t ♣❛r❛♠❡t❡rs s✉❝❤ ❛s t❤❡ t♦t❛❧ ❛♠♦✉♥t ♦r ♠♦♥t❤❧②

✐♥st❛❧❧♠❡♥t ✐♥ ❛ ✇❛② ✇❤✐❝❤ ✐s ♥♦t r❡❧❡✈❛♥t t♦ ❝❧✐❡♥t✬s ♥❡❡❞s✳ ❖♥❝❡ t❤❡ ❝❧✐❡♥t ☞♥❞s

♦✉t t❤❛t t❤❡r❡ ❛r❡ ♠♦r❡ ☞tt✐♥❣ ♣r♦❞✉❝ts ♦♥ t❤❡ ♠❛r❦❡t ♦r ❛ ♥❡✇ ❝♦♠♣❡t✐t♦r ♦❝❝✉rs

✇✐t❤ ❛♥ ❛❣❣r❡ss✐✈❡ str❛t❡❣②✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ ❝❧✐❡♥t✬s ❝❤✉r♥ r❛♣✐❞❧② ✐♥❝r❡❛s❡s ✐♥ s✉❝❤

❝❛s❡s✳ ❚❤❡ ❧♦ss ❝✉♠✉❧❛t❡❞ ❜❛s❡❞ ♦♥ t❤❡s❡ ❝❤✉r♥❡❞ ❝❧✐❡♥ts ✐s t❤❡♥ ❧✐❦❡❧② t♦ s✉r♣❛ss t❤❡

s❤♦rt✲t❡r♠ ♣r♦☞ts✳

❼ ❈♦♥tr❛❝t ✲ ❚✉r♥♦✈❡r✱ ❈♦✉♥t✱ ❯s❛❣❡❲❤❡r❡❛s t❤❡ ♣r❡✈✐♦✉s str❛t❡❣② ✐s ♠❛✐♥❧② ❛♣♣❧✐✲

❝❛❜❧❡ t♦ ♦♥❡✲t✐♠❡ ♣r♦❞✉❝t ❛❝q✉✐s✐t✐♦♥s ✭❡✳❣✳ ❝❛s❤ ❧♦❛♥✱ ✐♥✈❡st♠❡♥t✮✱ ✐t ✐s ♥♦t ✉s❡❢✉❧ ❢♦r

❝♦♥tr❛❝t t②♣❡s s✉❝❤ ❛s ❝❤❡❝❦✐♥❣ ❛❝❝♦✉♥t ♦r ❝r❡❞✐t ❝❛r❞ ❛❝❝♦✉♥t✳ ❚❤❡ ❝❧✐❡♥t✬s ❛❝t✐✈✐t② ✐s

t❤❡♥ ♠❡❛s✉r❡❞ ❛s ❛♥ ❛❝❝♦✉♥t t✉r♥♦✈❡r✱ ❛ ❝♦✉♥t ♦❢ ❝❛r❞ tr❛♥s❛❝t✐♦♥s ♣❡r ♠♦♥t❤✱ ♦r t❤❡

r❡♠❛✐♥✐♥❣ ❛❝❝♦✉♥t ❜❛❧❛♥❝❡ ❡t❝✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡s❡ ♠❡tr✐❝s ❛r❡ r❡❧❛t❡❞ t♦ ☞♥❛♥❝✐❛❧ ❣❛✐♥

❛s ♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ❢r♦♠ ❡✈❡r② ❝❛r❞ tr❛♥s❛❝t✐♦♥ t❤❡ ❜❛♥❦ ❣❡ts ❛ s♠❛❧❧ ❝♦♠♠✐ss✐♦♥✱

s✐♠✐❧❛r❧② t❤❡ ❤✐❣❤❡r ✐s t❤❡ s✉♠ ♦❢ ✐♥❝♦♠✐♥❣ ♣❛②♠❡♥ts t♦ t❤❡ ❛❝❝♦✉♥t✱ ♠♦r❡ s❡r✈✐❝❡s ❛r❡

✉s❡❞✱ ❛♥❞ t❤❡ ☞♥❛❧ ❛♠♦✉♥t ♦❢ ❢❡❡s ✐s ❤✐❣❤❡r✳ ❚♦ ♠♦t✐✈❛t❡ ❝❧✐❡♥ts t♦ ✉s❡ t❤❡ ❛❝❝♦✉♥t

❛s t❤❡✐r ♠❛✐♥ ❝❤❡❝❦✐♥❣ ❛❝❝♦✉♥t✱ t❤❡ ❜❛♥❦s ✉s✉❛❧❧② ♦☛❡r ❡①tr❛ ❞❡❛❧s ④ s✉❝❤ ❛s ♣r❡♠✐✉♠

✐♥t❡r❡st r❛t❡s ♦♥ ❜♦t❤ ❝❤❡❝❦✐♥❣ ❛♥❞ s❛✈✐♥❣ ❛❝❝♦✉♥ts ✐❢ t❤❡ ❝❛r❞ ♣❛②♠❡♥t ❝♦✉♥t ✐s ❤✐❣❤❡r

t❤❛♥ ❛ ❝❡rt❛✐♥ ♥✉♠❜❡r✱ ❣✐✈✐♥❣ ❡①tr❛ r❡✇❛r❞ ♣♦✐♥ts t♦ ❜❡♥❡☞t ♣r♦❣r❛♠s ❢♦r t❤❡ ✐♥❝♦♠✲

✐♥❣ tr❛♥s❛❝t✐♦♥s✱ ♦r t❤❡ ❢r❡q✉❡♥t ✌②❡r ❞❡❛❧s ❢♦r ❝r❡❞✐t ❝❛r❞ ✉s❡rs ❡t❝✳ ❯♥❢♦rt✉♥❛t❡❧②✱

t❤❡s❡ ✐♥✐t✐❛t✐✈❡s ❛r❡ ✈❡r② ❢r❡q✉❡♥t❧② ♠✐s✉s❡❞ ❛s ❝❧✐❡♥t ❛❞❛♣t q✉✐❝❦❧② ❛♥❞ t②♣✐❝❛❧❧② ❞♦

✷✻



♥♦t ❛❝❤✐❡✈❡ t❤❡ s❡t t❛r❣❡t✳

❼ ❆ss❡t ❱❛❧✉❡ ✲ ❈✉st♦♠❡r ▲✐❢❡t✐♠❡ ❱❛❧✉❡ ✭❈▲❱✮✱ ❈✉st♦♠❡r ❊q✉✐t② ✭❈❊✮❲❤❡r❡❛s

t❤❡ ♣r❡✈✐♦✉s ♠❡tr✐❝s ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ♠❛✐♥❧② ♣r♦❞✉❝t ♦r✐❡♥t❡❞✱ ❈▲❱ ✐s ❛ ❝♦♠♣❧❡t❡❧②

❞✐☛❡r❡♥t ❛♣♣r♦❛❝❤✳ ❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ st✉❞② ❝♦♥❞✉❝t❡❞ ❜② ✭❘♦➽❡❦ ✫ ❑❛r❧íè❡❦✱ ✷✵✶✹✮✱

t❤❡ ❈▲❱ ❛♣♣r♦❛❝❤ s❤✐❢ts t❤❡ ♠❛r❦❡t✐♥❣ ❢♦❝✉s ❢r♦♠ t❤❡ ♦♥❡✲✇❛② ♠❛r❦❡t✐♥❣ ❝♦♠♠✉✲

♥✐❝❛t✐♦♥ ✐♥ ❢❛✈♦r ♦❢ ❛ ♠❛ss ♣r♦❞✉❝t✐♦♥ t♦✇❛r❞s ❝✉st♦♠❡rs✱ r❡s✉❧t✐♥❣ ✐♥ ♦♠♥✐❝❤❛♥♥❡❧

❜✐✲❞✐r❡❝t✐♦♥❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ ♣❡rs♦♥❛❧✐③❡❞ ♦☛❡r✐♥❣✳ ❚❤✐s ❝❤❛♥❣❡ t♦✇❛r❞s ❝✉st♦♠❡r✲

❝❡♥tr✐❝ ✈✐❡✇♣♦✐♥t ✐s s♦♠❡t✐♠❡s r❡❢❡rr❡❞ ❛s ❛ r❡❞✐r❡❝t✐♦♥ ❢r♦♠ tr❛♥s❛❝t✐♦♥❛❧ t♦ tr❛♥s❢♦r✲

♠❛t✐♦♥❛❧ ♠❛r❦❡t✐♥❣ ✭❘♦➽❡❦ ✫ ❑❛r❧íè❡❦✱ ✷✵✶✹✮✳ ❇② t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐♥ s✉❝❤ ❝♦♥t❡①t

❛✉t❤♦rs ♠❡❛♥ t❤❡ ❧♦♥❣✲t❡r♠ r❡❧❛t✐♦♥s❤✐♣ ♦r✐❡♥t❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❡s♣❡❝✐❛❧❧② ❛♣♣❧✐❝❛❜❧❡ ✐♥

t❤❡ ❝♦♥t❡①t ♦❢ r❡t❛✐❧ ❜❛♥❦✐♥❣✳ ❊✈❡♥ t❤♦✉❣❤ ❛s ♠❡♥t✐♦♥❡❞ ✐♥ ✭❘♦➽❡❦ ✫ ❑❛r❧íè❡❦✱ ✷✵✶✹✮

t❤❡ ❈▲❱ ❛♣♣r♦❛❝❤ ✐s ♥♦t❤✐♥❣ ♣❛rt✐❝✉❧❛r❧② ♥❡✇ ❛♥❞ t❤❡ ❈▲❱ ❝❛❧❝✉❧❛t✐♦♥ ✐s r❡❧❛t✐✈❡❧②

s✐♠♣❧❡✱ ✐♥ t❤❡ ♠❛r❦❡t r❡s❡❛r❝❤ ❝♦♥❞✉❝t❡❞ ❜② ✭❊❝♦♥s✉❧t❛♥❝②✱ ✷✵✶✹✮✿ ✹✷✪ ♦❢ ❝♦♠♣❛♥✐❡s

✇❡r❡ ♥♦t ❛❜❧❡ t♦ ♠❡❛s✉r❡ ✐t✳

❚❤❡ ❈▲❱ ♠❡tr✐❝ ❤❛s ✐ts r♦♦ts ✐♥ ✐♥✈❡st♠❡♥t ♠❛♥❛❣❡♠❡♥t✳ ❈✉st♦♠❡rs ❛r❡ tr❡❛t❡❞ ❛s

☞r♠✬s ❛ss❡ts❀ ❡❛❝❤ ❝✉st♦♠❡r r❡❧❛t✐♦♥s❤✐♣ r❡q✉✐r❡s ❛♥ ✐♥✐t✐❛❧ ✐♥✈❡st♠❡♥t ✭❛❝q✉✐s✐t✐♦♥

❝♦sts✮ ✇❤✐❝❤ s❤♦✉❧❞ ♣r♦❞✉❝❡ r❡s♣❡❝t✐✈❡ r❡t✉r♥s✳ ❚❤❡ ❝❛s❤ ✌♦✇s ❛r❡ s♣r❡❛❞ ♦✈❡r ♠✉❧t✐♣❧❡

♣❡r✐♦❞s ❛♥❞ t❤❡r❡❢♦r❡ ❞✐s❝♦✉♥t❡❞ ❜❛s❡❞ ♦♥ t❤❡ ✐♥t❡r❡st r❛t❡✳ ✭❘♦➽❡❦ ✫ ❑❛r❧íè❡❦✱ ✷✵✶✹✮

❈✉st♦♠❡r ▲✐❢❡t✐♠❡ ❱❛❧✉❡ ✭❈▲❱✮ ❝❛♥ ❜❡ ❞❡☞♥❡❞ ❛s t❤❡ s✉♠ ♦❢ ❛❧❧ ❢✉t✉r❡ ❞✐s✲

❝♦✉♥t❡❞ ♣r♦☞ts ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❝✉st♦♠❡r r❡❧❛t✐♦♥s❤✐♣✱ ✐✳❡✳ ❛❧❧ r❡✈❡♥✉❡s ♠✐♥✉s ❛❧❧

❝♦sts r❡❧❛t❡❞ t♦ t❤❡ ❝✉st♦♠❡r ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡ ☞r♠ ✭❘♦➽❡❦ ✫ ❑❛r❧íè❡❦✱ ✷✵✶✹✮✳

❚❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❢♦r♠✉❧❛ ❢♦r ❡❛❝❤ ❝✉st♦♠❡r✬s ❈▲❱ ✐s ❛s ❢♦❧❧♦✇s✿

CLV =
n

∑

t=1

pt × rt
(1 + i)t

− AC =
n

∑

t=1

(Rt − Ct)× rt
(1 + i)t

− AC ✭✸✳✶✮

✷✼



❲❤❡r❡

✲ pt ❂ ♣r♦☞t ✐♥ ♣❡r✐♦❞ t

✲ rt ❂ ♣r♦❜❛❜✐❧✐t② ♦❢ ❝✉st♦♠❡r ♣✉r❝❤❛s❡ ✐♥ ♣❡r✐♦❞ t

✲ i ❂ ❞✐s❝♦✉♥t r❛t❡

✲ AC ❂ ❛❝q✉✐s✐t✐♦♥ ❝♦sts

✲ Rt ❂ r❡✈❡♥✉❡ ✐♥ ♣❡r✐♦❞ t

✲ Ct ❂ ❝♦sts ✐♥ ♣❡r✐♦❞ t

❆s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ✸✳✶✱ t❤❡ ❈▲❱ ❝❛❧❝✉❧❛t✐♦♥ ❤❛s t✇♦ ♠❛❥♦r ❝♦♠♣♦♥❡♥ts✿

Pr♦☞t ❛♥❞ Pr♦❜❛❜✐❧✐t② ♦❢ ❝✉st♦♠❡r ♣✉r❝❤❛s❡ ✭✐♥ s❡r✈✐❝❡ ♦r✐❡♥t❡❞ ✐♥❞✉str✐❡s ✲ ♣r♦❜❛❜✐❧✐t②

♦❢ ♥♦t t❡r♠✐♥❛t✐♥❣ t❤❡ ❝♦♥tr❛❝t✮✳ ❇♦t❤ ✈❛r✐❛❜❧❡s r❡♣r❡s❡♥t ❛ t✐♠❡ s❡r✐❡s✱ t❤❡ ♠♦❞❡❧✐♥❣

❛♣♣r♦❛❝❤ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❝❤❛♣t❡r ✺✳

■♥ ♦r❞❡r t♦ ❣❡t t❤❡ ❝✉rr❡♥t ✈❛❧✉❡ ♦❢ ❢✉t✉r❡ ❝❛s❤ ✌♦✇s ✐t ✐s ♥❡❝❡ss❛r② t♦ ❞✐✈✐❞❡ t❤❡

❡st✐♠❛t❡❞ ✐♥❝♦♠❡ ❛❢t❡r ♥ ♣❡r✐♦❞s ❜② t❤❡ ❞✐s❝♦✉♥t r❛t❡✳ ❚❤❡ ❞✐s❝♦✉♥t r❛t❡ ♠❛② ❜❡

❡st✐♠❛t❡❞ ❜❛s❡❞ ♦♥ ❝♦♠♣❛♥②✬s ✐♥t❡r♥❛❧ st❛♥❞❛r❞s ❢♦r ❛ss❡t ❡✈❛❧✉❛t✐♦♥✱ ✐♥✌❛t✐♦♥ r❛t❡✱

❝r❡❞✐t ✐♥t❡r❡st r❛t❡s ❡t❝✳ ❯s✉❛❧❧② t❤❡ ❞✐s❝♦✉♥t r❛t❡ ✐s s❡t ❛♥♥✉❛❧❧②✱ t❤❡r❡❢♦r❡ ✐t ♠✉st ❜❡

❞❡❝♦♠♣♦✉♥❞❡❞ r❡✌❡❝t✐♥❣ t❤❡ ❧❡♥❣t❤ ♦❢ ♦♥❡ ♣❡r✐♦❞✳ ❆ss✉♠✐♥❣ t❤❡ ♦♥❡ ♠♦♥t❤ ♣❡r✐♦❞ ❛♥❞

✷✪ ❛♥♥✉❛❧ ❞✐s❝♦✉♥t r❛t❡✱ ❡☛❡❝t✐✈❡ ✐♥t❡r❡st r❛t❡ ✐s i = n
√

(1 + I)−1 = 12
√

(1 + 0.02)−1 ≈

0.1652% ✇❤❡r❡ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣❡r✐♦❞s ♣❡r ②❡❛r ❛♥❞ I ✐s t❤❡ ❛♥♥✉❛❧ ❞✐s❝♦✉♥t r❛t❡✳

❚♦ ♣r♦✈✐❞❡ ❣❡♥❡r❛❧❧② ❛❝❝❡♣t❛❜❧❡ ❈▲❱ ❝❛❧❝✉❧❛t✐♦♥ ❢♦r♠✉❧❛✱ t❤❡ ❛❝q✉✐s✐t✐♦♥ ❝♦sts ✇❡r❡

t❛❦❡♥ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥✳ ❆✉t❤♦rs ✭❘♦➽❡❦ ✫ ❑❛r❧íè❡❦✱ ✷✵✶✹✮ ❞❡☞♥❡ ❛❝q✉✐s✐t✐♦♥ ❝♦sts

❛s ❝♦sts t❤❛t ❛r❡ ✐♥✈❡st❡❞ ✐♥ t❤❡ ❝✉st♦♠❡r ✐♥ ♦r❞❡r t♦ ✐♥✌✉❡♥❝❡ ❤✐♠✴❤❡r ❢♦r t❤❡ ✐♥✐t✐❛❧

❜✉②✐♥❣ ❜❡❤❛✈✐♦r ❛t t❤❡ st❛rt ♦❢ t❤❡ r❡❧❛t✐♦♥s❤✐♣✳ ❚❤✐s ✈❛r✐❛❜❧❡ ✐s ♣r✐♠❛r✐❧② ✉s❡❢✉❧

❢♦r ♠❛r❦❡t✐♥❣ str❛t❡❣✐❡s ✇✐t❤ ❞✐r❡❝t❧② ♠❡❛s✉r❛❜❧❡ ✐♠♣❛❝t✱ ♦♥ t❤❡ ❝♦♥tr❛r② ✐t ✐s ❤❛r❞

t♦ ❡✈❛❧✉❛t❡ ❝❛♠♣❛✐❣♥s ❛☛❡❝t✐♥❣ ❢♦r ✐♥st❛♥❝❡ ❜r❛♥❞ ❛✇❛r❡♥❡ss✱ ❜r❛♥❞ r❡❝♦❣♥✐t✐♦♥ ✭❡✳❣✳

t❡❧❡✈✐s✐♦♥ ❛❞✈❡rt✐s❡♠❡♥ts✮✳ ❚❤♦s❡ ✐♥✐t✐❛t✐✈❡s ❝❛♥ ❜❡ ♠❡❛s✉r❡❞ ♦♥❧② ✐♥ t❤❡ ❛❣❣r❡❣❛t❡❞

♠❛♥♥❡r ❛♥❞ ❤❛r❞❧② ❞✐st✐♥❣✉✐s❤❡❞ ♦♥ t❤❡ ❝✉st♦♠❡r✬s ❧❡✈❡❧✳ ▼♦r❡♦✈❡r✱ ❛s t❤❡ t❤❡s✐s ✐s

❢♦❝✉s❡❞ ♦♥ t❤❡ ❡①✐st✐♥❣ ❝✉st♦♠❡rs✱ t❤❡ ❛❝q✉✐s✐t✐♦♥ ❝♦sts ✇✐❧❧ ♥♦t ❜❡ ❢✉rt❤❡r ❝♦♥s✐❞❡r❡❞✳

✷✽



❈✉st♦♠❡r ❊q✉✐t② ✭❈❊✮ r❡♣r❡s❡♥ts t❤❡ t♦t❛❧ ✈❛❧✉❡ ♦❢ ❛❧❧ ♦❢ t❤❡ ❝♦♠♣❛♥②✬s ❝✉s✲

t♦♠❡rs✳ ■t ✐s ❞❡s❝r✐❜❡❞ ❛s t❤❡ s✉♠ ♦❢ ❈▲❱s ♦❢ ❛❧❧ ♦❢ t❤❡ ❝♦♠♣❛♥②✬s ❝✉rr❡♥t ❛♥❞

❢✉t✉r❡ ❝✉st♦♠❡rs✳ ✭❘♦➽❡❦ ✫ ❑❛r❧íè❡❦✱ ✷✵✶✹✮

CE =
∑

CLV ✭✸✳✷✮

❚❤❡ ✐♠♣❛❝t ♦❢ ❈❊ ♦♥ t❤❡ ❝♦♠♣❛♥② ✈❛❧✉❡ ❤❛s ❡①❛♠✐♥❡❞ t❤❡ t❡❛♠ ♦❢ r❡s❡❛r❝❤❡rs ✭●✉♣t❛✱

▲❡❤♠❛♥♥✱ ✫ ❙t✉❛rt✱ ✷✵✵✹✮✳ ❚❤❡② ❢♦✉♥❞ ♦✉t t❤❛t ❝✉st♦♠❡rs ❛r❡ ✐♠♣♦rt❛♥t ✐♥t❛♥❣✐❜❧❡

❛ss❡ts ❛♥❞ t❤❡✐r ✈❛❧✉❡ s❤♦✉❧❞ ❜❡ ♠❡❛s✉r❡❞ ❛♥❞ ♠❛♥❛❣❡❞ ❛s ✐♥ ❛♥② ♦t❤❡r ❛ss❡t✳ ❆✉t❤♦rs

✭●✉♣t❛ ❡t ❛❧✳✱ ✷✵✵✹✮ ❛❧s♦ ❝❧❛✐♠❡❞ t❤❛t t❤❡ ❡st✐♠❛t❡s ♦❢ ❈❊ ✇❡r❡ r❡❛s♦♥❛❜❧② ❝❧♦s❡ t♦

t❤❡ ♠❛r❦❡t ✈❛❧✉❛t✐♦♥✱ ♠♦r❡♦✈❡r t❤❡ tr❛❞✐t✐♦♥❛❧ ✐♥✈❡st♠❡♥t ♠❡tr✐❝s ✭❡✳❣✳ ♣r✐❝❡✴❡❛r♥✐♥❣s

r❛t✐♦✮ ❞✐❞ ♥♦t ✇♦r❦ ✇❡❧❧ ❢♦r t❤❡ ✈❛❧✉❛t✐♦♥ ♦❢ ♠❛♥② ♦❢ t❤❡ ☞r♠s ❜❡❝❛✉s❡ ✐♥ t❤❡ st✉❞② ♠♦st

♦❢ t❤❡s❡ ❝♦♠♣❛♥✐❡s ❤❛❞ ♥❡❣❛t✐✈❡ ❡❛r♥✐♥❣s✳ ❚❤❡② ❛❧s♦ r❡✈❡❛❧❡❞ t❤❡ ❝♦♥tr❛st ❜❡t✇❡❡♥ t❤❡

❛❝q✉✐s✐t✐♦♥ ❛♥❞ r❡t❡♥t✐♦♥ ❡❧❛st✐❝✐t✐❡s ✭✵✳✵✷✲✵✳✸✪ ❝♦♠♣❛r❡❞ t♦ ✸✲✼✪ r❡s♣❡❝t✐✈❡❧②✮✱ ✐✳❡✳

✶✪ ✐♠♣r♦✈❡♠❡♥t ✐♥ r❡t❡♥t✐♦♥ ✐♥❝r❡❛s❡s t❤❡ ❝✉st♦♠❡r ✈❛❧✉❡ ❜② ✸✪ t♦ ✼✪ ✇❤❡r❡❛s ✶✪

✐♠♣r♦✈❡♠❡♥t ✐♥ ❛❝q✉✐s✐t✐♦♥ t♦ ❜❡ ♦♥❧② ✵✳✵✷✪ t♦ ✵✳✸✪ ❝❤❛♥❣❡ ✐♥ t❤❡ ❝✉st♦♠❡r ✈❛❧✉❡✱

✇❤✐❝❤ ❛❧s♦ ❡♠♣❤❛s✐③❡s t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ r❡t❡♥t✐♦♥ ❛❝t✐✈✐t✐❡s✳

❚❤❡ ■♠♣❛❝t ♦❢ ❋♦r✇❛r❞✲▲♦♦❦✐♥❣ ▼❡tr✐❝s

❚❤❡ st✉❞② ❛✐♠❡❞ ❛t t❤❡ ♠♦t✐✈❛t✐♦♥ ♦❢ ❡♠♣❧♦②❡❡s ❝♦♥❞✉❝t❡❞ ❜② ✭P❛❜❧♦ ❈❛s❛s✲❆r❝❡✱ ✷✵✶✼✮

❝♦♥☞r♠❡❞ t❤❡ ❈▲❱ ✐♠♣♦rt❛♥❝❡ ❛♠♦♥❣ ❝✉st♦♠❡r ♠❛♥❛❣❡♠❡♥t ♠❡tr✐❝s✳ ❘❡s❡❛r❝❤❡s ❞❡✈❡❧♦♣❡❞

t❤❡ ♠❡t❤♦❞♦❧♦❣② ❤♦✇ t♦ ❡✈❛❧✉❛t❡ ❈▲❱ ❛♥❞ ✐♠♣❧❡♠❡♥t❡❞ ✐t ✐♥t♦ ❛♥ ✐♥t❡r♥❛❧ ❈✉st♦♠❡r ❘❡❧❛✲

t✐♦♥s❤✐♣ ▼❛♥❛❣❡♠❡♥t ✭❈❘▼✮ s②st❡♠✱ ✇❤✐❧❡ ♥♦t ❝❤❛♥❣✐♥❣ t❤❡ ❡♠♣❧♦②❡❡✬s ♠♦t✐✈❛t✐♦♥ ♠❡tr✐❝s

✭❝♦♠♠✐ss✐♦♥s ♠❛✐♥❧② ❧✐♥❦❡❞ t♦ s❤♦rt✲t❡r♠ ♣r♦☞t❛❜✐❧✐t②✮✳ ❚❤❡ ❈▲❱ ♠❡tr✐❝✬s ❛✈❛✐❧❛❜✐❧✐t② r❡✲

s✉❧t❡❞ ✐♥ ❛ s✐❣♥✐☞❝❛♥t s❤✐❢t ✐♥ ❛tt❡♥t✐♦♥ t♦✇❛r❞ ♠♦r❡ ♣r♦☞t❛❜❧❡ ❝❧✐❡♥t s❡❣♠❡♥ts ❛♥❞ s♦♠❡

✐♠♣r♦✈❡♠❡♥t ✐♥ ❝r♦ss✲s❡❧❧✐♥❣✳ ▼♦r❡♦✈❡r✱ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ♥❡❣❛t✐✈❡ ✐♠♣❛❝t ♦❢ ❈▲❱ ♦♥ ♣r✐❝✲

✐♥❣ ♦r ❞❡❢❛✉❧t r✐s❦ ❝♦✉❧❞ ❜❡ s✉❝❝❡ss❢✉❧❧② r❡❥❡❝t❡❞✳ ❚❤❡ ♠♦st s✐❣♥✐☞❝❛♥t ❜❡♥❡☞ts ♦❢ t❤❡ ❈▲❱

✷✾



✐❞❡♥t✐☞❡❞ ❜② ✭P❛❜❧♦ ❈❛s❛s✲❆r❝❡✱ ✷✵✶✼✮ ✇❡r❡✿ ✭✶✮ ✐t ♠❛② ❜❡ ✉s❡❞ ❛s ❛♥ ✐♥str✉♠❡♥t t♦ ❛❧✐❣♥

t❤❡ ❧♦♥❣✲t❡r♠ ✈❛❧✉❡ ❝r❡❛t✐♦♥ str❛t❡❣② ♦❢ ❛♥ ♦r❣❛♥✐③❛t✐♦♥ ✇✐t❤ t❤❡ s❤♦rt✲t❡r♠ ♣r♦☞t ♦❜❥❡❝t✐✈❡s

❛♥❞ ✭✷✮ ✐t s✉❜st✐t✉t❡s t❤❡ ❧❛❝❦ ♦❢ ❞♦♠❛✐♥ ❡①♣❡r✐❡♥❝❡ ♦❢ ❜r❛♥❝❤ ♠❛♥❛❣❡rs ✇✐t❤ s❤♦rt❡r t❡♥✉r❡✱

❡♥❛❜❧✐♥❣ t❤❡♠ t♦ t❛r❣❡t ♠♦r❡ s✉✐t❛❜❧❡ ❛♥❞ ♣r♦☞t❛❜❧❡ ❝✉st♦♠❡rs✳ ❚❤❡ ♠❡❛s✉r❛❜❧❡ ✐♠♣❛❝t ♦❢

t❤❡ ❈▲❱ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥ t❤✐s ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❛s t❤❡ ✐♥❝r❡❛s❡ ♦❢ ✺ ♣❡r❝❡♥t ✐♥ t❤❡ ✈❛❧✉❡ ♦❢

♠♦rt❣❛❣❡ ❝✉st♦♠❡r✳

❋✐❣✉r❡ ✸✳✶✿ ❈✉♠✉❧❛t✐✈❡ ❈✉st♦♠❡r Pr♦☞t❛❜✐❧✐t②✱ ❙♦✉r❝❡✿ ✭❑❡✐♥✐♥❣❤❛♠ ❡t ❛❧✳✱ ✷✵✵✻✮

❚❤❡ ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞ st✉❞② ✐s ✉tt❡r❧② ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ☞♥❞✐♥❣s ♦❢ ✭❑❡✐♥✐♥❣❤❛♠

❡t ❛❧✳✱ ✷✵✵✻✮✳ ❚❤❡ ❛✉t❤♦rs ✐❞❡♥t✐☞❡❞ t❤❛t ✷✵✪ ♦❢ t❤❡ ♠♦st ♣r♦☞t❛❜❧❡ ❝✉st♦♠❡rs ❣❡♥❡r❛t❡ ✉♣

t♦ ✷✽✵✪ ♦❢ t❤❡ ♣r♦☞t✱ ♦t❤❡r ✻✵✪ ♦❢ ❝✉st♦♠❡rs ♠❛❦❡ t❤❡ ♣r♦☞t ❝❤❛♥❣❡ ❢r♦♠ ✲✷✵✪ t♦ ✸✵✪ ❛♥❞

☞♥❛❧❧② ✷✵✪ ♦❢ t❤❡ ❧❡❛st ♣r♦☞t❛❜❧❡ ❝✉st♦♠❡rs ❝❛✉s❡ t❤❡ ♣r♦☞t ❧♦ss ♦❢ ✶✻✵✪✳ ❚❤❡ ❝✉♠✉❧❛t✐✈❡

❝✉st♦♠❡r ♣r♦☞t❛❜✐❧✐t② ❝✉r✈❡ ✐s ❞✐s♣❧❛②❡❞ ✐♥ t❤❡ ☞❣✉r❡ ✸✳✶✳

✸✵



✸✳✸ ❈❛♠♣❛✐❣♥ ▼❛♥❛❣❡♠❡♥t ❙②st❡♠s

❚♦❞❛②✬s ♠❛r❦❡t✐♥❣ str❛t❡❣② r❡q✉✐r❡s ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ 360◦ ❝✉st♦♠❡r ❛♣♣r♦❛❝❤✱ ✇❤✐❝❤

✐♥t❡❣r❛t❡s ❛❧❧ ✐♥✐t✐❛t✐✈❡s✿ ❛❝q✉✐s✐t✐♦♥✱ ❝r♦ss✲s❡❧❧ ❛♥❞ ✉♣✲s❡❧❧✱ ❛♥❞ r❡t❡♥t✐♦♥✳ ❚❤❡ s✐♠✉❧t❛♥❡♦✉s

r❡s♦✉r❝❡ ❛❧❧♦❝❛t✐♦♥ ✐s r❡q✉✐r❡❞ t♦ ✐❞❡♥t✐❢② ❛♥❞ ♠❡❡t ❝✉st♦♠❡rs✬ ♥❡❡❞s✳ ❚❤❡ ♠♦st ✐♠♣♦rt❛♥t

♣♦✐♥ts t♦ ❝♦✈❡r ✇❤✐❧❡ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♦♣t✐♠❛❧ ♠❛r❦❡t✐♥❣ ❛♣♣r♦❛❝❤ ✐❞❡♥t✐☞❡❞ ✭❚r✐♣❧❡tt✱ ✷✵✶✷✮

❛s✿

❼ ❖♣t✐♠✐③❡ t❤❡ ✐♥✈❡st♠❡♥ts ✐♥t♦ ♠❛r❦❡t✐♥❣ ✐♥✐t✐❛t✐✈❡s ♥♦t t♦ ✇❛st❡ r❡s♦✉r❝❡s ❛♥❞ ✐♥❝r❡❛s❡

t❤❡ ❝✉st♦♠❡r✬s ❧✐❢❡t✐♠❡ ✈❛❧✉❡✳

❼ ❉❡t❡r♠✐♥❡ t❤❡ ✐♠♣❛❝t ♦♥❡ str❛t❡❣② ❤❛s ♦♥ t❤❡ ♦t❤❡r str❛t❡❣✐❡s✳

❼ ❈♦♥s✐❞❡r ❞②♥❛♠✐❝ ❝✉st♦♠❡r ❧✐❢❡❝②❝❧❡s ❛♥❞ ♦r❣❛♥✐③❡ t❤❡ ♣r♦❝❡ss❡s ❛r♦✉♥❞ t❤❡♠✳

❼ ❈r❡❛t❡ s②♥❡r❣✐❡s ❜❡t✇❡❡♥ ♠❛r❦❡t✐♥❣ ❛❝t✐♦♥s✱ ☞♥❞ ♥❛t✉r❛❧ ❝♦♠♣❧❡♠❡♥ts✳

❼ ❊st❛❜❧✐s❤ ❝♦♥s✐st❡♥❝② ❛♥❞ ❝♦♥t✐♥✉✐t② ❛❝r♦ss ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s✳

❼ ❯t✐❧✐③❡ ❝✉st♦♠❡r ❢❡❡❞❜❛❝❦ t♦ r❡✐♥❢♦r❝❡ r❡❧❛t✐♦♥s❤✐♣s ❛♥❞ ✐❞❡♥t✐❢② ♥❡❡❞s✳

❖♥❡ ♠♦r❡ ♣♦✐♥t s❤♦✉❧❞ ❜❡ ❛❞❞❡❞ t♦ t❤❡ ♣r❡✈✐♦✉s ❧✐st r❡❣❛r❞✐♥❣ t❤❡ ❝♦♠♣❧✐❛♥❝❡ ✇✐t❤

♥❛t✐♦♥❛❧ ❛♥❞ ✐♥t❡r♥❛t✐♦♥❛❧ ❧❛✇✳ ❚❤❡ ♣❡rs♦♥❛❧ ❞❛t❛ s❡❝✉r✐t② ✐s ❢♦r ✐♥st❛♥❝❡ ❡♥❢♦r❝❡❞ ❜② t❤❡

❊✉r♦♣❡❛♥ ●❡♥❡r❛❧ ❉❛t❛ Pr♦t❡❝t✐♦♥ ❘❡❣✉❧❛t✐♦♥ ✭●❉P❘✮✶✱ ♠❛♥② r❡str✐❝t✐♦♥s ❛r❡ ❛❧s♦ ✐♠♣♦s❡❞

s♣❡❝✐☞❝❛❧❧② ♦♥ t❤❡ ❜❛♥❦✐♥❣ ✐♥st✐t✉t✐♦♥s ❜② t❤❡ r❡❣✉❧❛t♦rs✳

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❛❜♦✈❡✲♠❡♥t✐♦♥❡❞ s♣❡❝✐☞❝s✱ t❤❡ ♦✈❡r❛❧❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♠❛r✲

❦❡t✐♥❣ ✐♥✐t✐❛t✐✈❡s ❛♥❞ r❡❧❛t❡❞ ❝❛♠♣❛✐❣♥ ♠❛♥❛❣❡♠❡♥t s②st❡♠s st❛♥❞s ♦✉t✳ ▼❛♥② ✐♥t❡r♥❛t✐♦♥❛❧

✈❡♥❞♦rs ♦☛❡r s♣❡❝✐❛❧✐③❡❞ s♦❧✉t✐♦♥s ✐♥t❡❣r❛t✐♥❣ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣✱ ♣❡rs♦♥❛❧✐③❛t✐♦♥ ❛♥❞ ❜✐❣ ❞❛t❛

❝❛♣❛❜✐❧✐t✐❡s✳ ❇❡❢♦r❡ ♠❡♥t✐♦♥✐♥❣ s♦♠❡ ♦❢ t❤❡ ✈❡♥❞♦rs ❛♥❞ t❤❡✐r t♦♦❧s✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❞❡s❝r✐❜❡

t❤❡ ❞❛t❛ s♦✉r❝❡s ❛♥❞ ❞❡☞♥❡ ❝❛♠♣❛✐❣♥ ✐ts❡❧❢✳

✶▼♦r❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❊❯ r❡❣✉❧❛t✐♦♥ ✷✵✶✻✴✻✼✾ ♣✉❜❧✐❝❧② ❦♥♦✇♥ ❛s ●❡♥❡r❛❧ ❉❛t❛ Pr♦t❡❝t✐♦♥ ❘❡❣✉✲

❧❛t✐♦♥ ✭●❉P❘✮ ❝❛♥ ❜❡ ❢♦✉♥❞ ❛t✿ ❤tt♣✿✴✴❡✉r♦♣❛✳❡✉✴❞❛t❛♣r♦t❡❝t✐♦♥

✸✶



❙✐♠♣❧✐☞❡❞ s❝❤❡♠❛ ♦❢ ❞❛t❛ s♦✉r❝❡s ❛♥❞ t❤❡ ❞❛t❛ ✉♥✐☞❝❛t✐♦♥ ♣r♦❝❡ss ✐s ✈✐s✉❛❧✐③❡❞ ✐♥ t❤❡

☞❣✉r❡ ✸✳✷✳ ❆s ✇❛s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ s❡❝t✐♦♥ r❡❣❛r❞✐♥❣ ❜❛♥❦✐♥❣ ✐♥❞✉str② s♣❡❝✐☞❝s✱

t❤❡ ❜❛♥❦✐♥❣ ❡♥✈✐r♦♥♠❡♥t ✐s ✉♥✐q✉❡ ✐♥ t❤❡ ❧❡♥❣t❤ ♦❢ ❝✉st♦♠❡r r❡❧❛t✐♦♥s❤✐♣✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ t❤❡

t✐♠❡✲s❡r✐❡s ❛♥❞ ❞❡t❛✐❧❡❞ ♣r♦❞✉❝t ✉s❛❣❡ ❝r❡❛t❡ t♦❣❡t❤❡r ❛ s♦❧✐❞ ❢♦✉♥❞❛t✐♦♥ ❢♦r t❤❡ ❞❛t❛ ❞r✐✈❡♥

❝✉st♦♠❡r ❡♥❣❛❣❡♠❡♥t ❛♥❞ ♠❛r❦❡t✐♥❣ ❝♦♥t❡♥t✳

Transaction Data

Product history
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Insurance

In
te

rn
a
l 
D

a
ta

Public Data

Search Engines
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Affiliate Marketing
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xt

e
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a
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a
ta

D
a
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Client Profile

Client Unified IDPK

Search Engine IDs

Social Network IDs

Client Characteristics

❋✐❣✉r❡ ✸✳✷✿ ❈❛♠♣❛✐❣♥✬s ❞❛t❛ s♦✉r❝❡s✱ ❙♦✉r❝❡✿ ❆✉t❤♦r

❆ s❝❤❡♠❛ ✐♥ t❤❡ ☞❣✉r❡ ✸✳✷ ✐❧❧✉str❛t❡s ❤♦✇ ❞✐✈❡rs❡ t❤❡ ✐♥♣✉t ❞❛t❛ ✐s✳ ❆♥ ✐♥❞✐s♣❡♥s❛❜❧❡

♣❛rt ♦❢ t❤❡ ❞❛t❛ ✐♥❣❡st✐♦♥ ♣r♦❝❡ss ✐♥t♦ t❤❡ ❝♦♥s♦❧✐❞❛t❡❞ ❞❛t❛ st♦r❛❣❡ ✐s t❤❡ ❞❛t❛ ✉♥✐☞❝❛t✐♦♥✳

❚❤❡ ❛✐♠ ♦❢ t❤✐s t❛s❦ ✐s t♦ ✐♥t❡r❝♦♥♥❡❝t ❛❧❧ ❛✈❛✐❧❛❜❧❡ ❝❧✐❡♥t✬s ❞❛t❛ ✇✐t❤ ❛ s✐♥❣❧❡ ✉♥✐☞❡❞ ✐❞❡♥t✐☞❡r✳

■♥ t❡r♠s ♦❢ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s✱ ✉s✉❛❧❧② t❤❡ ❈❘▼ ❝❧✐❡♥t✬s ✐❞❡♥t✐☞❡r ✐s t❤❡ ♠♦st s✉✐t❛❜❧❡ ❦❡②

❢♦r t❤❛t ♣✉r♣♦s❡✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❛♥ ❛rt✐☞❝✐❛❧❧② ❣❡♥❡r❛t❡❞ ✐❞❡♥t✐☞❡r ♠✐❣❤t ❜❡ ❝❤♦s❡♥ ❛s

✇❡❧❧✳

❋r♦♠ t❤❡ t❡❝❤♥♦❧♦❣② ♣❡rs♣❡❝t✐✈❡✱ t❤❡ ❝❧✐❡♥t ♣r♦☞❧❡ ❡♥t✐t② ♠✐❣❤t ❜❡ st♦r❡❞ ✐♥ ✈❛r✐♦✉s

❢♦r♠s ❜❛s❡❞ ♦♥ ❡✳❣✳ ❞❛t❛ t②♣❡✱ ❢♦r♠❛t✱ ❛♥❞ ✉♣❞❛t❡ ❢r❡q✉❡♥❝②✳ ❚❤❡ ♠♦st ❝♦♠♠♦♥ ❢♦r♠s

❛r❡ ❢♦r ❡①❛♠♣❧❡ r❡❧❛t✐♦♥❛❧✱ ❝♦❧✉♠♥❛r ♦r ◆♦❙◗▲✱ t❤❡ st♦r❛❣❡ ❝♦✉❧❞ ❜❡ ❝❡♥tr❛❧✐③❡❞✱ ❞✐str✐❜✉t❡❞

♦r ❡✈❡♥ ✐♥✲♠❡♠♦r②✳ ❚❤❡ ❞❡s✐r❡❞ s♦❧✉t✐♦♥ ♠❛② ❝♦♥s✐st ♦❢ s❡✈❡r❛❧ ♣❧❛t❢♦r♠s ❝♦♠❜✐♥✐♥❣ t❤❡✐r

✸✷



❛❞✈❛♥t❛❣❡s✱ ✇❤✐❧❡ ❝♦♠♠✉♥✐❝❛t✐♥❣ ❜② ♠❡ss❛❣✐♥❣ s❡r✈✐❝❡s ✭❡✳❣✳ ❆♣❛❝❤❡ ❑❛❢❦❛✮ ❛♥❞ ✐♥t❡❣r❛t❡❞

❜② ❛♥ ❡♥t❡r♣r✐s❡ s❡r✈✐❝❡ ❜✉s✳ ❚❤❡ t❡❝❤♥♦❧♦❣② s♦❧✉t✐♦♥ ♦❢ ❝❛♠♣❛✐❣♥ ❡♥❣✐♥❡s ✐s ♥♦t t❤❡ ❛✐♠ ♦❢

t❤✐s t❤❡s✐s✱ t❤❡r❡❢♦r❡ t❤❡ ❧❡❛st ❝♦♠♣❧❡① ✈❡rs✐♦♥ ♦❢ ❛ ❝❧✐❡♥t ♣r♦☞❧❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ❛ss✉♠❡❞✳

❚❤❡ ❝❧✐❡♥t ♣r♦☞❧❡ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ t❛❜❧❡ ✐♥ t❤❡ ❘❡❧❛t✐♦♥❛❧ ❉❛t❛❜❛s❡ ▼❛♥❛❣❡♠❡♥t

❙②st❡♠ ✭❘❉❇▼✮ ✇✐t❤ t❤❡ ♣r✐♠❛r② ❦❡② ♦♥ t❤❡ ❈❧✐❡♥t ❯♥✐☞❡❞ ■❉ ❝♦❧✉♠♥✳ ❚❤❡ ✐♥❢♦r♠❛t✐♦♥

❛❜♦✉t ♠❛♣♣✐♥❣ ♦❢ t❤❡ ❈❧✐❡♥t ❯♥✐☞❡❞ ■❉ ♠❛② ❜❡ r❡❝♦r❞❡❞ ✐♥ ❛ s❡♣❛r❛t❡ ❞✐❝t✐♦♥❛r②✱ ♦r ♠♦r❡

♣r❡❢❡r❛❜❧② ✐♥ t❤❡ ❈❧✐❡♥t Pr♦☞❧❡✱ ❡✳❣✳ ●♦♦❣❧❡ ❆♥❛❧②t✐❝s ■❉ ♦r ❋❛❝❡❜♦♦❦ ❆✉❞✐❡♥❝❡ ■❉ ✐s ♠❡❛♥t

❜② s✉❝❤ ♠❛♣♣✐♥❣✳ ❚❤❡ ♠❛❥♦r ♣❛rt ♦❢ ❝❧✐❡♥t ♣r♦☞❧❡ ❞❛t❛ ❛r❡ t❤❡ ❝❧✐❡♥t ❝❤❛r❛❝t❡r✐st✐❝s✳ ❙♦♠❡

♦❢ t❤♦s❡ ✈❛r✐❛❜❧❡s ❝❤❛♥❣❡ ♦♥ ❞❛✐❧② ❜❛s✐s✱ s♦♠❡ ♠❛② r❡♣r❡s❡♥t s♥❛♣s❤♦ts ❛t s♣❡❝✐☞❝ ❞❛t❡s

✭t②♣✐❝❛❧❧② ❛❝❝♦✉♥t ❜❛❧❛♥❝❡s ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❧❛st ♠♦♥t❤✮✱ s♦♠❡ ♠❛② ❜❡ ❡✈❡♥ ❧❡ss ❢r❡q✉❡♥t

✭❝❧✐❡♥t✬s r✐s❦ s❝♦r❡✮✳ ●❡♥❡r❛❧❧②✱ t❤❡ ❝❧✐❡♥t ♣r♦☞❧❡ ❞❛t❛ ❛r❡ ✐♥❣❡st❡❞ ♦♥ ❞❛✐❧②✱ ✇❡❡❦❧② ♦r ♠♦♥t❤❧②

❜❛s✐s✳ ❚♦ ❡♥s✉r❡ t❤❛t t❤❡ ♠♦st r❡❝❡♥t ❞❛t❛ ✐s ❛✈❛✐❧❛❜❧❡ ✭♥❡❝❡ss❛r② ❢♦r ❡①❛♠♣❧❡ ✐♥ t❤❡ ♦♥❧✐♥❡

✐♥t❡r❛❝t✐♦♥✮✱ r❡❛❧✲t✐♠❡ ♦♣❡r❛t✐♦♥❛❧ ❞❛t❛ st♦r❡ ♦r s✐♠✐❧❛r ❛❞❞✐t✐♦♥❛❧ ❧❛②❡r ♠❛② ❜❡ ✉s❡❞✳ ❚❤❡

♠❛✐♥ r❡q✉✐r❡♠❡♥t ❢♦r t❤✐s ❦✐♥❞ ♦❢ ❞❛t❛ st♦r❛❣❡ s②st❡♠s ✐s ♥♦t t❤❡ ❛❜✐❧✐t② t♦ st♦r❡ ❧❛r❣❡ ✈♦❧✉♠❡s

♦❢ ❞❛t❛✱ ❜✉t t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ♣r♦❝❡ss✐♥❣ ❝♦♥t✐♥✉♦✉s ❞❛t❛ str❡❛♠s✳

❆❝❛❞❡♠✐❝ ❛✉t❤♦rs ❛♥❞ t❤❡ ✈❡♥❞♦rs ♦❢ ❝❛♠♣❛✐❣♥ ♠❛♥❛❣❡♠❡♥t s②st❡♠s ❞❡☞♥❡ ❝❛♠♣❛✐❣♥s

✐♥ ❞✐☛❡r❡♥t ✇❛②s✳ ❋♦r ✐♥st❛♥❝❡✱ s♦♠❡ ♦❢ t❤❡ s♦✉r❝❡s ❝❤❛r❛❝t❡r✐③❡ ❝❛♠♣❛✐❣♥ ❛s ❛ s❡t ♦❢ ♠❛r✲

❦❡t✐♥❣ ♦☛❡rs✱ t❤❡ ♦t❤❡rs ❜② t❤❡ ❝❛♠♣❛✐❣♥ ♠❡❛♥ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♠❛r❦❡t❡❞ ♣r♦❞✉❝t ❛♥❞ ✉s❡❞

❝❤❛♥♥❡❧✳ ❚♦ ❡❧✐♠✐♥❛t❡ t❤✐s ❤❡t❡r♦❣❡♥❡✐t② ❝❛♠♣❛✐❣♥ ✐s ❞❡☞♥❡❞ ✐♥ t❤❡ ♠♦st ❣r❛♥✉❧❛r ✇❛② ❛s

❢♦❧❧♦✇s✳

❈❛♠♣❛✐❣♥ r❡♣r❡s❡♥ts t❤❡ ✉♥✐q✉❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❝❧✐❡♥t s✐t✉❛t✐♦♥✱ ♠❛r❦❡t❡❞ ♣r♦❞✉❝t✱

s❡❧❡❝t❡❞ ❝❧✐❡♥t s❡❣♠❡♥t ❛♥❞ t❤❡ s❡t ♦❢ ♠❛r❦❡t✐♥❣ ❝❤❛♥♥❡❧s✳ ❚❤❡ ❞❡☞♥✐t✐♦♥ ✐s ✈✐s✉❛❧✐③❡❞ ✐♥

t❤❡ ☞❣✉r❡ ✸✳✸✳

❚❤✐s ❞❡☞♥✐t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ ♦♥❧② ✐♥ t❤❡ ❞✐r❡❝t ♠❛r❦❡t✐♥❣ ❡♥✈✐r♦♥♠❡♥t ❛s ♦♥❡ ♦❢ t❤❡

❝♦♠♣♦♥❡♥ts ✐s t❤❡ ❝❧✐❡♥t s✐t✉❛t✐♦♥✳ ❋♦r t❤❡ ♣✉r♣♦s❡ ♦❢ ♠❛ss ♠❡❞✐❛s✱ t❤❡ t❛r❣❡t ❣r♦✉♣ ♠❛②

❜❡ s❡❧❡❝t❡❞ ✐♥st❡❛❞✳

✸✸



Campaign

Offer

Situation

Client with low account balance

Active checking account = 'Y'

Balance < 20,000

Balance/Income Ratio < 1.5

Product

Cash loan

Client risk level < 5

Average monthly income > 10,000

Average monthly income > 10,000

Active loan count < 3

Segment

Mass Affluent

Segment = 'MA'

Employee = 'N'

Primary Channel

Call center

Active phone number = 'Y'

Phone number NOT NULL

Secondary Channel

Google

Google Analytics UID NOT NULL

Secondary Channel

ATM

Active payment card = 'Y'

Days from last ATM visit < 90

❋✐❣✉r❡ ✸✳✸✿ ❈❛♠♣❛✐❣♥ s❝❤❡♠❛✱ ❙♦✉r❝❡✿ ❆✉t❤♦r

❋✐❣✉r❡ ✸✳✹✿ ❈❛♠♣❛✐❣♥ ❊♥t✐t② ❘❡❧❛t✐♦♥s❤✐♣ ❉✐❛❣r❛♠✱ ❙♦✉r❝❡✿ ❆✉t❤♦r

❋✐❣✉r❡s ✸✳✸ ✫ ✸✳✹ s❤♦✇ ❝❛♠♣❛✐❣♥ ❝♦♠♣♦♥❡♥ts ❛♥❞ t❤❡✐r r❡❧❛t✐♦♥s❤✐♣s✱ ❡❛❝❤ ♦❢ t❤❡s❡

❡♥t✐t✐❡s ✐s ❢✉rt❤❡r ❞❡s❝r✐❜❡❞✳ ❆❧❧ ♦❢ t❤❡ ❛ttr✐❜✉t❡s ✉s❡❞ ✐♥ t❤❡ ☞❣✉r❡ ✸✳✸ ❛r❡ s❡❧❡❝t❡❞ ❢r♦♠ t❤❡

❈❧✐❡♥t Pr♦☞❧❡✳

❼ ❖☛❡r ✐s ❛ ♣❛r❡♥t ❡♥t✐t② ♦❢ ❙✐t✉❛t✐♦♥✱ Pr♦❞✉❝t ❛♥❞ ❙❡❣♠❡♥t✳ ❋✐rst❧②✱ t❤❡ ❡♥t✐t② ♥❛t✲

✉r❛❧❧② r❡♣r❡s❡♥ts ❛ ❜✉s✐♥❡ss ♥❡❡❞ t♦ ❝♦♥t❛❝t ❛ ❝❧✐❡♥t ♣r♦♠♦t✐♥❣ s♣❡❝✐☞❝ ♣r♦❞✉❝t ✇❤✐❧❡

♦✈❡r❧♦♦❦✐♥❣ t❤❡ ❝❤❛♥♥❡❧ ✭❛ ♠❡❛♥ ♦❢ ❝♦♥t❛❝t✮✳ ❙❡❝♦♥❞❧②✱ ✐t ✐s ❝r✉❝✐❛❧ ❢♦r t❤❡ ❝❛♠♣❛✐❣♥

♠❛♥❛❣❡♠❡♥t s②st❡♠ ❛s ♠✉❧t✐♣❧❡ ❝❛♠♣❛✐❣♥s ✇✐t❤ t❤❡ s❛♠❡ ❖☛❡r ♠✉st ❜❡ r❡str✐❝t❡❞ ♦♥❧②

t♦ t❤❡ ♠♦st ♦♣t✐♠❛❧ ♦♥❡✳

✸✹



④ ❙✐t✉❛t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ ❝❧✐❡♥t s♣❡❝✐☞❝ ❜❡❤❛✈✐♦r✳ ❋♦r s♦♠❡ ♦❢ t❤❡ ♣r♦❞✉❝ts ✐t ♠❛②

❜❡ ✈❡r② ❣❡♥❡r❛❧ ✭❡✳❣✳ ♣❡♥s✐♦♥ ❢✉♥❞ ❞❡♣♦s✐t ❛❝❝♦✉♥ts s✉✐t❛❜❧❡ ❢♦r ❛♥②♦♥❡ ✉♥❞❡r

❝❡rt❛✐♥ ❛❣❡✮ ♦r tr✐❣❣❡r ❜❛s❡❞ ✭❡✳❣✳ ❧♦✇ ❛❝❝♦✉♥t ❜❛❧❛♥❝❡✮✳

④ Pr♦❞✉❝t ✐s ❛ ❢✉♥❞❛♠❡♥t❛❧ ❡❧❡♠❡♥t ♦❢ t❤❡ ❝❛♠♣❛✐❣♥✳ ❚❤❡ ❛✐♠ ♦❢ t❤❡ ♣r♦❞✉❝t

❡♥t✐t② ✐s t♦ ❡♥s✉r❡ t❤❛t t❤❡ ❜✉s✐♥❡ss ♣r♦❞✉❝t ❝♦♥❞✐t✐♦♥s ❛r❡ ♥♦t ✈✐♦❧❛t❡❞ ✭❡s♣❡❝✐❛❧❧②

♥❡❝❡ss❛r② ❛♠♦♥❣ t❤❡ ❝r❡❞✐t ♦☛❡rs✮✳

④ ❙❡❣♠❡♥t ❡♥t✐t② ✐s ♣✉r❡❧② r❡❧❛t❡❞ t♦ t❤❡ ❜✉s✐♥❡ss s❡❣♠❡♥ts ❞❡☞♥❡❞ ❜② t❤❡ ❜❛♥❦✳ ■t

♣r❡✈❡♥ts ❣❡♥❡r❛t✐♥❣ ✐rr❡❧❡✈❛♥t ♦☛❡rs ✭❡✳❣✳ t❛r❣❡t✐♥❣ ♣r✐✈❛t❡ ❝❧✐❡♥ts ✇✐t❤ t❤❡ ❜❛s✐❝

❝r❡❞✐t ❧♦❛♥s✮✳ ❚❤❡ ♦t❤❡r ❛❜✐❧✐t② ♦❢ t❤✐s ❡♥t✐t② ✐s ❢♦r ❡①❛♠♣❧❡ t♦ s♣❡❝✐❢② ✇❤❡t❤❡r

❡♠♣❧♦②❡❡s s❤♦✉❧❞ ❜❡ ❡①❝❧✉❞❡❞ ♦r ♥♦t✳

❼ ❈❤❛♥♥❡❧ ❡♥t✐t② ❝❤❛r❛❝t❡r✐③❡s t❤❡ ♣❤②s✐❝❛❧ ♦✉t❜♦✉♥❞ ❝❤❛♥♥❡❧s ✇✐t❤ s♦♠❡ ♠✐♥♦r ❡①✲

❝❡♣t✐♦♥s s✉❝❤ ❛s ❞✐st✐♥❣✉✐s❤✐♥❣ ❜❡t✇❡❡♥ ❝♦♠♣✉❧s♦r② ✭❡✳❣✳ ❧❡❣❛❧✮ ♦☛❡rs ❛♥❞ t❤❡ ♦t❤❡rs✳

❚❤❡ ❝♦♠♣✉❧s♦r② ♦☛❡rs ❢♦r ❡①❛♠♣❧❡ ❞♦♥✬t r❡s♣❡❝t t❤❡ ♠❛r❦❡t✐♥❣ ❝♦♥t❛❝t ❛❧❧♦✇❛♥❝❡ ♣r♦✲

✈✐❞❡❞ ❜② t❤❡ ❝❧✐❡♥t✱ ✇❤❡r❡❛s t❤❡ ♣r♦❞✉❝t ♦☛❡rs ✇♦✉❧❞ ✈✐♦❧❛t❡ ❧❡❣❛❧ r❡str✐❝t✐♦♥s ✐❢ t❤❡②

✇❡r❡ s❡♥t t♦ ❝❧✐❡♥ts ✇❤♦ ❞✐❞ ♥♦t ❛❣r❡❡ t♦ ❜❡ ❝♦♥t❛❝t❡❞ ✇✐t❤ ♣r♦♠♦t✐♦♥❛❧ ♦☛❡rs✳ ❚❤❡

❝❤❛♥♥❡❧ ❜❛s❡ s❤♦✉❧❞ ❜❡ ❛❧s♦ ❞✐✈✐❞❡❞ t♦ Pr✐♠❛r② ✭P✉s❤✮ ❛♥❞ ❙❡❝♦♥❞❛r② ✭P✉❧❧✮ ❝❤❛♥♥❡❧s✳

❖♥❡ ❝❛♠♣❛✐❣♥ ✐s ❛ss✐❣♥❡❞ ❣❡♥❡r❛❧❧② t♦ ♦♥❡ ♣r✐♠❛r② ❝❤❛♥♥❡❧ ❛♥❞ ✉♣ t♦ ❛ ❢❡✇ s❡❝♦♥❞❛r②

❝❤❛♥♥❡❧s✳

④ Pr✐♠❛r② ❈❤❛♥♥❡❧ ♣r❡✈✐♦✉s❧② ❛❧s♦ r❡❢❡rr❡❞ ❛s P✉s❤ ❈❤❛♥♥❡❧ ❞✐r❡❝t❧② t❛r❣❡ts t❤❡

❝❧✐❡♥t ✇✐t❤ ❛♥ ♦☛❡r✱ ♣♦ss✐❜❧❡ ❝❤❛♥♥❡❧s ❛r❡ ❈❛❧❧ ❝❡♥t❡r✱ ❊✲♠❛✐❧✱ ❙▼❙✱ ▼❛✐❧ ❡t❝✳

④ ❙❡❝♦♥❞❛r② ❈❤❛♥♥❡❧ ♦r P✉❧❧ ❈❤❛♥♥❡❧ r❡❛❝❤❡s t❤❡ ❝❧✐❡♥t ✐♥❞✐r❡❝t❧②✱ ❡①❛♠♣❧❡ ❝❤❛♥✲

♥❡❧s ❛r❡ ■♥t❡r♥❡t ❛♥❞ ▼♦❜✐❧❡ ❇❛♥❦✐♥❣✱ ❆❚▼✱ ❙♦❝✐❛❧ ♥❡t✇♦r❦s ❛♥❞ ❙❡❛r❝❤ ❡♥❣✐♥❡s✳

✸✺



▼❛r❦❡t ❖✈❡r✈✐❡✇

❋✐❣✉r❡ ✸✳✺✿ ▼❛❣✐❝ ◗✉❛❞r❛♥t ❢♦r ▼✉❧t✐❝❤❛♥♥❡❧ ❈❛♠♣❛✐❣♥ ▼❛♥❛❣❡♠❡♥t✱ ❆♣r✐❧ ✷✵✶✼✱ ❙♦✉r❝❡✿

✭●❛rt♥❡r✱ ✷✵✶✼✮

Challenger s Cont enders Leader s
Strong

Pe rformers

Stra tegyWe ak Strong

Cu rrent
offering

We ak

Strong

Mark et presence

Adob eIB M SA S

Pe gasy stems

Salesf orce

Pitney Bowe s

Smar tFocus

Oracle

Em arsy s

Ex perian Mark eting Se rvices

Re dP oint

GlobalTe radata

Te radata

Mark eting

Applications
Selligent

SD L

❋✐❣✉r❡ ✸✳✻✿ ❚❤❡ ❋♦rr❡st❡r ❲❛✈❡➋✿ ❈r♦ss✲❈❤❛♥♥❡❧ ❈❛♠♣❛✐❣♥ ▼❛♥❛❣❡♠❡♥t✱ ◗✷ ✷✵✶✻✱ ❙♦✉r❝❡✿

✭❋♦rr❡st❡r✱ ✷✵✶✻✮
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❋✐❣✉r❡s ✸✳✺ ✫ ✸✳✻ r❡♣r❡s❡♥t t❤❡ ☞♥❞✐♥❣s ♦❢ t❤❡ ✇♦r❧❞✬s ❧❡❛❞✐♥❣ r❡s❡❛r❝❤ ❛♥❞ ❛❞✈✐s♦r②

❝♦♠♣❛♥✐❡s ●❛rt♥❡r ❛♥❞ ❋♦rr❡st❡r✳ ❇♦t❤ ❝♦♠♣❛♥✐❡s r❡❢❡r ❈❛♠♣❛✐❣♥ ▼❛♥❛❣❡♠❡♥t ❙②st❡♠s

✇✐t❤ ❛ s❧✐❣❤t❧② ❞✐☛❡r❡♥t t❡r♠✐♥♦❧♦❣② ④ ▼✉❧t✐❝❤❛♥♥❡❧ ❈❛♠♣❛✐❣♥ ▼❛♥❛❣❡♠❡♥t ✐♥ t❤❡ ●❛rt♥❡r✬s

r❡s❡❛r❝❤ ❛♥❞ ❈r♦ss✲❈❤❛♥♥❡❧ ❈❛♠♣❛✐❣♥ ▼❛♥❛❣❡♠❡♥t ✐♥ t❤❡ ❋♦rr❡st❡r✬s r❡♣♦rt✳

❇♦t❤ ❝♦♠♣❛♥✐❡s ❡♠♣❤❛s✐③❡ t❤❡ ❝❛♠♣❛✐❣♥ ♠❛♥❛❣❡♠❡♥t s②st❡♠ ✈❡♥❞♦r✬s ❛❜✐❧✐t② ♦❢ ♠✉❧t✐✲

❝❤❛♥♥❡❧ ❝❛♠♣❛✐❣♥ ♦r❝❤❡str❛t✐♦♥ ❛♥❞ r❡❛❧✲t✐♠❡ ✐♥t❡❣r❛t✐♦♥✳ ❇♦t❤ r❡s❡❛r❝❤ ♠❡t❤♦❞♦❧♦❣✐❡s ❛❧s♦

❡✈❛❧✉❛t❡ st❛t✐st✐❝❛❧ ❛♥❞ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ❝❛♣❛❜✐❧✐t✐❡s t♦ ♦♣t✐♠✐③❡ t❤❡ ❝❛♠♣❛✐❣♥ ♣❧❛❝❡♠❡♥t✱

t❛r❣❡t✐♥❣ ❛♥❞ ❞❡s✐❣♥ ✭❡✳❣✳ ❆✴❇ t❡st✐♥❣✮✳

■♥t❡r❡st✐♥❣❧② ♦♥❧② ❧✐tt❧❡ ❛tt❡♥t✐♦♥ ✐s ♣❛✐❞ t♦✇❛r❞s ❝✉st♦♠❡r ❧✐❢❡❝②❝❧❡ ♠❛♥❛❣❡♠❡♥t ♦r

❝✉st♦♠❡r ❧✐❢❡t✐♠❡ ✈❛❧✉❡✳ ❉❡s♣✐t❡ t❤❡ ❢❛❝t✱ t❤❛t t❤❡ ❝✉st♦♠❡r r❡❧❛t❡❞ ♠❡tr✐❝s ❛r❡ ♥♦t ❞✐r❡❝t❧②

✐♥❝♦r♣♦r❛t❡❞ ✐♥t♦ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♠❡t❤♦❞♦❧♦❣②✱ ✭❋♦rr❡st❡r✱ ✷✵✶✻✮ ♣♦✐♥ts ♦✉t t❤❡ ❝✉st♦♠❡r ❧✐❢❡✲

❝②❝❧❡ ❢♦❝✉s ♦❢ ❢♦❧❧♦✇✐♥❣ ✈❡♥❞♦rs✿ ❙♠❛rt❋♦❝✉s✷✱ ❊♠❛rs②s✸ ❛♥❞ ❊①♣❡r✐❛♥ ▼❛r❦❡t✐♥❣ ❙❡r✈✐❝❡s✹✱

✭●❛rt♥❡r✱ ✷✵✶✼✮ ♠❡♥t✐♦♥s t❤❡ ♥✐❝❤❡ ♣❧❛②❡rs s✉❝❤ ❛s ▲✐str❛❦✺ ♦r P✐t♥❡② ❇♦✇❡s✻✳ ❚❤❡ ❧♦✇ s✐❣✲

♥✐☞❝❛♥❝❡ ♦❢ ❝✉st♦♠❡r ♠❡tr✐❝s ♠❛② ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ ❜♦t❤ r❡s❡❛r❝❤❡s ♦♥ t❤❡

r❡t❛✐❧ ✐♥❞✉str②✳ ❍♦✇❡✈❡r✱ t❤❡ ✈✐s✐❜❧❡ tr❡♥❞ ♦❢ r❡❧❛t✐✈❡❧② ♥❡✇✱ ♥✐❝❤❡ ♣❧❛②❡rs ❢♦❝✉s✐♥❣ ♦♥ t❤❡

♣r♦❜❧❡♠❛t✐❝ ♦❢ ❝✉st♦♠❡r ❡✈❛❧✉❛t✐♦♥ ❝❛♥ ❜❡ ✐❞❡♥t✐☞❡❞✳

❆❞♦❜❡✼ ✇✐t❤ ✐ts ❆❞♦❜❡ ❈❛♠♣❛✐❣♥ ✐s ❛ ❝❧❡❛r ♠❛r❦❡t ❧❡❛❞❡r ✐♥ t❤❡ ❜♦t❤ r❡s❡❛r❝❤❡s✳

❆❝❝♦r❞✐♥❣ t♦ ✭❋♦rr❡st❡r✱ ✷✵✶✻✮ ❝✉st♦♠❡rs ❞❡s❝r✐❜❡ t❤❡ ♣r♦❞✉❝t ❛s ❛ r❡❛❧ ♠✉❧t✐❝❤❛♥♥❡❧ t♦♦❧✱

✇✐t❤ ❛ ❧♦t ♦❢ ❜✉✐❧t✲✐♥ ❢✉♥❝t✐♦♥❛❧✐t②✳ ❚❤❡ ❆❞♦❜❡ ▼❛r❦❡t✐♥❣ ❈❧♦✉❞ ✐♥t❡❣r❛t✐♥❣ s❡r✈✐❝❡s s✉❝❤

❛s ❆❞♦❜❡ ❆♥❛❧②t✐❝s ❛♥❞ ❊①♣❡r✐❡♥❝❡ ♠❛♥❛❣❡r ♣r♦✈✐❞❡s ✉s❡r✲❢r✐❡♥❞❧② st❛t✐st✐❝❛❧ ✐♥s✐❣❤ts✳ ❚❤❡

♦t❤❡r str❡♥❣t❤ ♠❡♥t✐♦♥❡❞ ❜② ✭●❛rt♥❡r✱ ✷✵✶✼✮ ✐s t❤❡ ❛❞❞❡❞ ✈❛❧✉❡ ♦❢ ❆❞♦❜❡ ❈r❡❛t✐✈❡ ❈❧♦✉❞ ④

t❤❡ ❧❡❛❞✐♥❣ s♦❧✉t✐♦♥ ❛♠♦♥❣ ❣r❛♣❤✐❝❛❧ s✉✐t❡s✳

❚❤❡ s❡❝♦♥❞ ❤✐❣❤❡st s❝♦r✐♥❣ ✈❡♥❞♦r ✐s ❙❆❙✽ ✇✐t❤ ✐ts ❙❆❙ ❈✉st♦♠❡r ■♥t❡❧❧✐❣❡♥❝❡ ✭❈■✮✳

❚❤❡ ❞✐☛❡r❡♥t✐❛t✐♥❣ ❢❛❝t♦r ✐s t❤❡ ♠♦st ❛❞✈❛♥❝❡❞ ♠❛r❦❡t✐♥❣ ❛♥❛❧②t✐❝s ♦♥ t❤❡ ♠❛r❦❡t✳ ❋♦r

✷❙♠❛rt❋♦❝✉s ✭❚❤❡ ▼❡ss❛❣❡ ❈❧♦✉❞✮✱ ❤tt♣✿✴✴s♠❛rt❢♦❝✉s✳❝♦♠
✸❊♠❛rs②s ✭❇✷❈ ▼❛r❦❡t✐♥❣ ❈❧♦✉❞✮✱ ❤tt♣✿✴✴❡♠❛rs②s✳❝♦♠
✹❊①♣❡r✐❛♥ ▼❛r❦❡t✐♥❣ ❙❡r✈✐❝❡s ✭❊①♣❡r✐❛♥ ▼❛r❦❡t✐♥❣ ❙✉✐t❡✮✱ ❤tt♣✿✴✴❡①♣❡r✐❛♥✳❝♦♠✴♠❛r❦❡t✐♥❣✲s❡r✈✐❝❡s
✺▲✐str❛❦ ✭❉✐❣✐t❛❧ ▼❛r❦❡t✐♥❣ ❆✉t♦♠❛t✐♦♥ P❧❛t❢♦r♠✮✱ ❤tt♣✿✴✴❧✐str❛❦✳❝♦♠
✻P✐t♥❡② ❇♦✇❡s ✭❈♦♠♠❡r❝❡ ❈❧♦✉❞✮✱ ❤tt♣✿✴✴♣✐t♥❡②❜♦✇❡s✳❝♦♠✴❝♦♠♠❡r❝❡❝❧♦✉❞
✼❆❞♦❜❡ ✭❆❞♦❜❡ ▼❛r❦❡t✐♥❣ ❈❧♦✉❞✮✱ ❤tt♣✿✴✴❛❞♦❜❡✳❝♦♠✴♠❛r❦❡t✐♥❣✲❝❧♦✉❞
✽❙❆❙ ✭❙❆❙ ❈✉st♦♠❡r ■♥t❡❧❧✐❣❡♥❝❡✮✱ ❤tt♣✿✴✴s❛s✳❝♦♠✴❝✉st♦♠❡r✲✐♥t❡❧❧✐❣❡♥❝❡
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t❤✐s s♣❡❝✐☞❝ ❝❛♣❛❜✐❧✐t②✱ ❙❆❙ ❈■ ❡st❛❜❧✐s❤❡❞ ❛ str♦♥❣ ♣♦s✐t✐♦♥ ♠❛✐♥❧② ✐♥ ☞♥❛♥❝✐❛❧ s❡r✈✐❝❡s ❛♥❞

t❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥s✳ ❙❆❙ ❞♦❡s ♥♦t ✉s❡ ❈▲❱ ♠❡tr✐❝ ❛s t❤❡ ❦❡② ❞r✐✈❡r ♦❢ ❝❛♠♣❛✐❣♥s✱ ❜✉t ❈▲❱

✐s ✉s❡❞ ❢♦r t❤❡ ❝❧✐❡♥t ❜❛s❡ ❝❧✉st❡r✐♥❣ ❛♥❞ ♠♦r❡ ♣r❡❝✐s❡ s❝♦r✐♥❣ ④ ❡✳❣✳ ❛♠♦♥❣ ♣r♦♣❡♥s✐t② t♦

❜✉② ♠♦❞❡❧s✳ ✭❋♦rr❡st❡r✱ ✷✵✶✻✮

❚❤❡ ♥❡①t ❢♦❧❧♦✇❡r ✐s ❙❛❧❡s❢♦r❝❡✾ ✇✐t❤ ✐ts str❡♥❣t❤ ✐♥ t❤❡ ❙❛❛❙✲❜❛s❡❞ ♠❛r❦❡t✐♥❣ ✇✐t❤

❛♥ ❡♠❛✐❧ ❜❛❝❦❜♦♥❡✳ ❯s❡rs ❤✐❣❤❧✐❣❤t❡❞ ✐ts ❡❛s❡ ♦❢ ✉s❡✱ r❡❛❧✲t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❛♥❞ ♠✉❧t✐❝❤❛♥♥❡❧

♦r❝❤❡str❛t✐♦♥✳ ❚❤✐s s♦❧✉t✐♦♥ ✐s ♣❛rt✐❝✉❧❛r❧② ✉s❡❢✉❧ ❢♦r s♠❛❧❧❡r ❛♥❞ ♠❡❞✐✉♠ ♦r❣❛♥✐③❛t✐♦♥s ✭✉s❡rs

❝r✐t✐❝✐③❡❞ t❤❡ ♣r✐❝✐♥❣ str❛t❡❣②✮ ✐♥ t❤❡ r❡t❛✐❧ ✐♥❞✉str②✱ ✐♥t❡❣r❛t✐♦♥ ✇✐t❤ ✐♥✲❞❡♣t❤ ❛♥❛❧②t✐❝s ❛♥❞

♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ✐s ❧✐♠✐t❡❞✳ ✭●❛rt♥❡r✱ ✷✵✶✼✮

✸✳✹ ❈❛♠♣❛✐❣♥ ❖♣t✐♠✐③❛t✐♦♥

◆♦t ❛❧❧ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s ❝r❡❛t❡❞ ❜② t❤❡ ❝❛♠♣❛✐❣♥ ❡♥❣✐♥❡s ❛r❡ s✉✐t❛❜❧❡ ❢♦r ❡①❡❝✉t✐♦♥✳

❚❤❡r❡❢♦r❡✱ ❢♦❧❧♦✇✲✉♣ st❡♣s t♦ ☞❧t❡r ♦✉t ❛♥❞ s❝♦r❡ ❝❛♠♣❛✐❣♥s ❛r❡ ♥❡❝❡ss❛r②✳ ❚❤❡ t❛r❣❡t✐♥❣

♣r♦❝❡ss ❤❛s ❞❡s❝r✐❜❡❞ ✭❑❛ts♦✈✱ ✷✵✶✽✮ ❛s ❛ ✸✲r♦✉♥❞ s❡❧❡❝t✐♦♥✱ ❝♦♥t❛✐♥✐♥❣ ✭✶✮ ❤❛r❞ t❛r❣❡t✐♥❣✱

✭✷✮ s♦❢t t❛r❣❡t✐♥❣ ❛♥❞ ☞♥❛❧❧② ✭✸✮ t❤r❡s❤♦❧❞✐♥❣✱ ❛s ✐t ❝❛♥ ❜❡ s❡❡♥ ✐♥ t❤❡ ☞❣✉r❡ ✸✳✼✳

❋✐❣✉r❡ ✸✳✼✿ ❚❤❡ ❝❛♠♣❛✐❣♥ t❛r❣❡t✐♥❣ ♣r♦❝❡ss✱ ❙♦✉r❝❡✿ ✭❑❛ts♦✈✱ ✷✵✶✽✮

❚❤❡ ❤❛r❞ t❛r❣❡t✐♥❣ ✭❝♦♥❞✐t✐♦♥s✮ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❛ ♣r♦❝❡ss ✇❤❡♥ ❝❛♠♣❛✐❣♥s ✈✐♦❧❛t✐♥❣

s♦♠❡ ♦❢ t❤❡ ❜✉s✐♥❡ss r✉❧❡s ❛r❡ r❡♠♦✈❡❞✳ ❚❤❡ t②♣✐❝❛❧ ✉s❡ ❝❛s❡ ❝❛♥ ❜❡ ❛ ❝❛♠♣❛✐❣♥ ❤✐❡r❛r❝❤②✱

✇❤✐❝❤ ❞❡☞♥❡s t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ♦♥❡ ❝❛♠♣❛✐❣♥ ❝♦♠♣❛r❡❞ t♦ ❛♥♦t❤❡r✳ ❋♦r ❡①❛♠♣❧❡✱ ❝r❡❞✐t ❝❛r❞

✾❙❛❧❡s❢♦r❝❡ ✭❙❛❧❡s❢♦r❝❡ ▼❛r❦❡t✐♥❣ ❈❧♦✉❞✮✱ ❤tt♣✿✴✴s❛❧❡s❢♦r❝❡✳❝♦♠✴♠❛r❦❡t✐♥❣✲❝❧♦✉❞
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❝❛♠♣❛✐❣♥s ❤✐❡r❛r❝❤② ♠❛② ❜❡ ❢♦❧❧♦✇✐♥❣ ④ ❣♦❧❞ ❝r❡❞✐t ❝❛r❞ ✐s ♣r❡❢❡rr❡❞ t♦ s✐❧✈❡r ❝r❡❞✐t ❝❛r❞ ❛♥❞

s✐❧✈❡r ❝r❡❞✐t ❝❛r❞ t♦ ❜r♦♥③❡ ♦♥❡✳ ❆ss✉♠✐♥❣ t❤❡ ❝✉st♦♠❡r✬s ❡❧✐❣✐❜✐❧✐t② ❢♦r ❛❧❧ t❤❡s❡ ♣r♦❞✉❝ts✱

♦♥❧② t❤❡ ❣♦❧❞ ❝r❡❞✐t ❝❛r❞ ❝❛♠♣❛✐❣♥ s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❆❧t❡r♥❛t✐✈❡❧②✱ s♦♠❡ ♦❢ t❤❡ ❝♦♥t❛❝t

♣♦❧✐❝② ❝♦♥str❛✐♥ts ♠❛② ❛♣♣❧② ✐♥ t❤✐s st❡♣✳ ❚❤❡ ❝♦♥t❛❝t ♣♦❧✐❝② ♠❛② ♣r❡✈❡♥t ❛❞❞r❡ss✐♥❣ t❤❡

❝✉st♦♠❡r t♦ ♦❢t❡♥ ♦r ♠♦r❡ ✐♠♣♦rt❛♥t❧② ✇✐t❤ ❝❛♠♣❛✐❣♥s ✇❤✐❝❤ ✇❡r❡ ❛❧r❡❛❞② s❡♥t ❛♥❞ r❡❢✉s❡❞

❜② t❤❡ ❝❧✐❡♥t✳

❲❤❡r❡❛s t❤❡ ❍❛r❞ t❛r❣❡t✐♥❣ ✭❝♦♥❞✐t✐♦♥s✮ st❡♣ ✐s ♦♥❧② ❞✐♠✐♥✐s❤✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❡❧✐❣✐❜❧❡

♦☛❡rs✱ ❙♦❢t t❛r❣❡t✐♥❣ ✭s❝♦r✐♥❣✮ ✫ ❚❤r❡s❤♦❧❞✐♥❣ r❡♣r❡s❡♥t t❤❡ ❝♦r❡ ♦❢ ❝❛♠♣❛✐❣♥ ♦♣t✐♠✐③❛t✐♦♥✳

❈❤♦♦s✐♥❣ t❤❡ ♦♣t✐♠❛❧ s✉❜s❡t ♦❢ ❝❛♠♣❛✐❣♥s r❡✌❡❝t✐♥❣ ❛✈❛✐❧❛❜❧❡ ❜✉❞❣❡t ❛♥❞ ❝❤❛♥♥❡❧ ❝❛♣❛❝✐t✐❡s

✐s t❤❡ ❛✐♠ ♦❢ t❤✐s ♣r♦❝❡ss✳

❙♦♠❡ ♦❢ t❤❡ ♠❛r❦❡t✐♥❣ ❝❤❛♥♥❡❧s ❤❛✈❡ ☞①❡❞ ❝❛♣❛❝✐t✐❡s ❛♥❞ t❤❡✐r s❝❛❧❛❜✐❧✐t② ✐s q✉✐t❡

❧✐♠✐t❡❞ ✭t②♣✐❝❛❧❧② ❝❛❧❧ ❝❡♥t❡rs✮✱ ✇❤✐❧❡ t❤❡ ❞✐❣✐t❛❧ ❝❤❛♥♥❡❧s ✭❡✳❣✳ ❡✲♠❛✐❧s✱ ❙▼❙s✱ ♦r ♦♥❧✐♥❡ ❛❞❞s✮

❤❛✈❡ ❛❧♠♦st ✐♥☞♥✐t❡ ❝❛♣❛❝✐t② ❛♥❞ t❤❡✐r ❝♦sts ❛❧❧♦✇ ❝♦♠♣❛♥✐❡s t♦ s❡♥❞ ❤✐❣❤ ❛♠♦✉♥ts ♦❢ ♦☛❡rs

♦✈❡r t❤❡s❡ ❝❤❛♥♥❡❧s✳ ❍♦✇❡✈❡r✱ t❤❡ tr❛❞❡♦☛ ❜❡t✇❡❡♥ ❞✐❣✐t❛❧ ❝❤❛♥♥❡❧s ❛♥❞ tr❛❞✐t✐♦♥❛❧ ♦♥❡s

❝❛♥ ❜❡ ✉s✉❛❧❧② ❢♦✉♥❞ ✐♥ t❤❡✐r ♣r✐❝❡ ❛♥❞ ❝♦♥✈❡rs✐♦♥ r❛t❡✳ ❚❤❡ ❧♦✇❡r ❝♦♥✈❡rs✐♦♥ r❛t❡ ♦❢ ❞✐❣✐t❛❧

❝❤❛♥♥❡❧s ♠✐❣❤t ❜❡ ❝❛✉s❡❞ ❜② t❤❡✐r ✉❜✐q✉✐t② ❛s ❢♦r ✐♥st❛♥❝❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♥♦♥✲♣❡rs♦♥❛❧✐③❡❞

❡♠❛✐❧ ❝❛♠♣❛✐❣♥s ✐s str❛✐❣❤t❢♦r✇❛r❞✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❝❤❛♥♥❡❧s s✉❝❤ ❛s ❝❛❧❧ ❝❡♥t❡rs ♦r ♣♦st❛❧ ♠❛✐❧ s❡r✈✐❝❡s ♥❡❡❞ s✐❣♥✐☞❝❛♥t

✐♥✐t✐❛❧ ✐♥✈❡st♠❡♥ts✳ ▼♦r❡♦✈❡r✱ t❤❡✐r ♦♣❡r❛t✐♦♥ ✐s ✐♥t❡r❝♦♥♥❡❝t❡❞ ✇✐t❤ ❝❡rt❛✐♥ ☞①❡❞ ❝♦sts✱

❡s♣❡❝✐❛❧❧② ✐♥ t❡r♠s ♦❢ ❝❛❧❧ ❝❡♥t❡rs✳ ❊♠♣❧♦②❡❡✬s s❛❧❛r✐❡s ❛♥❞ t❤❡ ❞❡♣r❡❝✐❛t✐♦♥ ♦❢ ❛ss❡ts ✉s✉❛❧❧②

❢♦r❝❡ ❝♦♠♣❛♥✐❡s t♦ ❢✉❧❧② ✉t✐❧✐③❡ t❤❡s❡ r❡s♦✉r❝❡s✱ ❡✈❡♥ t❤♦✉❣❤ ♠♦r❡ s✉✐t❛❜❧❡ ❝❤❛♥♥❡❧s ❝♦✉❧❞ ❜❡

✉s❡❞✳ ❙♦♠❡t✐♠❡s ✐t ✐s ❡✈❡♥ ❞✐✍❝✉❧t t♦ ♣r❡❞✐❝t ❝❤❛♥♥❡❧ ❝❛♣❛❝✐t✐❡s ④ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❝❛s❡ ♦❢

s✉❞❞❡♥ s❡r✈✐❝❡ s❤♦rt❛❣❡ t❤❡ ❝❛❧❧ ❝❡♥t❡r ♠❛② ❜❡ ❢✉❧❧② ✉t✐❧✐③❡❞ ♦♥❧② ❜② t❤❡ ✐♥❜♦✉♥❞ tr❛✍❝ ♦❢

❝✉st♦♠❡r ❝♦♠♣❧❛✐♥ts✳ ❆ s♦❧✉t✐♦♥ ❝♦✉❧❞ ❜❡ ❢♦✉♥❞ ✐♥ ♦✉ts♦✉r❝✐♥❣ ♦❢ t❤❡s❡ s❡r✈✐❝❡s t♦ ❡①t❡r♥❛❧

s✉❜❥❡❝ts✳ ❉❡s♣✐t❡ t❤❡ ❜❡♥❡☞ts ♦❢ t❤✐s s♦❧✉t✐♦♥✱ ❛ ♣♦t❡♥t✐❛❧ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ✐❞❡♥t✐☞❡❞ ✐♥ t❤❡

q✉❛❧✐t② ❛ss✉r❛♥❝❡✳

❚❤❡ s❝♦r✐♥❣ ❛♥❞ t❤r❡s❤♦❧❞✐♥❣ ❛❧❣♦r✐t❤♠s ♠✉st ♠❡❡t t❤❡ ❜✉s✐♥❡ss s♣❡❝✐☞❝ ❝♦♥❞✐t✐♦♥s ❛♥❞

❝❛♥ ❜❡ ❞❡✈❡❧♦♣❡❞ ❛s ❡✐t❤❡r s❤♦rt t❡r♠ ♦r✐❡♥t❡❞ ✭♣r♦♣♦s✐♥❣ t❤❡ ♥❡①t ❜❡st ❛❝t✐♦♥ ♦♥❧②✮ ♦r ❧♦♥❣

t❡r♠ ♦r✐❡♥t❡❞ ✭❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝✉st♦♠❡r ❧✐❢❡❝②❝❧❡ ❛♥❞ ❧✐❢❡t✐♠❡ ✈❛❧✉❡✮ ❛♥❞ t❤❡r❡❢♦r❡ ❜✉✐❧❞✐♥❣
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t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♠❛r❦❡t✐♥❣ str❛t❡❣②✳

❙❤♦rt✲t❡r♠ ♦r✐❡♥t❡❞ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠s ✭♥❡①t ❜❡st ❛❝t✐♦♥✮

❈♦♠♣❛♥✐❡s ✭❋♦rr❡st❡r✱ ✷✵✶✻✮ ❛♥❞ ✭●❛rt♥❡r✱ ✷✵✶✼✮ ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡✐r r❡s❡❛r❝❤❡s t❤❡

❝❛♣❛❜✐❧✐t✐❡s ♦❢ ❞✐☛❡r❡♥t ✈❡♥❞♦rs ✇✐t❤ ❞✐☛❡r❡♥t s♦❧✉t✐♦♥s t♦ ♦♣t✐♠✐③❡ t❤❡ t❛r❣❡t✐♥❣ str❛t❡❣②✳

●❡♥❡r❛❧❧②✱ t✇♦ ♠❛✐♥ ❛♣♣r♦❛❝❤❡s ❝❛♥ ❜❡ ✐❞❡♥t✐☞❡❞✿ ✭✶✮ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ♣♦ss✐❜❧❡ ♦✉t❝♦♠❡

✭❛ ♣r♦♣❡♥s✐t② t♦ ❜✉②✴❛❝q✉✐r❡ ❛ ♣r♦❞✉❝t ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ s❡❧❡❝t❡❞ ♠❡tr✐❝ ✲ ❡✳❣✳ Pr♦☞t✱ ❘❡✈✲

❡♥✉❡✮ ❛♥❞ ✭✷✮ t❤❡ ♠♦r❡ ❝♦♠♠♦♥ ❢♦r♠ ✐s ♠❛①✐♠✐③❛t✐♦♥ ♦❢ ❘❡t✉r♥ ♦♥ ■♥✈❡st♠❡♥t ✭❘❖■✮ ❛s

❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ✸✳✸✳

ROI =
(p× π)− c

c
✭✸✳✸✮

❲❤❡r❡

④ p ❂ ♣r♦♣❡♥s✐t② t♦ ❜✉②✴❛❝q✉✐r❡ ❛ ♣r♦❞✉❝t

④ π ❂ ♣♦t❡♥t✐❛❧ ❣❛✐♥ ✭❡✳❣✳ Pr♦☞t✮ ❢r♦♠ t❤❡ ♣r♦❞✉❝t ❢♦r t❤❡ ❣✐✈❡♥ ❝✉st♦♠❡r

④ c ❂ t❤❡ s✉♠ ♦❢ ❝♦sts ♦❢ ❛❧❧ ✉s❡❞ ❝❤❛♥♥❡❧ ♣❡r ❝❛♠♣❛✐❣♥

❇♦t❤ ❛♣♣r♦❛❝❤❡s ❤❛✈❡ ✐ts ♣♦s✐t✐✈❡s ❛♥❞ ♥❡❣❛t✐✈❡s✳ ❚❤❡ ❦❡② ♣r♦❜❧❡♠ ♦❢ t❤❡ ❛♣♣r♦❛❝❤

♠❛①✐♠✐③✐♥❣ ❘❖■ ❧❛②s ✐♥ t❤❡ ❧♦✇ ✉t✐❧✐③❛t✐♦♥ ♦❢ ❝♦st❧② ❝❤❛♥♥❡❧s✳ ❚❤✐s ✐ss✉❡ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞

♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐t✉❛t✐♦♥ ✭❡q✉❛t✐♦♥ ✸✳✹✮✳

ppc × π − cpc
cpc

=
pe × π − ce

ce
→

cpc
ppc

=
ce
pe

→ ppc =
cpc
ce

× pe ✭✸✳✹✮

▲❡t✬s ❛ss✉♠❡ t❤❛t ❛ ♣r♦❞✉❝t ❝❛♥ ❜❡ ♦☛❡r❡❞ ✈✐❛ ✷ ❝❤❛♥♥❡❧s ✭♣❤♦♥❡ ❝❛❧❧ pc✱ ❛♥❞ ❡♠❛✐❧ e✮✳

■❢ t❤❡ ♣♦t❡♥t✐❛❧ ❣❛✐♥ π r❡♠❛✐♥s t❤❡ s❛♠❡✱ t❤❡ ✈❛r✐❛❜❧❡s t❤❛t ❞✐☛❡r ❛r❡ ❝♦sts c ❛♥❞ ♣r♦♣❡♥s✐t✐❡s

p✳ ■♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ t❤❡ s❛♠❡ ❘❖■✱ t❤❡ ♣r♦♣❡♥s✐t② ♦❢ ❝❛❧❧ ❝❡♥t❡r ♠✉st ❜❡ ❡q✉❛❧ t♦ t❤❡

r❛t✐♦ cpc/ce ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ♣r♦♣❡♥s✐t② ♦❢ ❡♠❛✐❧ ❝❛♠♣❛✐❣♥✳ ■❢ ❛ ♣❤♦♥❡ ❝❛❧❧ ✐s ✶✵ t✐♠❡s ♠♦r❡

❡①♣❡♥s✐✈❡ t❤❛♥ ❛♥ ❡♠❛✐❧✱ t❤❡ ♣r♦♣❡♥s✐t② ♦❢ t❤❡ ❝❛❧❧ ❝❡♥t❡r ❝❛♠♣❛✐❣♥ ♠✉st ❜❡ ✶✵ t✐♠❡s ❤✐❣❤❡r✱

✇❤✐❝❤ ✐s q✉✐t❡ r❛r❡✳ ❚♦ ❞❡❛❧ ✇✐t❤ t❤✐s ✐ss✉❡✱ ♣r♦♣❡♥s✐t② ♦r ❝♦st ❛❞❥✉st♠❡♥ts ♠❛② ❜❡ ❛♣♣❧✐❡❞✳
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◆♦t s✉r♣r✐s✐♥❣❧② s✉❝❤ ❜❡❤❛✈✐♦r ✈✐♦❧❛t❡s t❤❡ r❛t✐♦♥❛❧ ✐♥✈❡st♦rs ♣r❡♠✐s❡ t♦ ♠❛①✐♠✐③❡ t❤❡ ❘❖■

❛♥❞ ❧❡❛❞s t♦ t❤❡ ♥♦♥✲♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳

❚❤❡ ❛♣♣r♦❛❝❤ ❜❛s❡❞ ♦♥ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ♣♦ss✐❜❧❡ ♦✉t❝♦♠❡ ✐s s♦♠❡t✐♠❡s ❛♣♣❧✐❡❞ ✐♥

♣r♦❞✉❝t ❞r✐✈❡♥ ❝❛♠♣❛✐❣♥s✳ ❚❤❡ t②♣✐❝❛❧ s✐t✉❛t✐♦♥✱ ✇❤❡♥ t❤✐s s❝❡♥❛r✐♦ ✐s ❛♣♣❧✐❡❞✱ ♦❝❝✉rs ✐❢ ❛

♥❡✇ ♣r♦❞✉❝t ✐s ❧❛✉♥❝❤❡❞ ❛♥❞ t❤❡ ❦❡② ♠❡tr✐❝ ✐s t♦ ❛❝q✉✐r❡ ❛ ❝❡rt❛✐♥ ♥✉♠❜❡r ♦❢ ♥❡✇ ❝❧✐❡♥ts✳

❚♦♣ n ♣r♦♣❡♥s✐t② ❞❡❝✐❧❡s ❛r❡ s❡❧❡❝t❡❞✱ ❛♥❞ t❤❡ ❝❛♠♣❛✐❣♥ ✐s ❡①❡❝✉t❡❞ r❡❣❛r❞❧❡ss ❝❤❛♥♥❡❧ ❝♦sts✳

❊✈❡♥ t❤♦✉❣❤ ❜♦t❤ ❛♣♣r♦❛❝❤❡s ❛r❡ ✉♥❞♦✉❜t❡❞❧② ♠♦r❡ ❡✍❝✐❡♥t t❤❛♥ t❛r❣❡t✐♥❣ r❛♥❞♦♠

❝✉st♦♠❡rs✱ t❤❡② ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s s❡♠✐ ♦♣t✐♠❛❧✳ ❚❤❡② ❝❛♥♥♦t ❜❡ r❡❢❡rr❡❞ ❛s ♦♣t✐♠❛❧ ❛s t❤❡r❡

✐s ♥♦ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ♠❛r❦❡t✐♥❣ ❛❝t✐♦♥ ❛♥❞ ❝✉st♦♠❡r✬s ♥❡❡❞s r❡❧❛t❡❞ t♦ t❤❡ ❝✉st♦♠❡r

❧✐❢❡❝②❝❧❡ ♣❤❛s❡✳ ❋♦r ✐♥st❛♥❝❡✱ ❤✐❣❤❡r r✐s❦ ♦❢ ❝✉st♦♠❡r✬s ❝❤✉r♥ ❜❡❧♦♥❣s t♦ ❝♦♥s❡q✉❡♥❝❡s ♦❢

✐♥❛♣♣r♦♣r✐❛t❡ ♠❛r❦❡t✐♥❣ ❛❝t✐♦♥s✳

▲♦♥❣✲t❡r♠ ♦r✐❡♥t❡❞ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠s ✭✐♥❞✐✈✐❞✉❛❧ ♠❛r❦❡t✐♥❣

str❛t❡❣②✮

❲❤✐❧❡ t❤❡ ❛✐♠ ♦❢ s❤♦rt✲t❡r♠ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠s ✐s t♦ ♣✐❝❦ t❤❡ ♥❡①t ❜❡st ❛❝t✐♦♥

♦♥❧②✱ ❧♦♥❣✲t❡r♠ ♦r✐❡♥t❡❞ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❤❛✈❡ t♦ r❡✌❡❝t ❝✉st♦♠❡r ❧✐❢❡✲❝②❝❧❡ ♣❤❛s❡s ♦r

❝✉st♦♠❡r st❛t❡s✱ t❤❡✐r ❞②♥❛♠✐❝s ❛♥❞ ♠✉st ❜❡ ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❜✉s✐♥❡ss str❛t❡❣②✳ ❋♦r t❤✐s ♣✉r✲

♣♦s❡✱ ❈✉st♦♠❡r ▲✐❢❡t✐♠❡ ❱❛❧✉❡ ✭❈▲❱✮ s❡❡♠s t♦ ❜❡ t❤❡ ♠♦st s✉✐t❛❜❧❡ ♠❡tr✐❝✳ ❉❡s♣✐t❡ t❤❡ ❢❛❝t

t❤❛t ❈▲❱ s❤♦✉❧❞ r❡✌❡❝t ❝❤❛♥❣❡s ✐♥ ❝✉st♦♠❡r ❛tt✐t✉❞❡s✱ ✐t ♠❛② ♥♦t ❢✉❧❧② r❡✈❡❛❧ ❤♦✇ ❛ ❝✉st♦♠❡r

✇✐❧❧ ❜❡❤❛✈❡ ✐♥ t❤❡ ❢✉t✉r❡✳ ❚❤❡r❡❢♦r❡✱ ✐♥ s♦♠❡ ❝❛s❡s ✐t ✐s ✇♦rt❤ ❝❤♦♦s✐♥❣ ❝❛♠♣❛✐❣♥s ✇✐t❤ ❛

♥❡❣❛t✐✈❡ ✐♠♣❛❝t ♦♥ t❤❡ t❛r❣❡t ♠❡tr✐❝ ✭❈▲❱ ✐♥ t❤✐s ❝❛s❡✮✱ ✐❢ t❤❡ ❝✉st♦♠❡r ❞②♥❛♠✐❝s ❢♦r❡❝❛sts

❛ ♣♦t❡♥t✐❛❧ ❣❛✐♥ ✐♥ t❤❡ ❢✉t✉r❡✳ ❚❤✐s ❜❡❤❛✈✐♦r ✐s s♦❧❡❧② ❛ ❢❡❛t✉r❡ ♦❢ ❧♦♥❣✲t❡r♠ ♦♣t✐♠✐③❛t✐♦♥

❛❧❣♦r✐t❤♠s✳

▼♦❞❡❧✐♥❣ ♦❢ ❈▲❱✱ ❝✉st♦♠❡r ❞②♥❛♠✐❝s ❛♥❞ ♠❛r❦❡t✐♥❣ str❛t❡❣② r❡✌❡❝t✐♥❣ t❤❡ ♠♦st ♦♣t✐✲

♠❛❧ ♠❛r❦❡t✐♥❣ ❛❝t✐♦♥s ✐s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✳
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❙✉♠♠❛r②

❚❤❡ ❦❡② ♣r✐♥❝✐♣❧❡s ♦❢ r❡t❛✐❧ ❜❛♥❦✐♥❣ ❛♥❞ ❝✉st♦♠❡r t❛r❣❡t✐♥❣ ✇❡r❡ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❝❤❛♣✲

t❡r✳ ❆ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥ ❢r❛♠❡✇♦r❦ r❡✌❡❝t✐♥❣ ✐♥❞✉str② s♣❡❝✐☞❝s ✇❛s ✐♥tr♦❞✉❝❡❞✳ ▲❛st

❜✉t ♥♦t ❧❡❛st✱ t❤❡ ♠❛✐♥ ❜❡♥❡☞ts ♦❢ tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠ s❤♦rt✲t❡r♠ ♦r✐❡♥t❡❞ t♦ ❧♦♥❣✲t❡r♠✱

❝✉st♦♠❡r ❝❡♥tr✐❝ ♠❛r❦❡t✐♥❣ ❛♣♣r♦❛❝❤ ✇❡r❡ ♠❡♥t✐♦♥❡❞✳
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❈❤❛♣t❡r ✹

❈▲❱ ♣r❡❞✐❝t✐♦♥ ❛♥❞ ♦♣t✐♠✐③❛t✐♦♥

❚❤❡ ❛✐♠ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s ☞rst❧② t♦ s✉♠♠❛r✐③❡ ♠♦❞❡❧s ✉s❡❞ ❢♦r ❈▲❱ ♣r❡❞✐❝t✐♦♥ ✐♥

t❤❡ ❜❛♥❦✐♥❣ s❡❝t♦r✱ s❡❝♦♥❞❧② t♦ ♣r♦♣♦s❡ ❛♥ ❛❧❣♦r✐t❤♠ ❝❛♣t✉r✐♥❣ ❝✉st♦♠❡r ❞②♥❛♠✐❝s ❛♥❞

❡♥❤❛♥❝✐♥❣ ❈▲❱ ✈✐❛ ♠❛r❦❡t✐♥❣ ❛❝t✐♦♥s✳

✹✳✶ Pr❡❞✐❝t✐✈❡ ♠♦❞❡❧s ❢♦r ❈▲❱

❊✈❡♥ t❤♦✉❣❤ ❦❡② ❜❡♥❡☞ts ♦❢ t❤❡ ❈▲❱ ♠❡tr✐❝ ❢♦r ❝✉st♦♠❡r ♣❡r❢♦r♠❛♥❝❡ ♠❛♥❛❣❡♠❡♥t

✇❡r❡ ♠❡♥t✐♦♥❡❞ ✐♥ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs ❛♥❞ t❤♦r♦✉❣❤ ❞❡s❝r✐♣t✐♦♥ ♦❢ ♣r❡❞✐❝t✐✈❡ ♠♦❞❡❧s ✉s❡❞ ❢♦r

t❤❡ ❈▲❱ ♠♦❞❡❧✐♥❣ ✐s ❛ ❣r❡❛t ♣❛rt ♦❢ t❤❡ ❧✐t❡r❛t✉r❡ r❡✈✐❡✇✱ ♠♦❞❡❧s ❛♥❞ ✈❛r✐❛❜❧❡s s♣❡❝✐☞❝❛❧❧②

✉s❡❞ ✐♥ ❛ r❡t❛✐❧ ❜❛♥❦✐♥❣ ❝♦♥t❡①t ✇❡r❡ ♥♦t ②❡t ❞✐s❝✉ss❡❞✳

❆♥ ❡①t❡♥s✐✈❡ r❡s❡❛r❝❤ ❢♦❝✉s❡❞ ♦♥ ❈▲❱ ♠❡t❤♦❞♦❧♦❣✐❡s ❛♥❞ ✈❛r✐❛❜❧❡s ❡✈❛❧✉❛t✐♦♥ ❝♦♥✲

❞✉❝t❡❞ ✭❊❦✐♥❝✐ ❡t ❛❧✳✱ ✷✵✶✷✮✳ ❚❤❡✐r ☞♥❞✐♥❣s tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ ❝❤❛rt ❛r❡ ✈✐s✉❛❧✐③❡❞ ✐♥ t❤❡

☞❣✉r❡ ✹✳✶✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♠❡♥t✐♦♥ t❤❛t ❛s ♠✉❧t✐♣❧❡ ♠❡t❤♦❞♦❧♦❣✐❡s ❝♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ✐♥

❛ s✐♥❣❧❡ st✉❞②✱ t❤❡ t♦t❛❧ ♣❡r❝❡♥t❛❣❡ ✭t❤❡ s✉♠ ♦❢ ♣❡r❝❡♥t❛❣❡s ♦❢ ❛❧❧ ♠❡t❤♦❞♦❧♦❣✐❡s ♠❡♥t✐♦♥❡❞

✐♥ t❤❡ ☞❣✉r❡✮ ❞♦❡s ♥♦t s✉♠ ✉♣ t♦ ✶✵✵✪✳
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Methodology

5.00% 10.00% 15.00% 20.00% 25.00% 30.00% 35.00%

% of Researches

Deterministic models

Stochastic optimization, dynamic programming

Bayesian approaches

Regression

RFM

❋✐❣✉r❡ ✹✳✶✿ ▼❡t❤♦❞♦❧♦❣✐❡s ✉s❡❞ t♦ ♠♦❞❡❧ ❈▲❱ ✇✐t❤✐♥ t❤❡ ❜❛♥❦✐♥❣ ✐♥❞✉str②✱ ✉♥❞❡r❧②✐♥❣ r❡✲

s❡❛r❝❤ ✭❊❦✐♥❝✐ ❡t ❛❧✳✱ ✷✵✶✷✮✱ ❙♦✉r❝❡✿ ❆✉t❤♦r

❉❡t❡r♠✐♥✐st✐❝ ♠♦❞❡❧s

❋r♦♠ t❤❡ ☞❣✉r❡ ✹✳✶ ✐s ❝❧❡❛r❧② ✈✐s✐❜❧❡ t❤❡ tr❡♥❞ ♦❢ s✐♠♣❧✐☞❝❛t✐♦♥ ♦❢ ♠♦❞❡❧✐♥❣ ❛♣♣r♦❛❝❤❡s t♦

t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♠❡t❤♦❞♦❧♦❣✐❡s✳ ❙✉❝❤ ♠❡t❤♦❞♦❧♦❣✐❡s s✉❣❣❡st ♠♦st❧② ❞✐s❝♦✉♥t✐♥❣ ♦❢ ❝✉rr❡♥t

♣r♦☞ts✱ ✇❤✐❧❡ ❡①♣❡❝t✐♥❣ ❛♥ ❛✈❡r❛❣❡ ❝✉st♦♠❡r ❧✐❢❡s♣❛♥ t♦ ❡st✐♠❛t❡ t❤❡ ❧❡♥❣t❤ ♦❢ t✐♠❡✲s❡r✐❡s✳

❉❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦❛❝❤❡s ❛r❡ ✇❡❧❧ s✉♠♠❛r✐③❡❞ ✐♥ t❤❡ r❡s❡❛r❝❤ ❝♦♥❞✉❝t❡❞ ❜② ✭❋❡rr❡♥t✐♥♦✱

❈✉♦♠♦✱ ✫ ❇♦♥✐❡❧❧♦✱ ✷✵✶✻✮✱ s♦♠❡ ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❢♦r♠✉❧❛s ❝♦♥t❛✐♥ ❛❝q✉✐s✐t✐♦♥ ❝♦sts✱ ❝♦♥tr✐✲

❜✉t✐♦♥ ♠❛r❣✐♥✱ ♦r ♣r♦☞t ❢✉♥❝t✐♦♥✳ ❍♦✇❡✈❡r✱ ❧✐♠✐t❛t✐♦♥s ❢♦✉♥❞ ❜② ✭❊❦✐♥❝✐ ❡t ❛❧✳✱ ✷✵✶✷✮ ❛r❡ ❢♦r

❡①❛♠♣❧❡✿ ♣r♦☞t ♠❛r❣✐♥ ✐s t❛❦❡♥ ❛s ☞①❡❞✱ ♦r ❝✉st♦♠❡r ✐s ❛ss✉♠❡❞ t♦ ❜✉② ♦r ❞r✐✈❡ ❛ ❝❛r ✉♥t✐❧

❤✐s ❞❡❛t❤✳ ❚❤❡s❡ ❛♣♣r♦❛❝❤❡s ❝❛♥ ❜❡ ✉s❡❞ ❢♦r t❤❡ ❞❡s❝r✐♣t✐✈❡ ❛♥❛❧②s❡s ♦❢ ❛ ❝✉rr❡♥t ❝✉st♦♠❡r

♣♦rt❢♦❧✐♦✱ ❜✉t t❤❡✐r ❜❡♥❡☞ts ❢♦r ❢✉t✉r❡ ❡st✐♠❛t❡s ❛r❡ ❧✐♠✐t❡❞ ♦r ❡✈❡♥ ♠✐s❧❡❛❞✐♥❣✳

❙t♦❝❤❛st✐❝ ♦♣t✐♠✐③❛t✐♦♥✱ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣

❚❤❡ s❡❝♦♥❞ ❣r♦✉♣ ♦❢ t❤❡ ♠♦st r❡❧❡✈❛♥t ♠❡t❤♦❞♦❧♦❣✐❡s ✐s st♦❝❤❛st✐❝ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ❞②✲

♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✳ ❚❤❡s❡ ❛♣♣r♦❛❝❤❡s ❛r❡ ♠♦st❧② ❜❛s❡❞ ♦♥ t❤❡ t❤❡♦r② ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥ ❛♥❞

▼❛r❦♦✈ ❉❡❝✐s✐♦♥ ♣r♦❝❡ss✳ ❚❤❡ ❦❡② ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡s❡ ♠♦❞❡❧s ✐s t❤❡✐r ✈✐s✉❛❧ ✐♥t❡r♣r❡t❛❜✐❧✐t②

✇✐t❤ ✈❛r✐♦✉s ❢♦r♠s ♦❢ ❙❛♥❦❡② ❞✐❛❣r❛♠s ♦r t❤❡♦r② ♦❢ ❣r❛♣❤s✳ ❚❤❡ ♣♦ss✐❜✐❧✐t② t♦ ♠❡❛s✉r❡ ❛

♥❛t✉r❛❧ ❝✉st♦♠❡r✬s ❜❡❤❛✈✐♦r ❛♥❞ ❡☛❡❝ts ♦❢ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s✱ ♠❛❦❡s ❢r♦♠ t❤✐s ❣r♦✉♣ ♦❢

❛❧❣♦r✐t❤♠s ❛♥ ✐❞❡❛❧ t♦♦❧ ❢♦r ❝❛❧❝✉❧❛t✐♦♥ ❛♥❞ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❈▲❱✳ P❧✉s✱ t❤❡ t❤❡♦r② ♦❢ ▼❛r❦♦✈

❉❡❝✐s✐♦♥ ♣r♦❝❡ss ✇✐t❤ ✐ts r♦♦ts ✐♥ ✶✾✻✵s ✐s ✇❡❧❧ ❞❡✈❡❧♦♣❡❞ ❛♥❞ s❡✈❡r❛❧ t②♣❡s ♦❢ ♦♣t✐♠✐③❛t✐♦♥
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❛❧❣♦r✐t❤♠s ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ♠♦❞❡r♥ ❞❛t❛ s❝✐❡♥❝❡ ❧❛♥❣✉❛❣❡s s✉❝❤ ❛s ❘✱ P②t❤♦♥ ♦r ▼❛t❧❛❜✳

❍♦✇❡✈❡r✱ ❛s ✐❞❡♥t✐☞❡❞ ✐♥ ✭❊❦✐♥❝✐ ❡t ❛❧✳✱ ✷✵✶✷✮ t❤❡ ❣r❡❛t❡st ❝❤❛❧❧❡♥❣❡ r❡♠❛✐♥s t♦ ❝♦rr❡❝t❧②

❞❡t❡r♠✐♥❡ ❝✉st♦♠❡r st❛t❡s ❛♥❞ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s✳ ▼❛r❦♦✈ ❝❤❛✐♥s ❛♥❞ ▼❛r❦♦✈ ❉❡❝✐s✐♦♥

♣r♦❝❡ss ✐s ❢✉rt❤❡r ❡❧❛❜♦r❛t❡❞ ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r✳

❇❛②❡s✐❛♥ ❛♣♣r♦❛❝❤❡s

▼♦❞❡❧s ❜❛s❡❞ ♦♥ ❇❛②❡s✬ t❤❡♦r❡♠ ✭P❛r❡t♦✲◆❇❉✱ ❤✐❡r❛r❝❤✐❝❛❧ ❇❛②❡s ❛♣♣r♦❛❝❤✱ ❛♥❞ ❇❛②❡s✐❛♥

❞❡❝✐s✐♦♥ t❤❡♦r②✮ ❛r❡ ✐❞❡❛❧ ✐♥ s✐t✉❛t✐♦♥ ✇❤❡♥ t❤❡ ❞❡❝✐s✐♦♥ ♠✉st ❜❡ ♠❛❞❡ ✇✐t❤ s✉❜st❛♥t✐❛❧ ♣❛✲

r❛♠❡t❡r ♦r ♠♦❞❡❧✐♥❣ ✉♥❝❡rt❛✐♥t②✳ ❇❛②❡s✐❛♥ ❞❡❝✐s✐♦♥ t❤❡♦r② ❞❡☞♥❡s ✸ ❝♦♠♣♦♥❡♥ts✿ ❛❝t✐♦♥s

✭♠❛r❦❡t✐♥❣ ❛❝t✐♦♥s ♣❡r ✐♥❞✐✈✐❞✉❛❧ ❝✉st♦♠❡r✮✱ st❛t❡s ✭q✉❛♥t✐t② ❛♥❞ t✐♠✐♥❣ ♦❢ ♣✉r❝❤❛s❡s ❜②

❝✉st♦♠❡rs✮✱ ❛♥❞ ❝♦♥s❡q✉❡♥❝❡s ✭❡✳❣✳ ♣r♦☞ts ❝r❡❛t❡❞ ❜② ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ❛❝t✐♦♥s ❛♥❞ st❛t❡s✮✳

❇❛②❡s✬ t❤❡♦r❡♠ ✐s ❛♣♣❧✐❡❞ ✐♥ ♣r❡❞✐❝t✐♦♥ ♦❢ ❢✉t✉r❡ ❝✉st♦♠❡r st❛t❡s ❜❛s❡❞ ♦♥ ♣r✐♦r ❞✐str✐❜✉t✐♦♥

t♦ r❡❞✉❝❡ t❤❡ ✉♥❝❡rt❛✐♥t②✳ ❚❤❡ ♦♣t✐♠❛❧ ❛❝t✐♦♥ ♠❛①✐♠✐③❡s t❤❡ ❡①♣❡❝t❡❞ ♦✉t❝♦♠❡ ✭❡✳❣✳ ♣r♦☞t✮✱

✇❤✐❝❤ ✐s ❝♦♠♣✉t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r❡❞✐❝t✐✈❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❢✉t✉r❡ st❛t❡s ✭✐✳❡✳ q✉❛♥t✐t②

❛♥❞ t✐♠✐♥❣✮✳ ✭❱❡♥❦❛t❡s❛♥✱ ❑✉♠❛r✱ ✫ ❇♦❤❧✐♥❣✱ ✷✵✵✼✮

❆❧❣♦r✐t❤♠s ✉s✐♥❣ ❇❛②❡s✐❛♥ ❛♣♣r♦❛❝❤❡s ❢♦r ❈▲❱ ♣r❡❞✐❝t✐♦♥ ❛r❡ ❡①t❡♥s✐✈❡❧② ❞❡♣❡♥❞❡♥t ♦♥

❝♦rr❡❝t ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❞✐str✐❜✉t✐♦♥s✳ ■♥ s♣❡❝✐☞❝ ❝❛s❡s t❤❡ ❞✐str✐❜✉t✐♦♥ ❝❛♥ ❜❡

❞✐r❡❝t❧② ♦❜s❡r✈❡❞ ❢r♦♠ t❤❡ tr❛♥s❛❝t✐♦♥❛❧ ❞❛t❛ ✭❡✳❣✳ P♦✐ss♦♥ ❞✐str✐❜✉t✐♦♥ ♦❢ ♥❡✇ ❝❛s❤ ❧♦❛♥s✱ ♦r

●❛♠♠❛ ❞✐str✐❜✉t✐♦♥ ♦❢ t❡r♠✐♥❛t✐♥❣ s✉❜s❝r✐♣t✐♦♥ s❡r✈✐❝❡s✮✳ ❍♦✇❡✈❡r✱ ❞❛t❛ ♠❛② ✐♥❝❧✉❞❡ ♥♦✐s❡

♦r ❤✐❞❞❡♥ ♣❛tt❡r♥s ❛♥❞ t❤❡r❡❢♦r❡ ✐♥ ♠♦st ♦❢ ❝❛s❡s ✐t ✐s ❞✐✍❝✉❧t t♦ ♣r❡❞✐❝t t❤❡ ❝✉st♦♠❡r st❛t❡s✳

❘❡❣r❡ss✐♦♥ ♠♦❞❡❧s

y = β0 + β1x1 + β2x2 + ...+ βnxn + ǫ ✭✹✳✶✮

▲✐♥❡❛r r❡❣r❡ss✐♦♥ ♠♦❞❡❧s ❡st✐♠❛t❡ t❤❡ ✈❛❧✉❡ ♦❢ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✭y✮ ❣✐✈❡♥ t❤❡ ✈❡❝t♦r ♦❢

✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s ✭X✮✱ ❛ ❝❛❧❝✉❧❛t✐♦♥ ❢♦r♠✉❧❛ ✐s ❡①♣r❡ss❡❞ ❜② t❤❡ ❡q✉❛t✐♦♥ ✹✳✶✳ ▼❡t❤♦❞s

s✉❝❤ ❛s ▲❡❛st ❙q✉❛r❡ ❊rr♦r ✭▲❙❊✮✱ ▼❛①✐♠✉♠ ▲✐❦❡❧✐❤♦♦❞ ❊st✐♠❛t✐♦♥ ✭▼▲❊✮✱ ♦r ❆rt✐☞❝✐❛❧

◆❡✉r❛❧ ◆❡t✇♦r❦ ✭❆◆◆✮ ❛r❡ ✉s❡❞ t♦ ❡st✐♠❛t❡ t❤❡ ❝♦❡✍❝✐❡♥ts β1, β2, . . . , βn✱ ✇❤✐❧❡ ♠✐♥✐♠✐③✐♥❣
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t❤❡ ✈❛❧✉❡ ♦❢ ǫ ✭❡rr♦r✮✳ ❆❧t❤♦✉❣❤ r❡❣r❡ss✐♦♥ ♠♦❞❡❧s ❣❡♥❡r❛❧❧② ❞♦ ♥♦t ❜❡❧♦♥❣ t♦ t❤❡ ❜❡st

♣❡r❢♦r♠✐♥❣ ♠♦❞❡❧s ✐♥ t❡r♠s ♦❢ ✈❛❧✉❡ ♣r❡❞✐❝t✐♦♥✱ ✐♠♣♦rt❛♥t ❜✉s✐♥❡ss ✐♠♣❛❝ts ♠❛② ❜❡ ❢♦✉♥❞ ✐♥

t❤❡ β ❝♦❡✍❝✐❡♥t ❡st✐♠❛t❡s✱ ✐✳❡✳ ✇❤❡t❤❡r t❤❡ ❣✐✈❡♥ ♣r❡❞✐❝t♦r ✐♥❝r❡❛s❡s ♦r ❞❡❝r❡❛s❡s t❤❡ t❛r❣❡t

✈❛r✐❛❜❧❡ ❛♥❞ t♦ ✇❤❛t ❞❡❣r❡❡✳

▼❡t❤♦❞♦❧♦❣② ♣r♦♣♦s❡❞ ❜② ✭❊❦✐♥❝✐ ❡t ❛❧✳✱ ✷✵✶✷✮ ❝♦♥t❛✐♥s ♦❢ ✷ st❡♣s✿ ☞rst❧②✱ ❈▲❱ ❝❛❧❝✉✲

❧❛t✐♦♥ ❞❡♣❡♥❞✐♥❣ ♦♥ ❡♠♣✐r✐❝❛❧ ❞❛t❛ st♦r❡❞ ✐♥ t❤❡ ❞❛t❛❜❛s❡ ❛♥❞ s❡❝♦♥❞❧② ♠♦❞❡❧✐♥❣ t❤❡ t❛r❣❡t

✈❛r✐❛❜❧❡ ✭❈▲❱✮ ❜❛s❡❞ ♦♥ ❛ ✈❡❝t♦r ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s ✈❛❧✐❞ ✐♥ ❛ s✐♥❣❧❡ ♣❡r✐♦❞✳ ❚❤❡ ❞r❛✇✲

❜❛❝❦ ♦❢ t❤✐s ♠❡t❤♦❞♦❧♦❣② ❧❛②s ✐♥ t❤❡ ❧❡♥❣t❤ ♦❢ ❢♦r❡❝❛st ♣❡r✐♦❞ ④ t❤❡ s❤♦rt❡r t❤❡ t✐♠❡❢r❛♠❡ ✐s✱

♠♦r❡ ♣r❡❝✐s❡ r❡s✉❧ts ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✳ ❖♥ t❤❡ ❝♦♥tr❛r② ❡s♣❡❝✐❛❧❧② ✐♥ ❛ ❜❛♥❦✐♥❣ s❡❝t♦r ❛t ✇❤✐❝❤

t❤❡ st✉❞② ✇❛s ❛✐♠❡❞✱ t❤❡ ❝✉st♦♠❡r ❧✐❢❡❝②❝❧❡ ✐s ♠✉❝❤ ❧♦♥❣❡r t❤❛♥ ♦♥❡ ②❡❛r s✉❣❣❡st❡❞ ❜② t❤❡

❛✉t❤♦rs✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝❛❧❝✉❧❛t❡❞ ❈▲❱ ❛s ❛ s✉♠ ♦❢ ❞✐s❝♦✉♥t❡❞ ♣r♦☞ts ✇✐t❤✐♥ ♦♥❡ ②❡❛r ❝❛♥ ❜❡

r❡❣❛r❞❡❞ ❛s ♦♥❧② ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❛❝t✉❛❧ ❈▲❱✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛s t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✐s ❝♦♥s✐st❡♥t

t❤r♦✉❣❤♦✉t t❤❡ ❝✉st♦♠❡r ♣♦rt❢♦❧✐♦✱ ✐t ♠❛② ❜❡ s✉✍❝✐❡♥t ❢♦r ❢✉rt❤❡r ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ♠♦❞❡❧✐♥❣✳

❆✉t❤♦rs ✉s❡❞ t✇♦ ♠❡t❤♦❞s ✭▲❙❊ ✫ ❆◆◆✮ t♦ ♦❜t❛✐♥ β ❝♦❡✍❝✐❡♥ts ❢r♦♠ ✇❤✐❝❤ t❤❡ ▲❙❊ ✇❛s

s❡❧❡❝t❡❞ ❞✉❡ t♦ ❤✐❣❤❡r ♣❡r❢♦r♠❛♥❝❡✳

❊✈❡♥ t❤♦✉❣❤ ✭❊❦✐♥❝✐ ❡t ❛❧✳✱ ✷✵✶✷✮ ✉s❡❞ ❛♥ ✐♥❛♣♣r♦♣r✐❛t❡ ❈▲❱ ❝❛❧❝✉❧❛t✐♦♥ ♠❡t❤♦❞✱ t❤❡✐r

r❡s❡❛r❝❤ ✐s ♣❛rt✐❝✉❧❛r❧② ✉s❡❢✉❧ ✐♥ t❡r♠s ♦❢ ♣r❡❞✐❝t♦r✬s ❡✈❛❧✉❛t✐♦♥✳ ❇❛s❡❞ ♦♥ t❤❡ st❛t✐st✐❝❛❧

s✐❣♥✐☞❝❛♥❝❡ ❛♥❞ ❛♥ ❡①♣❧♦r❛t♦r② st✉❞② t❤❡② ❝r❡❛t❡❞ ❛ ❧✐st ♦❢ ✐♠♣♦rt❛♥t ✈❛r✐❛❜❧❡s ❢♦r ❈▲❱ ♣r❡✲

❞✐❝t✐♦♥✳ ❚❤❡ ❧✐st ✐♥❝❧✉❞❡s ❢♦❧❧♦✇✐♥❣ ❛ttr✐❜✉t❡s✿ ♣r♦❞✉❝t r❡❧❛t❡❞ ✈❛r✐❛❜❧❡s ✭t②♣❡s ♦❢ ♣r♦❞✉❝ts✱

♥✉♠❜❡r ♦❢ ♣r♦❞✉❝ts✱ ♥❡✇ ♣r♦❞✉❝t ✉s❛❣❡ ❜❡❤❛✈✐♦r✮❀ ♣r♦☞t❛❜✐❧✐t② ♦❢ t❤❡ ❝✉st♦♠❡r❀ ♠♦♥❡t❛r②

✈❛❧✉❡s ✭t♦t❛❧ ❛ss❡ts✱ ✈❛❧✉❡s ♦❢ t❤❡ s♣❡❝✐☞❝ s❡r✈✐❝❡s ✉s❡❞ ❜② t❤❡ ❝✉st♦♠❡r✮❀ ♠♦♥❡t❛r② r✐s❦ ✭r✐s❦

♦❢ ❞❡❢❛✉❧t ♦❢ ❧♦❛♥ ♦r ❝r❡❞✐t ❝❛r❞ ♣❛②♠❡♥ts✮❀ ❛❝t✐✈✐t② ❧❡✈❡❧ ♦❢ t❤❡ ❝✉st♦♠❡r❀ t♦t❛❧ ✈❛❧✉❡ ♦❢ t❤❡

s❛❧❛r② ♣❛②♠❡♥ts✳

❘❋▼ ♠♦❞❡❧s

❘❡❝❡♥❝②✲❢r❡q✉❡♥❝②✲♠♦♥❡t❛r② ✭❘❋▼✮ ♠♦❞❡❧s ✇❡r❡ ❛❧r❡❛❞② ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡

r❡✈✐❡✇✳ ❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ❢❡❛t✉r❡ ♦❢ s✉❝❤ ♠♦❞❡❧s ✐s t❤❡✐r ❣r❡❛t ♣❡r❢♦r♠❛♥❝❡ ✐♥ ❈▲❱

♣r❡❞✐❝t✐♦♥ ✐♥ ✐♥❞✉str✐❡s✱ ✇❤✐❝❤ ❞♦ ♥♦t st♦r❡ ♦r ❞✐s♣♦s❡ ❞❡t❛✐❧❡❞ ❝❧✐❡♥t ✐♥❢♦r♠❛t✐♦♥✳ ❙t✉❞✐❡s
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✭❱❡♥❦❛t❡s❛♥ ✫ ❑✉♠❛r✱ ✷✵✵✹❀ ❑❡✐♥✐♥❣❤❛♠ ❡t ❛❧✳✱ ✷✵✵✻❀ ●✉♣t❛ ❡t ❛❧✳✱ ✷✵✵✻✮ ❤❛✈❡ s✉❝❝❡ss❢✉❧❧②

✉s❡❞ t❤❡s❡ ♠♦❞❡❧s✳ ❍♦✇❡✈❡r✱ ✐♥ t❡r♠s ♦❢ r❡t❛✐❧ ❜❛♥❦✐♥❣ ♠✉❝❤ ♠♦r❡ ❞❡t❛✐❧❡❞ ✐♥❢♦r♠❛t✐♦♥

❛❜♦✉t ❝✉st♦♠❡rs t❤❛♥ ❥✉st r❡❝❡♥❝②✱ ❢r❡q✉❡♥❝② ♦r ♠♦♥❡t❛r② ✈❛❧✉❡ ♦❢ ♣✉r❝❤❛s❡s ✐s ❛✈❛✐❧❛❜❧❡

❛♥❞ t❤❡r❡❢♦r❡ t❤❡s❡ ♠♦❞❡❧s ❛r❡ r❛t❤❡r ✉s❡❞ ❛s ❜❡♥❝❤♠❛r❦s✳

✹✳✷ ▼♦❞❡❧✐♥❣ ❝✉st♦♠❡r ❞②♥❛♠✐❝s ❛♥❞ ❛❝t✐♦♥s ❡♥❤❛♥❝✲

✐♥❣ ❈▲❱

❚❤❡ ❝♦♥❝❡♣t ♦❢ ♠♦❞❡❧✐♥❣ ❝✉st♦♠❡r ❞②♥❛♠✐❝s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❛ ❜r♦❛❞ r❛♥❣❡ ♦❢ st✉❞✐❡s

❛♥❞ r❡s❡❛r❝❤❡s✱ ✭P❢❡✐❢❡r ✫ ❈❛rr❛✇❛②✱ ✷✵✵✵❀ P❡t❡r P❛❛✉✇❡✱ ✷✵✵✼❀ ❈❤❡♥❣ ❡t ❛❧✳✱ ✷✵✶✷❀ ▼③♦✉❣❤✐❛

✫ ▲✐♠❛♠✱ ✷✵✶✹✮✳ ❚❤❡ ❛✉t❤♦rs ❣❡♥❡r❛❧❧② ❝❤♦♦s❡ ▼❛r❦♦✈ ❈❤❛✐♥ ✭▼❈✮ ♦r ♠♦r❡ ❝♦♠♣❧❡① ▼❛r❦♦✈

❉❡❝✐s✐♦♥ Pr♦❝❡ss ✭▼❉P✮ t♦ r❡✈❡❛❧ t❤❡ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ ❝✉st♦♠❡r ❡♣♦❝❤s ❛♥❞ ♣r❡❞✐❝t

❝✉st♦♠❡r ❜❡❤❛✈✐♦r ✐♥ t❤❡ ❢✉t✉r❡✳

❲❤❡r❡❛s ▼❛r❦♦✈ ❈❤❛✐♥ ✭▼❈✮ ♠♦❞❡❧s ❛r❡ r❛t❤❡r ❞❡s❝r✐♣t✐✈❡ ❛s t❤❡② ♦♥❧② ❝❛♣t✉r❡ t❤❡

tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❜❡t✇❡❡♥ ❝✉st♦♠❡r st❛t❡s ❛♥❞ t❤❡r❡❢♦r❡ ❛r❡ ✐❞❡❛❧ ❢♦r ❈▲❱ ♣r❡❞✐❝t✐♦♥✱

▼❛r❦♦✈ ❉❡❝✐s✐♦♥ Pr♦❝❡ss ✭▼❉P✮ ♠♦❞❡❧s ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s st♦❝❤❛st✐❝ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦✲

r✐t❤♠s ❛s t❤❡② ❛❧❧♦✇ t♦ ❤❛♥❞❧❡ ♥♦t ♦♥❧② ♥❛t✉r❛❧ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❜✉t s❡t ♦❢ ♣♦ss✐❜❧❡

❛❝t✐♦♥s ✭❡✳❣✳ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s✮ ❛♥❞ ♣♦ss✐❜❧❡ ♦✉t❝♦♠❡s✱ ❛♥❞ ❝❤♦♦s❡ t❤❡ ♦♣t✐♠❛❧ str❛t❡❣②

t♦ t❛r❣❡t t❤❡ ❝✉st♦♠❡r✳ ❍♦✇❡✈❡r ❛s ❜♦t❤ ❛♣♣r♦❛❝❤❡s s❤❛r❡ t❤❡ ❡ss❡♥t✐❛❧ ❝♦♠♣♦♥❡♥ts✱ ▼❈

✇✐❧❧ ❜❡ ❞✐s❝✉s❡❡❞ ☞rst ❛♥❞ ▼❉P ❧❛t❡r ✐♥ t❤✐s ❝❤❛♣t❡r✳

✹✳✷✳✶ ▼❛r❦♦✈ ❈❤❛✐♥ ✭▼❈✮ ♠♦❞❡❧

▼❛r❦♦✈ ❈❤❛✐♥ ✭▼❈✮ ✐s ❛ t✉♣❧❡ 〈S, P,R〉 ✐♥ ✇❤✐❝❤ S ✐s ❛ ☞♥✐t❡ s❡t ♦❢ st❛t❡s✱ P ❛

tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ ❞❡☞♥❡❞ ❛s P : S × S → [0, 1] ❛♥❞ R ❛ r❡✇❛r❞ ❢✉♥❝t✐♦♥ ❞❡☞♥❡❞ ❛s

R : S × S → R✳ ✭✈❛♥ ❖tt❡r❧♦ ✫ ❲✐❡r✐♥❣✱ ✷✵✶✷✮

●r❛♣❤✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ st❛t❡❞ ❞❡☞♥✐t✐♦♥ ✐s s❤♦✇♥ ✐♥ t❤❡ ☞❣✉r❡ ✹✳✷✳ ❚❤❡

☞❣✉r❡ ❝❛♣t✉r❡s ❛ ✹✲st❛t❡ ✭S✮ ▼❛r❦♦✈ ❈❤❛✐♥ ♠♦❞❡❧✱ ❧✐♥❦s ❜❡t✇❡❡♥ st❛t❡s r❡♣r❡s❡♥t ❜♦t❤ tr❛♥✲
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s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❛♥❞ r❡✇❛r❞s ♦❢ s❤✐❢ts ❜❡t✇❡❡♥ S → S ′✳ ❚❤❡ ❣r❡② ❛rr♦✇s ❞✐st✐♥❣✉✐s❤ ❛

s♣❡❝✐☞❝ ❝❛s❡ ④ ❛ tr❛♥s✐t✐♦♥ t♦ t❤❡ s❛♠❡ st❛t❡ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ r❡✇❛r❞ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❡q✉❛❧

t♦ ✵✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ st❛t❡ S0 ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ❛ t❡r♠✐♥❛t❡ st❛t❡ ❛s ❝❤✉r♥❡❞ ❝✉st♦♠❡rs

❛r❡ ❛ss✉♠❡❞ t♦ st❛② ✐♥❛❝t✐✈❡ ❢♦r❡✈❡r✳ ◆♦t❡ t❤❛t t❤❡r❡ ✐s ♥♦ ❞✐☛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❛rr♦✇ ❝♦❧♦rs✱

t❤❡ ❛✐♠ ✐t t♦ ✈✐s✉❛❧❧② ❞✐st✐♥❣✉✐s❤ t❤♦s❡ ❝♦♥♥❡❝t✐♦♥s✳

S1 S2

S3

S0

(0.6|0) (0.8|0)

(1|0)

(0.1|+10)

(0.05|-10)

(0.2|-30) (0.1|-40)

(0.1|+5)

(0.15|-5)

(0.7|0)

(0.05|-5)

(0.1|+5)

(0.05|-35)   Legend

Sn customer state

S0 customer churn

(probability|Δ value)

❋✐❣✉r❡ ✹✳✷✿ ❆ ▼❛r❦♦✈ ❝❤❛✐♥ s♣❡❝✐❢②✐♥❣ ❛ ❝✉st♦♠❡r ♠✐❣r❛t✐♦♥ ❜❛s❡❞ ♠♦❞❡❧✱ ❙♦✉r❝❡✿ ❆✉t❤♦r

❊✈❡♥ t❤♦✉❣❤ t❤❡ ❞❡☞♥✐t✐♦♥ ❛♥❞ t❤❡ ❡①♣❧❛♥❛t♦r② ☞❣✉r❡ ✹✳✷ ♠❛② ❜❡ s✉✍❝✐❡♥t ❢♦r t❤❡

✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ▼❈ ♠♦❞❡❧s✱ ❦❡② ▼❈ ❝♦♠♣♦♥❡♥ts ❛♥❞ ❛ss✉♠♣t✐♦♥s ❛r❡ ❞✐s❝✉ss❡❞ ❢✉rt❤❡r✳

▼❛r❦♦✈ ❈❤❛✐♥ ❝♦♠♣♦♥❡♥ts

❼ ❙t❛t❡s✿ ❚❤❡ s❡t ♦❢ ❡♥✈✐r♦♥♠❡♥t❛❧ st❛t❡s ❙ ✐s ❞❡☞♥❡❞ ❛s t❤❡ ☞♥✐t❡ s❡t {s1, ..., sN} ✇❤❡r❡

t❤❡ s✐③❡ ♦❢ t❤❡ st❛t❡ s♣❛❝❡ ✐s N ✱ ✐✳❡✳ |S| = N ✳ ❆ st❛t❡ ✐s ❛ ✉♥✐q✉❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❛❧❧

t❤❛t ✐s ✐♠♣♦rt❛♥t ✐♥ ❛ st❛t❡ ♦❢ t❤❡ ♣r♦❜❧❡♠ t❤❛t ✐s ♠♦❞❡❧❡❞✳ ✭✈❛♥ ❖tt❡r❧♦ ✫ ❲✐❡r✐♥❣✱

✷✵✶✷✮

■♥ ♦t❤❡r ✇♦r❞s✱ ❛❧❧ st❛t❡s ♠✉st ❜❡ ❡①t❡r♥❛❧❧② ❤❡t❡r♦❣❡♥♦✉s ✭❞✐st✐♥❣✉✐s❤❛❜❧❡ ❢r♦♠ ❡❛❝❤

♦t❤❡r✮ ❛♥❞ ✐♥t❡r♥❛❧❧② ❤♦♠♦❣❡♥♦✉s ✭s❤♦✉❧❞ ❜❡ ❞❡s❝r✐❜✐♥❣ ♦♥❧② ♦♥❡ ♣❛rt✐❝✉❧❛r s✐t✉❛t✐♦♥

♦r s❡t ♦❢ s✐t✉❛t✐♦♥s t❤❛t ❛r❡ ♠✉t✉❛❧❧② r❡♣❧❛❝❡❛❜❧❡✮✳ ❋r♦♠ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♣❡rs♣❡❝t✐✈❡

t❤❡r❡ ✐s ♥♦ ❧✐♠✐t ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ st❛t❡s✱ ✐♥ ❡①tr❡♠❡ ❝❛s❡ ♦♥❡ st❛t❡ ❢♦r ❡✈❡r② s✐♥❣❧❡

❝✉st♦♠❡r ❝❛♥ ❜❡ ♦❜s❡r✈❡❞✳ ❊✈❡♥ t❤♦✉❣❤ s✉❝❤ ❜❡❤❛✈✐♦r ♠❛t❝❤❡s t❤❡ ❛❜♦✈❡ st❛t❡❞ ❞❡☞✲
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♥✐t✐♦♥✱ ♦♥❡ ❝❛♥ ❛ss✉♠❡✱ t❤❛t t❤✐s ✐s ♥♦t t❤❡ ♠♦st ♣r❛❝t✐❝❛❧ s♦❧✉t✐♦♥✳ ◆♦t ♦♥❧② tr❛♥s✐t✐♦♥

♣r♦❜❛❜✐❧✐t✐❡s ❜❡t✇❡❡♥ st❛t❡s ❝♦✉❧❞ ❜❡ ❤❛r❞❧② ♠❡❛s✉r❡❞ ✐♥ t❤❛t ❝❛s❡✱ ❤❛✈✐♥❣ ♠✐❧❧✐♦♥s ♦❢

st❛t❡s ✇♦✉❧❞ ❧❡❛❞ t♦ ❡①tr❡♠❡ r❡s♦✉r❝❡ r❡q✉✐r❡♠❡♥ts ✭♠❡♠♦r② ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ ♣♦✇❡r✮✳

❇❛s❡❞ ♦♥ ❛✉t❤♦r✬s ❡①♣❡r✐❡♥❝❡✱ t❤❡ s✉✍❝✐❡♥t ♥✉♠❜❡r ♦❢ st❛t❡s ✐♥ t❤❡ ❜❛♥❦✐♥❣ ❡♥✈✐r♦♥✲

♠❡♥t ✌✉❝t✉❛t❡s ✐♥ r❛♥❣❡ ♦❢ ✺✵ t♦ ✶✺✵✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✐③❡ ♦❢ ❝✉st♦♠❡r ❜❛s❡ ❛♥❞

♣r♦❞✉❝t ♣♦rt❢♦❧✐♦ ✈❛r✐❡t②✳ ❆ st❛t❡ t❤❡♥ r❡♣r❡s❡♥ts ❛ ❝❧✉st❡r ♦❢ ❝❧✐❡♥ts ✇✐t❤ s✐♠✐❧❛r ❜❡✲

❤❛✈✐♦r❛❧ ♣❛tt❡r♥ ❛♥❞ ❜✉s✐♥❡ss ♥❡❡❞s✳ ❚❤❡ ❝✉st♦♠❡r st❛t❡ ✐s ❢✉rt❤❡r ❛❧s♦ r❡❢❡rr❡❞ ❛s ❛

❝✉st♦♠❡r ♠✐❝r♦s❡❣♠❡♥t✳

❼ ❚r❛♥s✐t✐♦♥ ♠❛tr✐①✿ ❖♥❝❡ t❤❡ st❛t❡s ❛r❡ ❞❡☞♥❡❞✱ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❝❛♥ ❜❡ ❝❛❧✲

❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ❤✐st♦r✐❝❛❧ ❞❛t❛ ❜② ❛❣❣r❡❣❛t✐♥❣ t❤❡ ❝✉st♦♠❡r✬s ✌♦✇✳ ❚r❛♥s✐t✐♦♥ ♠❛tr✐①

✐s ❛♥ ❛rr❛② ♦❢ N ×N tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ✇❤❡r❡ r♦✇s r❡♣r❡s❡♥t t❤❡ ❝✉st♦♠❡r st❛t❡

✐♥ t❤❡ ♣❡r✐♦❞ t0 ❛♥❞ ❝♦❧✉♠♥s t❤❡ ❝✉st♦♠❡r st❛t❡ ✐♥ ♣❡r✐♦❞ t1✱ t❤❡ ✈❛❧✉❡s t❤❡♥ r❡♣r❡✲

s❡♥t t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❝❤❛♥❣✐♥❣ st❛t❡ S → S ′ ❜❡t✇❡❡♥ ♣❡r✐♦❞s t0 ❛♥❞ t1✳ ❚❤❡ s✉♠ ♦❢

♣r♦❜❛❜✐❧✐t✐❡s ✐♥ ❡❛❝❤ r♦✇ ♠✉st ❜❡ ❡q✉❛❧ t♦ ✶✱ ✇❤❡r❡❛s t❤❡ ❝♦❧✉♠♥ s✉♠ ♠❛② ❞✐☛❡r✳ ❆

♠❛t❤❡♠❛t✐❝❛❧ ❢♦r♠ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ✐s s❤♦✇♥ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ✹✳✷✳

P(S, S ′) =











p1,1 . . . p1,n
✳✳✳

✳ ✳ ✳
✳✳✳

pn,1 . . . pn,n











✭✹✳✷✮

❼ ❘❡✇❛r❞✿ ❙♦♠❡t✐♠❡s ❛❧s♦ r❡❢❡rr❡❞ ❛s ❛ r❡✇❛r❞ ❢✉♥❝t✐♦♥✱ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ N ✲s✐③❡

✈❡❝t♦r R ♦❢ ✈❛❧✉❡s r❡❧❛t❡❞ t♦ ❝✉st♦♠❡r st❛t❡s r(s)✳ ❆s ✈✐s✉❛❧✐③❡❞ ✐♥ t❤❡ ☞❣✉r❡ ✹✳✷ t❤❡

r❡✇❛r❞ ♠❛② ❞❡♣❡♥❞ ♦♥ t❤❡ ♣r❡✈✐♦✉s ❝✉st♦♠❡r st❛t❡ r(s′ | s)✳ ■♥ s✉❝❤ ❝❛s❡s ❛s ❞✐s❝✉ss❡❞

✐♥ ✭❚✐r❡♥♥✐✱ ✷✵✵✺✮✱ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✐s ❛s ❢♦❧❧♦✇s✿ r(s) =
∑

s′∈S p(s
′ | s) × r(s′ | s)✳

❋✐♥❛♥❝✐❛❧ ♠❡tr✐❝s ✭❡✳❣✳ r❡✈❡♥✉❡✱ ♣r♦☞t✮ ❛r❡ ✉s✉❛❧❧② ✉s❡❞ ❛s r❡✇❛r❞ ❢✉♥❝t✐♦♥s✳

▼❛r❦♦✈ ❈❤❛✐♥ ♣r♦♣❡rt✐❡s

❼ ▼❛r❦♦✈ ♣r♦♣❡rt②✿ ❚❤❡ ✐❞❡❛ ❜❡❤✐♥❞ ▼❛r❦♦✈ ♣r♦♣❡rt② ✐s t❤❛t t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜✲

❛❜✐❧✐t✐❡s ❛r❡ ❛☛❡❝t❡❞ ♦♥❧② ❜② t❤❡ ❝✉rr❡♥t st❛t❡✱ ✐✳❡✳ ❦♥♦✇✐♥❣ t❤❡ ❝✉st♦♠❡r✬s st❛t❡ ✐s

✹✾



s✉✍❝✐❡♥t t♦ ♣r❡❞✐❝t t❤❡ ❢✉t✉r❡ ❜❡❤❛✈✐♦r✳ ❍❡♥❝❡ ♥♦ ❤✐st♦r✐❝❛❧ ✐♠♣❛❝t ♦♥ t❤❡ ❝✉rr❡♥t

st❛t❡ ✐s ❛ss✉♠❡❞✳ ❍♦✇❡✈❡r✱ ❝❛s❡s ✇❤❡♥ t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ ❞❡♣❡♥❞❡♥t ♦♥ ❦✲❧❛st st❛t❡s

❡①✐st✳ ❆♥ ❡①❛♠♣❧❡ ❝♦✉❧❞ ❜❡ r❡t❡♥t✐♦♥ ❛❝t✐✈✐t✐❡s ④ ♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ✐❢ t❤❡ r❡t❡♥✲

t✐♦♥ ♣r♦❝❡ss ✐s s✉❝❝❡ss❢✉❧ ❛♥❞ ❝✉st♦♠❡r ✐s ❛❝q✉✐r❡❞ ❜❛❝❦✱ ❤❡ ♦r s❤❡ ✐s ♠♦st ❧✐❦❡❧② t♦

r❡t✉r♥ t♦ ❛ ❝✉st♦♠❡r st❛t❡ s❛♠❡ ♦r s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ❜❡❢♦r❡ ❧❡❛✈✐♥❣✳ ❚❤❡ s♦❧✉t✐♦♥ ✐s t♦

❝r❡❛t❡ ❛s ♠❛♥② ❭❝❤✉r♥❡❞✧ st❛t❡s ❛s ♥❡❝❡ss❛r② t♦ ❞✐st✐♥❣✉✐s❤ ♣r❡✈✐♦✉s ❝✉st♦♠❡r st❛t❡s

✭❡✳❣✳ ✐♥st❡❛❞ ♦❢ ♦♥❡ ❝❤✉r♥ st❛t❡✱ t❤❡r❡ ❝♦✉❧❞ ❜❡ ❤✐❣❤✲♣r♦☞t ❝❤✉r♥✱ ♠❡❞✐✉♠✲♣r♦☞t ❝❤✉r♥

❛♥❞ ❧♦✇✲♣r♦☞t ❝❤✉r♥✮✳ ■♥ ❣❡♥❡r❛❧✱ ❡✈❡r② ❦✲▼❛r❦♦✈ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦

❛♥ ❡q✉✐✈❛❧❡♥t ▼❛r❦♦✈ ♣r♦❜❧❡♠ ✭✶✲▼❛r❦♦✈ ♣r♦❜❧❡♠✮✱ ✇❤❡r❡ k r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ♦❢

st❛t❡s ✐♠♣❛❝t✐♥❣ t❤❡ ❝✉rr❡♥t tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s✳

❼ ❙t❛t✐♦♥❛r② ✫ ◆♦♥✲st❛t✐♦♥❛r② ▼❛r❦♦✈ ❝❤❛✐♥s✿ ❙t❛t❡s ❛r❡ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ st❛✲

t✐♦♥❛r② ✐♥ ❛❧❧ t②♣❡s ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ r❡✇❛r❞s ❛♥❞ tr❛♥s✐t✐♦♥

♣r♦❜❛❜✐❧✐t✐❡s ♠❛② ❡✈♦❧✈❡ ♦✈❡r t✐♠❡✳ ❊✈❡♥ t❤♦✉❣❤ t❡❝❤♥✐q✉❡s t♦ ❤❛♥❞❧❡ ♥♦♥✲st❛t✐♦♥❛r②

❞②♥❛♠✐❝s ❡①✐st✱ t❤❡ ♠♦❞❡❧✐♥❣ ❡①❡r❝✐s❡ ✐s ❢❛r ♠♦r❡ ❝♦♠♣❧❡① ❛♥❞ ✉s✉❛❧❧② ❞♦❡s ♥♦t ♣❛②

♦☛✳ ❉✉❡ t♦ t❤✐s ❢❛❝t✱ ▼❈ ♠♦❞❡❧s ✇✐t❤ ☞①❡❞ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❛♥❞ r❡✇❛r❞ ✈❡❝t♦r ❛r❡

✉s❡❞ ❝♦♠♠♦♥❧② ❢♦r ❈▲❱ ♠♦❞❡❧✐♥❣✳ ✭❚✐r❡♥♥✐✱ ✷✵✵✺❀ ✈❛♥ ❖tt❡r❧♦ ✫ ❲✐❡r✐♥❣✱ ✷✵✶✷✮

❈✉st♦♠❡r ▲✐❢❡t✐♠❡ ❱❛❧✉❡ ♣r❡❞✐❝t✐♦♥

❲❤❡♥ t❤❡ st❛t❡s✱ r❡✇❛r❞s ❛♥❞ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ ❞❡t❡r♠✐♥❡❞✱ ❈▲❱ ♦❢ ❡❛❝❤

❝✉st♦♠❡r st❛t❡ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ✹✳✸✳

CLV (sn) =
[

∑T

t=0 I×P
t ×R× 1

(1+i)t

]

n
✭✹✳✸✮

❲❤❡r❡

④ T ❂ t✐♠❡ ❤♦r✐③♦♥✱ ❡✐❤t❡r ❧✐♠✐t❡❞ ❜② ❜✉s✐♥❡ss r❡q✉✐r❡♠❡♥ts ♦r ✐♥☞♥✐t❡ ❛s t❤❡ ✈❛❧✉❡

❝♦♥✈❡r❣❡s ✭✐s ❡①♣❧❛✐♥❡❞ ❢✉rt❤❡r✮

④ I ❂ ✐❞❡♥t✐t② ♠❛tr✐① ♦❢ s✐③❡ N ✭♥✉♠❜❡r ♦❢ st❛t❡s✮

④ P ❂ tr❛♥s✐t✐♦♥ ♠❛tr✐①

✺✵



④ R ❂ r❡✇❛r❞ ✈❡❝t♦r

④ i ❂ ❞✐s❝♦✉♥t r❛t❡

❚♦ ❡st✐♠❛t❡ ❈▲❱ ❢♦r t❤❡ ✇❤♦❧❡ ❝✉st♦♠❡r ❜❛s❡✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ♦❜t❛✐♥ ❛ ✈❡❝t♦r ♦❢

❝✉st♦♠❡r ❝♦✉♥ts ✐♥ ❡❛❝❤ st❛t❡ ❛♥❞ ♠✉❧t✐♣❧② ✐t ❜② t❤❡ ✈❡❝t♦r ♦❢ ❈▲❱s ♣❡r ❝✉st♦♠❡r st❛t❡

❢♦r❡❝❛st❡❞ ❜② ▼❛r❦♦✈ ❝❤❛✐♥ ♠♦❞❡❧✱ ❛s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ✹✳✹✳

CLV = CLV (s)×M ✭✹✳✹✮

❲❤❡r❡ M ✐s ❛ ✈❡❝t♦r ♦❢ ❝✉rr❡♥t ❝✉st♦♠❡r ❝♦✉♥ts ✐♥ ❡❛❝❤ st❛t❡✳

P②t❤♦♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❈▲❱ ❝❛❧❝✉❧❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ❧✐st❡❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐① ❆✳

▼❛r❦♦✈ ❈❤❛✐♥ ❡①❛♠♣❧❡

❚❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ P②t❤♦♥ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❈▲❱ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡ ✐♠♣❛❝t

♦❢ ❞✐☛❡r❡♥t t✐♠❡ ❤♦r✐③♦♥ ❛♥❞ ❞✐s❝♦✉♥t r❛t❡ ✇❤✐❧❡ ❤❛✈✐♥❣ ☞①❡❞ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❛♥❞ r❡✇❛r❞

✈❡❝t♦r ♦♥ ❈▲❱ ✈❛❧✉❡ ✐s s❤♦✇♥ ✐♥ t❤❡ ☞❣✉r❡ ✹✳✸✳ ❚❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❛♥❞ r❡✇❛r❞ ✈❡❝t♦r

✉s❡❞ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ❛r❡ ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ✹✳✺✳

P =

















0.80 0.05 0.05 0.10

0.01 0.95 0.02 0.02

0.01 0.04 0.90 0.05

0.03 0.03 0.03 0.91

















R =

















300

500

800

1000

















✭✹✳✺✮

◆♦t❡ t❤❛t t❤❡ ❛❜♦✈❡ st❛t❡❞ ❡①❛♠♣❧❡ ❞♦❡s ♥♦t ✐♥❝❧✉❞❡ t❤❡ t❡r♠✐♥❛t❡ st❛t❡ ✭❝✉st♦♠❡r

❝❤✉r♥✮✳ ❚❤❡ ✐♥t❡♥t✐♦♥ ✐s t♦ r❛t❤❡r s❤♦✇ t❤❡ ✐♥✌✉❡♥❝❡ ♦❢ ❞✐s❝♦✉♥t r❛t❡ ❛♥❞ t✐♠❡ ❤♦r✐③♦♥ t❤❛♥

s✐♠✉❧❛t❡ ❛ r❡❛❧✲✇♦r❧❞ ❝❛s❡✳

✺✶
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Microsegm3 15%

Microsegm4 15%

Microsegm1 20%

Microsegm2 20%

Microsegm3 20%

Microsegm4 20%

Number of years

C
L

V
 v

a
lu

e

❋✐❣✉r❡ ✹✳✸✿ ❘❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❈▲❱ ✈❛❧✉❡✱ s❡❧❡❝t❡❞ t✐♠❡✲❢r❛♠❡ ❛♥❞ ❞✐s❝♦✉♥t r❛t❡✱ ✈✐s✉❛❧✲

✐③❡❞ ❢♦r ✹ ❞✐☛❡r❡♥t ❝✉st♦♠❡r st❛t❡s ✭♠✐❝r♦s❡❣♠❡♥ts✮✱ ❙♦✉r❝❡✿ ❆✉t❤♦r

■♥ t❤❡ ☞❣✉r❡ ✹✳✸ ✐s ✈✐s✉❛❧✐③❡❞ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❛ s❡❧❡❝t❡❞ t✐♠❡ ❤♦r✐③♦♥ ❛♥❞ ❈▲❱

✈❛❧✉❡ ♦❢ t❤❡ ❝✉st♦♠❡r st❛t❡✳ ❋✉rt❤❡r♠♦r❡ ✸ ❞✐☛❡r❡♥t ❧❡✈❡❧s ♦❢ ❞✐s❝♦✉♥t r❛t❡ ✭♥❛♠❡❧② ✶✵✪✱

✶✺✪✱ ❛♥❞ ✷✵✪✮ ❛r❡ ❞✐s♣❧❛②❡❞ t♦ ♣r♦✈✐❞❡ ❛♥ ✐♥s✐❣❤t ♦❢ ❤♦✇ t❤❡ ❞✐s❝♦✉♥t r❛t❡ ✐♠♣❛❝ts t❤❡

♦✈❡r❛❧❧ ❈▲❱ ✈❛❧✉❡✳ ❚❤❡ ♣❧♦t s❤♦✇s t❤❛t t❤❡ ❈▲❱ ✈❛❧✉❡ ❝♦♥✈❡r❣❡s ❛t ❝❡rt❛✐♥ ♣♦✐♥t ✐♥ t❤❡

❢✉t✉r❡ ✇❤✐❝❤ ✐s ❛☛❡❝t❡❞ ❜② s❡❧❡❝t❡❞ ❞✐s❝♦✉♥t r❛t❡✳ ❲❤❛t ❤✐❣❤❡r t❤❡ ❞✐s❝♦✉♥t r❛t❡ ✐s✱ t❤❡

s❤♦rt❡r t✐♠❡ ❤♦r✐③♦♥ ✐s ♥❡❡❞❡❞ ❢♦r ❈▲❱ ✈❛❧✉❡ t♦ ❝♦♥✈❡r❣❡✳

✹✳✷✳✷ ▼❛r❦♦✈ ❉❡❝✐s✐♦♥ Pr♦❝❡ss ✭▼❉P✮ ♠♦❞❡❧

❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s ☞rst❧② t♦ ✐♥tr♦❞✉❝❡ ▼❛r❦♦✈ ❉❡❝✐s✐♦♥ Pr♦❝❡ss ❛♥❞ s❡❝♦♥❞❧②

♣r♦♣♦s❡ ❛ ❝♦♥❝❡♣t ♦❢ ❛♣♣❧②✐♥❣ ▼❉P ❛❧❣♦r✐t❤♠s t♦ ♦♣t✐♠✐③❡ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥ str❛t❡❣②✳

❆❞❞✐t✐♦♥❛❧❧②✱ t♦ t❤❡ ▼❛r❦♦✈ ❈❤❛✐♥ ♠♦❞❡❧ ♦❢ ❝✉st♦♠❡r st❛t❡s ❛♥❞ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s✱

▼❉P ❞❡☞♥❡s ❛ s❡t ♦❢ ❛❝t✐♦♥s ✇❤✐❝❤ ❛r❡ ✉s❡❞ t♦ ♠❛①✐♠✐③❡ ♦❜t❛✐♥❡❞ r❡✇❛r❞s ♦✈❡r t✐♠❡✳ ❙✉❝❤

♠❛①✐♠✐③❛t✐♦♥ ✐s ❛❝❤✐❡✈❡❞ ❜② ✈❛r✐♦✉s t❡❝❤♥✐q✉❡s ♦❢ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ✇❤✐❝❤ ❛r❡ ❞❡s❝r✐❜❡❞

❛t t❤❡ ✈❡r② ❡♥❞✳
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▼❛r❦♦✈ ❉❡❝✐s✐♦♥ Pr♦❝❡ss ✭▼❉P✮ ✐s ❛ t✉♣❧❡ 〈S,A, P,R〉 ✐♥ ✇❤✐❝❤ S ✐s ❛ ☞♥✐t❡ s❡t ♦❢

st❛t❡s✱ A ❛ ☞♥✐t❡ s❡t ♦❢ ❛❝t✐♦♥s✱ P ❛ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ ❞❡☞♥❡❞ ❛s P : S ×A× S → [0, 1]

❛♥❞ R ❛ r❡✇❛r❞ ❢✉♥❝t✐♦♥ ❞❡☞♥❡❞ ❛s R : S ×A× S → R✳ ✭✈❛♥ ❖tt❡r❧♦ ✫ ❲✐❡r✐♥❣✱ ✷✵✶✷✮

a0S1 S2
S3

S4

S0
(0)

(0.6|0)

(0.1|+10)

(0.1|+5)

a1

(-2)

(0.25|+5)

(0.35|+10)

(0.2|0)

(0.2|-30)

(0.05|-30)

(0.15|+20)

  Legend

(probability|reward)

(cost)

a0 no action

a1 marketing campaign

Sn current customer state

Sn new customer state

S0 customer churn

❋✐❣✉r❡ ✹✳✹✿ ❊①❛♠♣❧❡ ♦❢ ♠♦❞❡❧✐♥❣ ❝✉st♦♠❡r ❞②♥❛♠✐❝s ✇✐t❤ ▼❛r❦♦✈ ❉❡❝✐s✐♦♥ Pr♦❝❡ss✱ ❙♦✉r❝❡✿

❆✉t❤♦r

❚❤❡ ☞❣✉r❡ ✹✳✹ ❞✐s♣❧❛②s ❛ ✺✲st❛t❡ ▼❉P ✇✐t❤ ❥✉st t✇♦ ❛❝t✐♦♥s✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t②✱ ♦♥❧②

r❡❧❛t✐♦♥s t♦ t❤❡ st❛t❡ S1 ❛r❡ ❞✐s♣❧❛②❡❞✳ ❆❝t✐♦♥ a0 r❡♣r❡s❡♥ts ❭♥♦✲❛❝t✐♦♥✧✱ ✐✳❡✳ t❤✐s ❧✐♥❦ s❤♦✇s

♥❛t✉r❛❧ ❝✉st♦♠❡r✬s ❜❡❤❛✈✐♦r ✐❢ ♥♦ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥ ✭❛❝t✐♦♥✮ ✐s ❧❛✉♥❝❤❡❞✳ ▼❉P ✇✐t❤ ♦♥❧②

a0 r❡❧❛t✐♦♥s❤✐♣s ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ▼❈ ♠♦❞❡❧✱ ❛s ❛❧❧ t❤❡ ♥❡❝❡ss❛r② ✐♥❢♦r♠❛t✐♦♥

t♦ ❜✉✐❧❞ s✉❝❤ ♠♦❞❡❧ ❛r❡ ❛❧r❡❛❞② ❦♥♦✇♥ ✭tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② S → S ′✱ r❡✇❛r❞ r(s)✱ ❛♥❞

❝♦st ♦❢ ♥♦✲❛❝t✐♦♥ ❛❧✇❛②s ❡q✉❛❧s ③❡r♦✮✳ ❍♦✇❡✈❡r✱ t♦ ♠♦❞❡❧ ▼❉P✱ ❛ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❢♦r ❡❛❝❤

♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥ ✭❛❝t✐♦♥✮ ♠✉st ❜❡ ❡st✐♠❛t❡❞ ❛♥❞ ✐ts ❝♦st ♠❡❛s✉r❡❞✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

r❡✇❛r❞ ✐s ♦❜t❛✐♥❡❞ t❤❡♥ ❢r♦♠ t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❛♥❞ st❛t❡ ✈❛❧✉❡s s✐♠✐❧❛r❧② t♦ t❤❡

❝♦♥❝❡♣t ✉s❡❞ ✐♥ ▼❈ ♠♦❞❡❧✳

▼❛r❦♦✈ ❉❡❝✐s✐♦♥ Pr♦❝❡ss ❝♦♠♣♦♥❡♥ts

❼ ❙t❛t❡✿ ❚❤❡ ☞♥✐t❡ s❡t ♦❢ st❛t❡s {s1, . . . , sN} ❞❡☞♥❡s t❤❡ ▼❉P ❡♥✈✐r♦♥♠❡♥t✳ ❙✐③❡ ♦❢

t❤❡ st❛t❡ s♣❛❝❡ ✐s N ✱ ✐✳❡✳ |S| = N ✳ ❆ st❛t❡ ✐s ❛ ✉♥✐q✉❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❛❧❧ t❤❛t ✐s
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✐♠♣♦rt❛♥t ✐♥ ❛ st❛t❡ ♦❢ t❤❡ ♣r♦❜❧❡♠ t❤❛t ✐s ♠♦❞❡❧❡❞ ✭✈❛♥ ❖tt❡r❧♦ ✫ ❲✐❡r✐♥❣✱ ✷✵✶✷✮✳

❚❤❡ ❞✐s❝✉ss✐♦♥ ❛❜♦✉t st❛t❡ ♣r♦♣❡rt✐❡s ✇❛s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ▼❈ s❡❝t✐♦♥ ④ ❛s

t❤❡ st❛t❡ ✐♠♣❧✐❝❛t✐♦♥s ❛r❡ ✐❞❡♥t✐❝❛❧✱ ♣❧❡❛s❡ r❡❢❡r t♦ ▼❈ ♠♦❞❡❧ ❢♦r ❝❧❛r✐☞❝❛t✐♦♥✳

❼ ❆❝t✐♦♥✿ ❆♥ ❛❝t✐♦♥ ✐s ❛♥ ❡ss❡♥t✐❛❧ ❝♦♠♣♦♥❡♥t t❤❛t ❞✐st✐♥❣✉✐s❤❡s ▼❉P ♠♦❞❡❧s ❢r♦♠

▼❈ ♦♥❡s✳ ❚❤❡ s❡t ♦❢ ❛❝t✐♦♥s A ✐s ❞❡☞♥❡❞ ❛s t❤❡ ☞♥✐t❡ s❡t {a0, . . . , aK−1} ✇❤❡r❡ t❤❡

s✐③❡ ♦❢ t❤❡ ❛❝t✐♦♥ s♣❛❝❡ ✐s K✱ ✐✳❡✳ |A| = K✳ ❆❝t✐♦♥s ❛r❡ ✉s❡❞ t♦ ❝♦♥tr♦❧ t❤❡ s②st❡♠

st❛t❡✳ ❊✈❡r② ❛❝t✐♦♥ ✐♥t❡r❝♦♥♥❡❝ts t✇♦ st❛t❡s ④ ❡✐t❤❡r ✐❞❡♥t✐❝❛❧ s → a → s ♦r ❞✐☛❡r❡♥t

s → a → s′✳ ❚❤❡ ❧✐♥❦ ✐s ❞❡s❝r✐❜❡❞ ✇✐t❤ ✐ts ♣r♦❜❛❜✐❧✐t②✱ ❝♦st ❛♥❞ ☞♥❛❧❧② r❡✇❛r❞✳

❚✇♦ t②♣❡s ♦❢ ❛❝t✐♦♥s ❡①✐st ✐♥ ▼❉P ♠♦❞❡❧✐♥❣✳ ❋✐rst❧②✱ ❭♥♦✲❛❝t✐♦♥✧ a0 r❡♣r❡s❡♥t✐♥❣

t❤❡ ♥❛t✉r❛❧ ✌♦✇ ♦❢ ❝✉st♦♠❡rs ❜❡t✇❡❡♥ ❝✉st♦♠❡r st❛t❡s ✇✐t❤♦✉t ❜❡✐♥❣ ✐♥✌✉❡♥❝❡❞ ❜②

♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s ♦r ❛♥② ♦t❤❡r ❛❝t✐✈✐t✐❡s✳ ■t ✐s ♥❡❝❡ss❛r② t♦ ♠❡♥t✐♦♥ t❤❛t ③❡r♦

❝♦sts ❛r❡ r❡❧❛t❡❞ t♦ ❭♥♦✲❛❝t✐♦♥✧ ❛❝t✐✈✐t✐❡s✳ ❲❤❡r❡❛s ♠❛r❦❡t✐♥❣ ✐♥❝❡♥t✐✈❡s ❛❝t✐♥❣ ❛s t❤❡

s❡❝♦♥❞ ❣r♦✉♣ ♦❢ ❛❝t✐♦♥s ❛r❡ ❛❧✇❛②s r❡❧❛t❡❞ ✇✐t❤ s♣❡❝✐☞❝ ❝♦sts ❛♥❞ ♠❛② ❤❛✈❡ ♣♦s✐t✐✈❡✱

③❡r♦ ♦r ❡✈❡♥ ♥❡❣❛t✐✈❡ ✐♠♣❛❝t ♦♥ t❤❡ ❝✉st♦♠❡r ✈❛❧✉❡✳ ❊❛❝❤ t②♣❡ ♦❢ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥

r❡s✉❧ts ✐♥ ❛t ❧❡❛st ♦♥❡ ❛❝t✐♦♥ ✐♥ t❤❡ ▼❉P ♠♦❞❡❧✳ ▼✉❧t✐♣❧❡ ✐♥st❛♥❝❡s ♦❢ t❤❡ s❛♠❡ t②♣❡ ♦❢

♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥ ❝❛♥ ❜❡ ✉s❡❞✱ ❡✳❣✳ ❞✐☛❡r❡♥t ❝♦sts ♦❢ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s ❞❡♣❡♥❞✐♥❣

♦♥ t❤❡ ✐♥✐t✐❛❧ ❝✉st♦♠❡r st❛t❡✳ ❍♦✇❡✈❡r✱ s✉❝❤ ♥✉❛♥❝❡s ❛r❡ ✉s✉❛❧❧② ❛❧r❡❛❞② ✐♥❝♦r♣♦r❛t❡❞

✐♥ t❤❡ ❝❛♠♣❛✐❣♥ ♠❛♥❛❣❡♠❡♥t s②st❡♠ ❛♥❞ r❡s✉❧t ✐♥ ❞✐☛❡r❡♥t ❝❛♠♣❛✐❣♥s✳ ❚❤❡r❡❢♦r❡✱

t❤❡② ❛r❡ tr❡❛t❡❞ ❡①❝❧✉s✐✈❡❧② ❜② ▼❉P ♠♦❞❡❧s✳ ❉✉❡ t♦ t❤✐s ❢❛❝t✱ ☞①❡❞ ❛❝t✐♦♥ ❝♦sts ♣❡r

❝✉st♦♠❡r st❛t❡s ❛r❡ ❛ss✉♠❡❞✳

❼ ❚r❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥✿ ❚❤❡ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ ❞❡☞♥❡s ❛ ♣r♦❜❛❜✐❧✐t② p(s′|s, a)✱ ✐✳❡✳ t❤❡

♣r♦❜❛❜✐❧✐t② ♦❢ r❡s✉❧t✐♥❣ ✐♥ s′ ✐♥ ♣❡r✐♦❞ tperiod+1 ✇❤✐❧❡ ❜❡✐♥❣ ✐♥ ♣❡r✐♦❞ tperiod ✐♥ st❛t❡ s

❛♥❞ ❛♣♣❧②✐♥❣ ❛❝t✐♦♥ a✳ ❚❤❡r❡❢♦r❡✱ ♦♥❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ♦❢ s✐③❡ N ×N ❛s ✉s❡❞ ✐♥ ▼❈

♠♦❞❡❧s ✐s ♥♦t s✉✍❝✐❡♥t✳ ■♥st❡❛❞✱ ❡✈❡r② ❛❝t✐♦♥ ♠✉st ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❝♦rr❡s♣♦♥❞✐♥❣

tr❛♥s✐t✐♦♥ ♠❛tr✐①✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♥❝❡♣t ✐s s✐♠✐❧❛r t♦ ▼❈ ♠♦❞❡❧ ❛s r♦✇s r❡♣r❡s❡♥t t❤❡

✐♥✐t✐❛❧ st❛t❡ ❛♥❞ ❝♦❧✉♠♥s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❯♥❧✐❦❡ ✐♥ ▼❈ ♠♦❞❡❧s✱ t❤❡ s✉♠ ♦❢ tr❛♥s✐t✐♦♥

♠❛tr✐① r♦✇s ✐♥ ▼❉P ♠♦❞❡❧s ❝❛♥ ❜❡ ❡✐t❤❡r ❡q✉❛❧ t♦ ③❡r♦ ✭✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ❛❝t✐♦♥

✐s ♥♦t ❞❡☞♥❡❞ ✐♥ t❤❡ ✐♥✐t✐❛❧ ❝✉st♦♠❡r st❛t❡✮ ♦r ❡q✉❛❧ t♦ ♦♥❡ ❛s ✐♥ ▼❈ ♠♦❞❡❧s✳

✺✹



❼ ❘❡✇❛r❞ ❢✉♥❝t✐♦♥✿ ❚❤❡ r❡✇❛r❞ ❢✉♥❝t✐♦♥ s♣❡❝✐☞❡s r❡✇❛r❞s ❢♦r ❜❡✐♥❣ ✐♥ ❛ st❛t❡ s✱ t❛❦✐♥❣

❛♥ ❛❝t✐♦♥ a ❛♥❞ r❡s✉❧t✐♥❣ ✐♥ ❛ st❛t❡ s′✱ t❤❡r❡❢♦r❡ R : S×A×S → R✳ ❚❤❡ r❡✇❛r❞ ❞❡♣❡♥✲

❞❡♥t ♦♥ t❤❡ ✐♥✐t✐❛❧ ❛♥❞ ❡♥❞✐♥❣ st❛t❡✱ ❛♥❞ ❛♥ ❛❝t✐♦♥ t❛❦❡♥ r(s, a, s′) ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞

✐♥t♦ ❛ r❡✇❛r❞ ❞❡♣❡♥❞✐♥❣ s♦❧❡❧② ♦♥ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ❛♥❞ ❛♥ ❛❝t✐♦♥ r(s, a) ✇✐t❤ ❢♦❧❧♦✇✐♥❣

❡q✉❛t✐♦♥ ❛s ❞✐s❝✉ss❡❞ ✐♥ ✭❚✐r❡♥♥✐✱ ✷✵✵✺✮✳

r(s, a) =
∑

s′∈S

p(s′|s, a)× r(s, s′)− c(a) ✭✹✳✻✮

❲❤❡r❡ p(s′|s, a) st❛♥❞s ❢♦r t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ❛♥❞ C(a) ❢♦r ❛❝t✐♦♥ ❝♦sts✳ ❚❤❡

r❡✇❛r❞ ❢✉♥❝t✐♦♥ ✐s t❤❡♥ r❡♣r❡s❡♥t❡❞ ❜② ❛ ♠❛tr✐① ♦❢ s✐③❡ N ×K✱ ✐✳❡✳ ❞❡☞♥✐♥❣ ❛ r❡✇❛r❞

❢♦r ❡✈❡r② s✐♥❣❧❡ ❝✉st♦♠❡r st❛t❡ ❛♥❞ ❡✈❡r② ♣♦ss✐❜❧❡ ❛❝t✐♦♥✳ ❚❤❡ r❡✇❛r❞ ✐s ❛ ❝r✉❝✐❛❧ ♣❛rt

♦❢ ▼❉P ♠♦❞❡❧s ❛s ✐t ✐♠♣❧✐❝✐t❧② s♣❡❝✐☞❡s t❤❡ ❣♦❛❧ ♦❢ ❧❡❛r♥✐♥❣ ✭✈❛♥ ❖tt❡r❧♦ ✫ ❲✐❡r✐♥❣✱

✷✵✶✷✮✳

❼ ❉❡❝✐s✐♦♥ ❡♣♦❝❤✿ ❊❛❝❤ t✐♠❡ ♣❡r✐♦❞ ✐s ❝❛❧❧❡❞ ❛ ❞❡❝✐s✐♦♥ ❡♣♦❝❤ ❛s t❤❡ t❡r♠ r❡❢❡rs t♦ t❤❡

❞②♥❛♠✐❝ ❝❤❛r❛❝t❡r ♦❢ t❤❡ ▼❉P ♠♦❞❡❧✳ ■♥ ❡✈❡r② ❞❡❝✐s✐♦♥ ❡♣♦❝❤ {t0, . . . , tn} ❛ ❞❡❝✐s✐♦♥✱

✇❤✐❝❤ ❛❝t✐♦♥ t♦ ♣❡r❢♦r♠ ✇✐t❤ r❡s♣❡❝t t♦ ❛ st❛t❡✱ ♠✉st ❜❡ ❞♦♥❡✳

▼❛r❦♦✈ ❉❡❝✐s✐♦♥ Pr♦❝❡ss ♣r♦♣❡rt✐❡s

❼ P♦❧✐❝②✿ ❆ ♣♦❧✐❝② π ✐s ❛ ❢✉♥❝t✐♦♥ t❤❛t ❞❡☞♥❡s ❢♦r ❛ ❣✐✈❡♥ ▼❉P 〈S,A, P,R〉 ❢♦r ❡❛❝❤

s ∈ S ❛♥ ❛❝t✐♦♥ a ∈ A✱ ✐✳❡✳ π : S → A ✭✈❛♥ ❖tt❡r❧♦ ✫ ❲✐❡r✐♥❣✱ ✷✵✶✷✮✳ ❚❤❡r❡❢♦r❡ t❤❡

♣♦❧✐❝② ✐s ❛♥ N ✲s✐③❡ ✈❡❝t♦r ♦❢ ❛❝t✐♦♥ a r❡❢❡r❡♥❝❡s✿ π = {π1, . . . πN}✳ ❚❤❡ ❛✐♠ ♦❢ ▼❉P

❛❧❣♦r✐t❤♠s ✐s t♦ ❝♦♠♣✉t❡ ❛♥ ♦♣t✐♠❛❧ ♣♦❧✐❝② π∗ ✇❤✐❝❤ ♠❛①✐♠✐③❡s ❛ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✳

❼ ❱❛❧✉❡ ❢✉♥❝t✐♦♥✿ ❆ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✐♥❞✐❝❛t❡s ❤♦✇ ❣♦♦❞✱ ✐✳❡✳ ✐♥ t❡r♠s ♦❢ t❤❡ ❡①♣❡❝t❡❞

r❡t✉r♥✱ ✐t ✐s t♦ ❜❡ ✐♥ ❛ ❝❡rt❛✐♥ st❛t❡✱ ♦r t♦ ♣❡r❢♦r♠ ❛ ❝❡rt❛✐♥ ❛❝t✐♦♥ ✐♥ ❛ s♣❡❝✐☞❡❞ st❛t❡✳

❚❤❡ ✈❛❧✉❡ ♦❢ ❛ st❛t❡ s ✉♥❞❡r ♣♦❧✐❝② π✱ ❞❡♥♦t❡❞ V π(s) ✐s t❤❡ ❡①♣❡❝t❡❞ r❡t✉r♥ ✇❤❡♥

st❛rt✐♥❣ ✐♥ st❛t❡ s ❛♥❞ ❢♦❧❧♦✇✐♥❣ ♣♦❧✐❝② π t❤❡r❡❛❢t❡r ✭✈❛♥ ❖tt❡r❧♦ ✫ ❲✐❡r✐♥❣✱ ✷✵✶✷✮✳ ❆♥

❡q✉❛t✐♦♥ ✹✳✼ ❡①♣r❡ss❡s ❛ ❞✐s❝♦✉♥t❡❞ ✐♥☞♥✐t❡✲❤♦r✐③♦♥ ✈❛❧✉❡ ❝❛❧❝✉❧❛t✐♦♥✳

V π(s) = Eπ

{

∑∞
k=0 γ

k × rt+k | st = s
}

✭✹✳✼✮

✺✺



❲❤❡r❡ γ r❡♣r❡s❡♥ts t❤❡ ❞✐s❝♦✉♥t ❢❛❝t♦r✳

❼ ❙t❛t❡✲❛❝t✐♦♥ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✿ ❙♦♠❡ ♦❢ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❝♦♥s✐❞❡r t❤❡ st❛t❡✲

❛❝t✐♦♥ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ Q : S × A → R✱ ❞❡☞♥❡❞ s✐♠✐❧❛r❧② t♦ st❛t❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V π(s)

❛s✿

Qπ(s, a) = Eπ

{

∑∞
k=0 γ

k × rt+k | st = s, at = a
}

✭✹✳✽✮

❼ ❇❡❧❧♠❛♥ ❡q✉❛t✐♦♥✿ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ r❡❝✉rs✐✈❡ ♣r♦♣❡rt② t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❝❛❧❝✉❧❛✲

t✐♦♥ ❞❡☞♥❡❞ ✭❇❡❧❧♠❛♥✱ ✶✾✺✼✮ ❛s✿

V π(s) =
∑

s′

P (s, a, s′)×
(

R(s, a, s′) + γV π(s′)
)

✭✹✳✾✮

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❇❡❧❧♠❛♥ ❡q✉❛t✐♦♥ ❞❡☞♥❡s ❛♥ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ ❛ st❛t❡ ❛s t❤❡ ✐♠✲

♠❡❞✐❛t❡ r❡✇❛r❞ ❛♥❞ ✈❛❧✉❡s ♦❢ ♣♦ss✐❜❧❡ ♥❡①t st❛t❡s ✇❡✐❣❤t❡❞ ❜② t❤❡✐r tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s✱

❞✐s❝♦✉♥t❡❞ ❜② t❤❡ ❞✐s❝♦✉♥t ❢❛❝t♦r γ✳ ▼✉❧t✐♣❧❡ ♣♦❧✐❝✐❡s ♠❛② ❡♥❞ ✉♣ ✇✐t❤ t❤❡ s❛♠❡ ✈❛❧✉❡

❢✉♥❝t✐♦♥✱ ❜✉t ❢♦r ❛ ❣✐✈❡♥ ♣♦❧✐❝② π✱ t❤❡ V π ✐s ✉♥✐q✉❡✳

❚❤❡ ❛✐♠ ♦❢ ▼❉P ❛❧❣♦r✐t❤♠s ✐s t♦ ☞♥❞ t❤❡ ♦♣t✐♠❛❧ ♣♦❧✐❝②✱ ✐✳❡✳ t❤❡ ♣♦❧✐❝② t❤❛t ♠❛①✐♠✐③❡s

❛♥ ♦❜t❛✐♥❡❞ r❡✇❛r❞✳ ❚❤❡ ❜❡st ♣♦❧✐❝② t❤❡♥ ♠❛①✐♠✐③❡s t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❞❡☞♥❡❞ ✐♥ ❡q✉❛t✐♦♥

✹✳✼ ❢♦r ❛❧❧ st❛t❡s s ∈ S✳ ❆♥ ♦♣t✐♠❛❧ ♣♦❧✐❝② π∗✱ ✐s s✉❝❤ t❤❛t V pi∗(s) ≥ V π(s) ❢♦r ❛❧❧ s ∈ S ❛♥❞

❛❧❧ ♣♦❧✐❝✐❡s π✳ ❊q✉❛t✐♦♥ ✹✳✶✵ ❞❡s❝r✐❜❡s t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ ♦♣t✐♠❛❧ ♣♦❧✐❝②✳

V ∗(s) = max
a∈A

∑

s′∈S

P (s, a, s′)
(

R(s, a, s′) + γV π(s′)
)

✭✹✳✶✵✮

▼❛r❦♦✈ ❉❡❝✐s✐♦♥ Pr♦❝❡ss ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠s

❆❧❣♦r✐t❤♠s ✉s❡❞ ❢♦r ▼❉P ♦♣t✐♠✐③❛t✐♦♥ ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ♠❛✐♥ ❝❧❛ss❡s✿ ✭✶✮

❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ✭❉P✮ ❛❧❣♦r✐t❤♠s ❛♥❞ ✭✷✮ ❘❡✐♥❢♦r❝❡♠❡♥t ▲❡❛r♥✐♥❣ ✭❘▲✮ ❛❧❣♦r✐t❤♠s✳

❲❤❡r❡❛s ❉P ❛❧❣♦r✐t❤♠s ❝❛♥ ❝♦♠♣✉t❡ ♦♣t✐♠❛❧ ♣♦❧✐❝✐❡s ♦♥❧② ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ♣❡r❢❡❝t ♠♦❞❡❧

♦❢ t❤❡ ❡♥✈✐r♦♥♠❡♥t✱ ❘▲ ❛❧❣♦r✐t❤♠s ♠❛② ❞❡❛❧ ✇✐t❤ s♦♠❡ ❧❡✈❡❧ ♦❢ ✉♥❝❡rt❛✐♥t②✳ ■♥ ♠❛♥② ❛♣♣❧✐❝❛✲

t✐♦♥s ✐t ✐s ❤❛r❞ t♦ ❡♥s✉r❡ t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ ❛ ♣❡r❢❡❝t ♠♦❞❡❧✱ t❤❡r❡❢♦r❡ t❤❡ ❉P ♠♦❞❡❧s ❤✐t t❤❡✐r

❧✐♠✐ts✳ ❍♦✇❡✈❡r✱ ❢r♦♠ t❤❡♦r❡t✐❝❛❧ ✈✐❡✇♣♦✐♥t✱ ❉P ❛❧❣♦r✐t❤♠s s❡t ❢✉♥❞❛♠❡♥t❛❧ ❝♦♠♣✉t❛t✐♦♥❛❧

♠❡❝❤❛♥✐s♠s ✇❤✐❝❤ ❛r❡ t❤❡♥ ❢✉rt❤❡r ✉s❡❞ ✐♥ ❘▲ ♠♦❞❡❧s ✭✈❛♥ ❖tt❡r❧♦ ✫ ❲✐❡r✐♥❣✱ ✷✵✶✷✮✳

✺✻



❆ ❤ ❡ ▼ ❉ ♠ ♦ ❞ ❡❧ ✐ ♥ ❡ ♠ ♦❢ ❈ ▲ ❱ ♦ ♣ ✐ ♠✐ ③ ❛ ✐ ♦ ♥ ❝ ❛ ♥ ❜ ❡ ❡ ❣ ❛ ❞ ❡ ❞ ❛ ❛ ♣ ❡ ❢ ❡ ❝ ♠ ♦ ❞ ❡❧ ✭ ❛❧❧

❤ ❡ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ④ ❛ ❡ ✱ ❛ ❝ ✐ ♦ ♥ ✱ ❛ ♥ ✐ ✐ ♦ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥✱ ❛ ♥ ❞ ☞ ♥ ❛❧❧ ② ❡ ✇ ❛ ❞ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ❡ ❦ ♥ ♦ ✇ ♥✮✱

❜ ♦ ❤ ❦ ❡ ② ❉ ❛❧ ❣ ♦ ✐ ❤ ♠ ✱ ♥ ❛ ♠ ❡❧ ② ♦❧✐ ❝ ② ✐ ❡ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❱ ❛❧ ✉ ❡ ✐ ❡ ❛ ✐ ♦ ♥ ✇✐❧❧ ❜ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞✳ ❆

❛ ❜ ❡ ♥ ❝ ❤ ♠ ❛ ❦ ❘ ▲ ❛❧ ❣ ♦ ✐ ❤ ♠ ◗✲ ▲ ❡ ❛ ♥✐ ♥ ❣✱ ✇ ❤✐ ❝ ❤ ✐ ❛ ✈ ❛✐❧ ❛ ❜❧ ❡ ✐ ♥ ♠ ✉❧ ✐ ♣❧ ❡ ▼ ❉ ❧✐ ❜ ❛ ✐ ❡ ✱ ✐

❞✐ ❝ ✉ ❡ ❞ ✶ ✳

❼ ♦❧✐ ❝ ② ■ ❡ ❛ ✐ ♦ ♥✿ ♦❧✐ ❝ ② ✐ ❡ ❛ ✐ ♦ ♥ ❛❧ ❣ ♦ ✐ ❤ ♠ ♣ ♦ ♣ ♦ ❡ ❞ ❜ ② ✭ ❍ ♦ ✇ ❛ ❞✱ ✶ ✾ ✻ ✵✮ ❝ ♦ ♥ ✐ ♦❢

✇ ♦ ✐ ♥ ❡ ❛ ❝ ✐ ♦ ♥ ♣ ♦ ❝ ❡ ❡ ❛ ❤ ♦ ✇ ♥ ✐ ♥ ☞ ❣ ✉ ❡ ✹✳ ✺✳ ❋✐ ❧ ②✱ ♣ ♦❧✐ ❝ ② ❡ ✈ ❛❧ ✉ ❛ ✐ ♦ ♥ ❡ ♣ ❡ ✐ ♠ ❛ ❡

❤ ❡ ✈ ❛❧ ✉ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✭ ✉ ✐❧✐ ②✮ ♦❢ ❤ ❡ ❝ ✉ ❡ ♥ ♣ ♦❧✐ ❝ ② π ✳ ❙ ❡ ❝ ♦ ♥ ❞❧ ②✱ ❤ ❡ ♣ ♦❧✐ ❝ ② ✐ ♠ ♣ ♦ ✈ ❡ ♠ ❡ ♥

π V

e v al u ati o n

i m pr o v e m e nt

V → V
π

π → gr e e d y (V )

*Vπ *

st arti n g
V  π

V = V π

π = g r e e d y ( V )

V *

π *

♣ ❤ ❛ ❡ ❝ ♦ ♠ ♣ ✉ ❡ ❛ ♥ ✐ ♠ ♣ ♦ ✈ ❡ ❞ ♣ ♦❧✐ ❝ ② ❜ ② ♠ ❛ ①✐ ♠✐ ③ ❛ ✐ ♦ ♥ ♦ ✈ ❡ ❤ ❡ ✈ ❛❧ ✉ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥✳ ❚ ❤ ❡

✐ ♠ ♣ ♦ ✈ ❡ ❞ ♣ ♦❧✐ ❝ ② ✐ ❝ ♦ ♠ ♣ ✉ ❡ ❞ ❣ ❡ ❡ ❞✐❧ ② ❜ ② ❡❧ ❡ ❝ ✐ ♥ ❣ ❤ ❡ ❜ ❡ ❛ ❝ ✐ ♦ ♥ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡

✈ ❛❧ ✉ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥✳ ❙ ♦ ♣ ♣✐ ♥ ❣ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✐ ♠ ❡ ✇ ❤ ❡ ♥ ❤ ❡ ♣ ♦ ❝ ❡ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♦ ❛ ♥ ♦ ♣ ✐ ♠ ❛❧

♣ ♦❧✐ ❝ ②✳

❋✐ ❣ ✉ ❡ ✹✳ ✺✿ ❚ ❤ ❡ ❣ ❛ ❞ ✉ ❛❧ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ♦❢ ❜ ♦ ❤ ❤ ❡ ✈ ❛❧ ✉ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ❡ ♣ ♦❧✐ ❝ ② ♦ ♦ ♣ ✐ ♠ ❛❧

✈ ❡ ✐ ♦ ♥ ✱ ❙ ♦ ✉ ❝ ❡✿ ✭ ✈ ❛ ♥ ❖ ❡ ❧ ♦ ✫ ❲✐ ❡ ✐ ♥ ❣✱ ✷ ✵ ✶ ✷✮

✶ ❆ ❝ ♦ ♠ ♣ ❡ ❤ ❡ ♥ ✐ ✈ ❡ ♦ ✈ ❡ ✈✐ ❡ ✇ ♦❢ ▼ ❉ ❛❧ ❣ ♦ ✐ ❤ ♠ ❝ ❛ ♥ ❜ ❡ ❢ ♦ ✉ ♥ ❞ ✐ ♥ ✭ ✈ ❛ ♥ ❖ ❡ ❧ ♦ ✫ ❲✐ ❡ ✐ ♥ ❣✱ ✷ ✵ ✶ ✷✮✳

✺ ✼



Require: V (s) ∈ R and π(s) ∈ A(s) arbitrarily for all s ∈ S

{POLICY EVALUATION}
repeat

∆ := 0

for each s ∈ S do

v :=V
π (s)

V (s) := ∑s′ T (s,π(s),s′)

(

R(s,π(s),s′)+ γV (s′)

)

∆ := max(∆ , |v−V (s)|)
until ∆ < σ

{POLICY IMPROVEMENT}
policy-stable := true

for each s ∈ S do

b := π(s)

π(s) := argmaxa ∑s′ T (s,a,s′)

(

R(s,a,s′)+ γ ·V (s′)

)

if b 6= π(s) then policy-stable := false

if policy-stable then stop; else go to POLICY EVALUATION

❆❧❣♦r✐t❤♠ ✶✿ P♦❧✐❝② ■t❡r❛t✐♦♥✱ ❙♦✉r❝❡✿ ✭✈❛♥ ❖tt❡r❧♦ ✫ ❲✐❡r✐♥❣✱ ✷✵✶✷✮

❼ ❱❛❧✉❡ ■t❡r❛t✐♦♥✿ ❲❤✐❧❡ P♦❧✐❝② ■t❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❝♦♠♣❧❡t❡❧② s❡♣❛r❛t❡s ♣♦❧✐❝② ❡✈❛❧✉✲

❛t✐♦♥ ❛♥❞ ♣♦❧✐❝② ✐♠♣r♦✈❡♠❡♥t ♣❤❛s❡s✱ t❤❡ ✈❛❧✉❡ ✐t❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❞♦❡s ♥♦t ✇❛✐t ❢♦r ❛

❢✉❧❧ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ❡✈❛❧✉❛t❡s t❤❡ ♣♦❧✐❝② ❥✉st ❛❢t❡r ♦♥❡ ✐t❡r❛t✐♦♥ ❛♥❞ ✐♠♣r♦✈❡s t❤❡ ♣♦❧✲

✐❝② ❜❛s❡❞ ♦♥ t❤❡ ❡✈❛❧✉❛t✐♦♥ s♦ ❢❛r✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ✇❛s ♦r✐❣✐♥❛❧❧② ♣r♦♣♦s❡❞ ❜② ✭❇❡❧❧♠❛♥✱

✶✾✺✼✮✱ t❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ✐s t♦ ♠❛①✐♠✐③❡ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V ∗ ✉s✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ✹✳✾✳

Require: initialize V arbitrarily (e.g. V (s) := 0,∀s ∈ S)

repeat

∆ := 0

for each s ∈ S do

v :=V (s)
for each a ∈ A(s) do

Q(s,a) := ∑s′ T (s,a,s′)

(

R(s,a,s′)+ γV (s′)

)

V (s) := maxa Q(s,a)
∆ := max(∆ , |v−V (s)|)

until ∆ < σ

❆❧❣♦r✐t❤♠ ✷✿ ❱❛❧✉❡ ■t❡r❛t✐♦♥✱ ❙♦✉r❝❡✿ ✭✈❛♥ ❖tt❡r❧♦ ✫ ❲✐❡r✐♥❣✱ ✷✵✶✷✮

❼ ◗✲▲❡❛r♥✐♥❣✿ ❚❤❡ ◗✲▲❡❛r♥✐♥❣ ❛❧❣♦r✐t❤♠ ❜❡❧♦♥❣s t♦ ❢❛♠✐❧② ♦❢ ❘▲ ❛❧❣♦r✐t❤♠s✳ ❚❤❡ ❜❛s✐❝

✐❞❡❛ ✐♥ ◗✲❧❡❛r♥✐♥❣ ✐s t♦ ❡st✐♠❛t❡ ◗✲✈❛❧✉❡ ✭st❛t❡✲❛❝t✐♦♥ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✮ ❜② ❡①♣❧♦r✐♥❣

t❤❡ st❛t❡ s♣❛❝❡✱ ✇❤✐❧❡ ❝❤♦♦s✐♥❣ ❞✐☛❡r❡♥t ❛❝t✐♦♥s ❛♥❞ ❣❡tt✐♥❣ ❢❡❡❞❜❛❝❦ ✭r❡✇❛r❞✮✳ ❚❤❡

❛❧❣♦r✐t❤♠ s❛✈❡s ♦❜t❛✐♥❡❞ ◗✲✈❛❧✉❡s ❛♥❞ s❡❧❡❝ts t❤❡ ♠❛①✐♠❛❧ ◗✲✈❛❧✉❡ ✐♥ ♦r❞❡r t♦ ✉♣❞❛t❡

✺✽



Qt ✐♥t♦ Qt+1✳ ❚❤❡ t❡r♠✐♥❛t✐♥❣ ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ ❡✐t❤❡r ❡♥❞✐♥❣ ✐♥ t❤❡ ❞❡s✐r❡❞ st❛t❡ ♦r

♣❛ss✐♥❣ ❛ ❝❡rt❛✐♥ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✳

Require: discount factor γ , learning parameter α

initialize Q arbitrarily (e.g. Q(s,a) = 0,∀s ∈ S,∀a ∈ A )

for each episode do

s is initialized as the starting state

repeat

choose an action a ∈ A(s) based on an exploration strategy

perform action a

observe the new state s′ and received reward r

Q(s,a) := Q(s,a)+α

(

r+ γ ·maxa′∈A(s′) Q(s′,a′)−Q(s,a)

)

s := s′

until s′ is a goal state

❆❧❣♦r✐t❤♠ ✸✿ ◗✲▲❡❛r♥✐♥❣✱ ❙♦✉r❝❡✿ ✭✈❛♥ ❖tt❡r❧♦ ✫ ❲✐❡r✐♥❣✱ ✷✵✶✷✮

❙✉♠♠❛r②

❚❤❡ ♣r♦♣♦s❡❞ ▼❛r❦♦✈ ❈❤❛✐♥ ♠♦❞❡❧ ❝❛♣t✉r❡s ❝✉st♦♠❡r ❞②♥❛♠✐❝s ❛♥❞ ❝❛❧❝✉❧❛t❡s ❈▲❱

❜❛s❡❞ ♦♥ t❤❡ ❝✉st♦♠❡r✬s ❜❡❤❛✈✐♦r✳ ❚❤❡ ♠♦❞❡❧ ✐s ♣❛rt✐❝✉❧❛r❧② ✉s❡❢✉❧ ✐♥ ✐♥❞✉str✐❡s ✇✐t❤ ❛ s♦❧✐❞

❞❛t❛ ❜❛❝❦❣r♦✉♥❞ s✉❝❤ ❛s ❜❛♥❦✐♥❣ ♦r t❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s❡❣♠❡♥ts ♦❢

❡❝♦♥♦♠② ✇❤❡r❡ t❤❡ ❝✉st♦♠❡r✬s ❤✐st♦r② ✐s ✉♥❦♥♦✇♥ s❤♦✉❧❞ ✉s❡ ❘❋▼✱ ❘❡❣r❡ss✐♦♥ ♦r ❇❛②❡s✐❛♥

❛♣♣r♦❛❝❤✲❜❛s❡❞ ♠♦❞❡❧s ✇❤✐❝❤ s❤♦✇❡❞ ♦❢ ❛ ❣r❡❛t ♣❡r❢♦r♠❛♥❝❡ t❤r♦✉❣❤♦✉t r❡s❡❛r❝❤❡s✳

▼❛r❦♦✈ ❞❡❝✐s✐♦♥ ♣r♦❝❡ss r❡♣r❡s❡♥ts ❛ ❤✐❣❤❡r ❣r❛❞❡ ♦❢ ❈▲❱ ♠♦❞❡❧✐♥❣ ❛s ✐t ❡st✐♠❛t❡s

❛♥ ♦♣t✐♠❛❧ ♠❛r❦❡t✐♥❣ str❛t❡❣②✳ ❲❤✐❧❡ ❜❡✐♥❣ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ▼❈ ♠♦❞❡❧✱ ❞✐r❡❝t ✐♠♣❛❝t

♦♥ t❤❡ ♠❛r❦❡t✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ❝❛♥ ❜❡ ♠❡❛s✉r❡❞✳ ❋r♦♠ t❤❡ ❜✉s✐♥❡ss ♣❡rs♣❡❝t✐✈❡ ▼❉P ♠♦❞❡❧

❝♦♠♣❧❡t❡❧② ❝❤❛♥❣❡s t❤❡ ✇❛② ❤♦✇ ♠❛r❦❡t✐♥❣ str❛t❡❣② ✐s ❝r❡❛t❡❞✳ ❚✉r♥✐♥❣ ❢♦❝✉s ❢r♦♠ s❤♦rt✲t❡r♠

♦♣t✐♠✐③❛t✐♦♥ ✭❡✳❣✳ ♣r♦☞t ♦r✐❡♥t❡❞✮ t♦ ❝✉st♦♠❡r ❝❡♥tr✐❝✱ ❈▲❱ ❜❛s❡❞ ♠♦❞❡❧ ✇✐t❤ ❛♣♣r♦♣r✐❛t❡

t❛r❣❡t✐♥❣✳

✺✾



❈❤❛♣t❡r ✺

■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ▼❛r❦♦✈ ❞❡❝✐s✐♦♥

♣r♦❝❡ss ❢♦r ❈▲❱ ♦♣t✐♠✐③❛t✐♦♥

❚❤✐s ❝❤❛♣t❡r ♣r♦✈✐❞❡s ❣✉✐❞❛♥❝❡ ❤♦✇ t♦ ♠♦❞❡❧ ❈▲❱ ✉s✐♥❣ ▼❛r❦♦✈ ❈❤❛✐♥✳ ❇❛s❡❞ ♦♥

t❤❡ ♣r♦♣♦s❡❞ ▼❛r❦♦✈ ❝❤❛✐♥ ♠♦❞❡❧✱ t❤❡ ▼❛r❦♦✈ ❉❡❝✐s✐♦♥ Pr♦❝❡ss✱ ✇❤✐❝❤ ♦♣t✐♠✐③❡s ♠❛r❦❡t✐♥❣

❝❛♠♣❛✐❣♥s r❡❣❛r❞✐♥❣ ❈▲❱ ❛♥❞ ❝✉st♦♠❡r ❞②♥❛♠✐❝s✱ ✐s ❞❡s✐❣♥❡❞✳

❋r♦♠ t❤❡ t❡❝❤♥♦❧♦❣② ♣❡rs♣❡❝t✐✈❡ ❛❧❧ t❤❡ ♠❡t❤♦❞♦❧♦❣② st❡♣s ❝❛♥ ❜❡ r❡♣r♦❞✉❝❡❞ ✐♥ ✈❛r✲

✐♦✉s r❡❧❛t✐♦♥❛❧ ❞❛t❛❜❛s❡ ♠❛♥❛❣❡♠❡♥t s②st❡♠s ✐♥ ❝♦♦♣❡r❛t✐♦♥ ✇✐t❤ st❛t✐st✐❝❛❧ s♦❢t✇❛r❡ ❡✳❣✳

❙❆❙✱ ❙P❙❙✱ ❘❛♣✐❞▼✐♥❡r✳ ❍♦✇❡✈❡r✱ ❛s ❧❛r❣❡ ❞❛t❛ ✈♦❧✉♠❡s ❛r❡ ❜❡✐♥❣ ♣r♦❝❡ss❡❞ ✭♠✐❧❧✐♦♥s ♦❢

❝✉st♦♠❡rs ♠❛❦✐♥❣ t❤♦✉s❛♥❞s ♦❢ tr❛♥s❛❝t✐♦♥s r❡s✉❧t ✐♥ ❜✐❧❧✐♦♥s ♦❢ ❞❛t❛ r❡❝♦r❞s✮✱ ✐t ✐s s✉❣❣❡st❡❞

t♦ ✉s❡ ❞✐str✐❜✉t❡❞ ❞❛t❛ st♦r❛❣❡ ❛♥❞ ♣r♦❝❡ss✐♥❣ ❝♦♠♣♦♥❡♥ts ✇❤✐❝❤ s♣❧✐t t❤❡ ✇♦r❦❧♦❛❞ t♦ ♠✉❧✲

t✐♣❧❡ ♥♦❞❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡② ❝❛♥ ♣r♦✈✐❞❡ r❡s✉❧ts ❢❛st❡r ❛♥❞ t❤❡✐r s❝❛❧❛❜✐❧✐t②✱ ✐❢ ♥❡❡❞❡❞✱ ✐s

❣r❡❛t❡r✳ ❆♣❛❝❤❡ ❍❛❞♦♦♣ ✶ ❛♥❞ ❆♣❛❝❤❡ ❙♣❛r❦✷ ✇❡r❡ s❡❧❡❝t❡❞ ❢♦r t❤❡✐r ❝❛♣❛❜✐❧✐t② ♥♦t ♦♥❧②

❤❛♥❞❧❡ ❞✐str✐❜✉t❡❞ ❞❛t❛ ♣r♦❝❡ss✐♥❣✱ ❜✉t ❢♦r t❤❡ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ❧✐❜r❛r✐❡s ❛❧r❡❛❞② ✐♥❝❧✉❞❡❞

✐♥ t❤❡ ❆♣❛❝❤❡ ❙♣❛r❦ ❡♥❣✐♥❡ ❛♥❞ t❤❡✐r ❝❧♦s❡ ✐♥t❡❣r❛t✐♦♥✳ ❚❤✉s✱ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ tr❛♥s❢❡r

❞❛t❛ ❢r♦♠ ♦♥❡ ❡♥✈✐r♦♥♠❡♥t t♦ ❛♥♦t❤❡r✱ ✇❤✐❝❤ ❛❧s♦ s✐❣♥✐☞❝❛♥t❧② ✐♠♣r♦✈❡s ❡✐t❤❡r t❤❡ s♣❡❡❞ ♦r

✈♦❧✉♠❡ ♦❢ ❞❛t❛ ♣♦ss✐❜❧❡ t♦ ♣r♦❝❡ss✳ ❋✉rt❤❡r♠♦r❡✱ ❛s ♦❢ ♥♦✇ ❆♣❛❝❤❡ ❙♣❛r❦ ✭✷✳✸✳✵✮ ✐♠♣❧❡♠❡♥ts

❆P■s t♦ ✹ ❞✐☛❡r❡♥t ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡s✱ ♥❛♠❡❧②✿ ❙❝❛❧❛✱ ❏❛✈❛✱ P②t❤♦♥ ❛♥❞ ❘✳ ❉❡♣❧♦②♠❡♥t

✶▼♦r❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❆♣❛❝❤❡ ❍❛❞♦♦♣ ❝❛♥ ❜❡ ❢♦✉♥❞ ❛t✿ ❤tt♣✿✴✴❤❛❞♦♦♣✳❛♣❛❝❤❡✳♦r❣
✷❉❡t❛✐❧s ❛❜♦✉t ❆♣❛❝❤❡ ❙♣❛r❦ ❛r❡ ❛✈❛✐❧❛❜❧❡ ❛t✿ ❤tt♣s✿✴✴s♣❛r❦✳❛♣❛❝❤❡✳♦r❣✴
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♦❢ t❤❡ ♣r♦♣♦s❡❞ s♦❧✉t✐♦♥ ✐♥ t❤❡ ❝✉rr❡♥t ❡♥t❡r♣r✐s❡ ❡♥✈✐r♦♥♠❡♥t ✐s ❤❡♥❝❡ s✐♠♣❧✐☞❡❞✳

❚❤❡ ♣r♦♣♦s❡❞ ❝♦♠♣♦♥❡♥t ❛r❝❤✐t❡❝t✉r❡ ✐s s❤♦✇♥ ✐♥ t❤❡ ☞❣✉r❡ ✺✳✶✳ ❉❛t❛ ✉♥✐☞❝❛t✐♦♥

❛♥❞ ❝❛♠♣❛✐❣♥ ♣r✐♦r✐t✐③❛t✐♦♥ ❝♦♠♣♦♥❡♥ts ❛r❡ ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♠❡t❤♦❞♦❧♦❣② ❢♦r t❤❡✐r ❤✐❣❤

❞❡♣❡♥❞❡♥❝② ♦♥ t❤❡ t❛r❣❡t ❡♥✈✐r♦♥♠❡♥t✳

Distributed data storage

Data sources

Data 
unification

Transition & Reward 
functions

MC model

Micro
segmentation

Actions 

definition
Transition & Reward 

functions

MDP model 

Campaign 
prioritization

Campaign execution

CLV modeling CLV optimization

❋✐❣✉r❡ ✺✳✶✿ ❈▲❱ ♦♣t✐♠✐③❛t✐♦♥ ♣✐♣❡❧✐♥❡✱ t❡❝❤♥♦❧♦❣② ❛♥❞ ❝♦♠♣♦♥❡♥t ♦✈❡r✈✐❡✇✱ ❙♦✉r❝❡✿ ❆✉t❤♦r

✺✳✶ ❈▲❱ ♠♦❞❡❧✐♥❣

❱❛r✐♦✉s ❈▲❱ ♣r❡❞✐❝t✐♥❣ ❛❧❣♦r✐t❤♠s ✇❡r❡ ♠❡♥t✐♦♥❡❞ ✐♥ ❝❤❛♣t❡rs ✷ ✫ ✹✱ ❢r♦♠ ✇❤✐❝❤

▼❛r❦♦✈ ❈❤❛✐♥ ♠♦❞❡❧ ✐s t❤❡ ♠♦st s✉✐t❛❜❧❡ ❢♦r t❤❡ ♣✉r♣♦s❡ ♦❢ ❈▲❱ ♦♣t✐♠✐③❛t✐♦♥✳ ❚✇♦ ♠❛✐♥

r❡❛s♦♥s ❝❛♥ ❜❡ ✐❞❡♥t✐☞❡❞✿ ✭✶✮ ✐♥ ❡♥✈✐r♦♥♠❡♥ts ✇✐t❤ ❛ r✐❝❤ ❞❛t❛ ❜❛❝❦❣r♦✉♥❞✱ ▼❛r❦♦✈ ❈❤❛✐♥

♠♦❞❡❧ ♣❡r❢♦r♠s ✈❡r② ✇❡❧❧✱ ✭✷✮ ❝♦♥s✐st❡♥t ❝✉st♦♠❡r st❛t❡ ❞❡☞♥✐t✐♦♥ ❛♠♦♥❣ t❤❡ ❈▲❱ ❡st✐♠❛t✐♦♥

❛♥❞ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❞✐♠✐♥✐s❤❡s t❤❡ r✐s❦ ♦❢ ♣♦t❡♥t✐❛❧ ❡rr♦rs ❛♥❞ ❡♥❤❛♥❝❡s t❤❡ ♦✈❡r❛❧❧

✉♥❞❡rst❛♥❞❛❜✐❧✐t② ♦❢ ❛ ✇❤♦❧❡ s♦❧✉t✐♦♥✳ ❋✐♥❛❧❧②✱ ❛ ❝❧❡❛r ❣r❛♣❤✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♠♦❞❡❧

♦✉t♣✉ts✱ ✈✐s✉❛❧✐③❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✱ ❛❞❞s ▼❛r❦♦✈ ❈❤❛✐♥ ♠♦❞❡❧ t❤❡ ❞❡s✐r❡❞ ❝r❡❞✐❜✐❧✐t② ❢r♦♠

❜✉s✐♥❡ss ♣❡rs♣❡❝t✐✈❡✳

✺✳✶✳✶ ▼✐❝r♦s❡❣♠❡♥t❛t✐♦♥

❈❧✉st❡r✐♥❣ t❤❡ ❝✉st♦♠❡r ❜❛s❡ ✐♥t♦ s✉✍❝✐❡♥t❧② s♠❛❧❧✱ ✐♥t❡r♥❛❧❧② ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ❡①✲

t❡r♥❛❧❧② ❤❡t❡r♦❣❡♥♦✉s ❭♠✐❝r♦s❡❣♠❡♥ts✧ ✐s t❤❡ ♠♦st ❝❤❛❧❧❡♥❣✐♥❣ ♣❛rt ♦❢ t❤❡ ▼❛r❦♦✈ ❈❤❛✐♥
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♠♦❞❡❧ ❜✉✐❧❞✐♥❣ ♣r♦❝❡ss✳ ❆s ♣r♦♣♦s❡❞ ❜② ✭❈❤❡♥❣ ❡t ❛❧✳✱ ✷✵✶✷✮✱ t❤❡ ♠✐❝r♦s❡❣♠❡♥t❛t✐♦♥ ❢r❛♠❡✲

✇♦r❦ s❤♦✉❧❞ ❜❡ ❜❛s❡❞ ♦♥ t❤r❡❡ ♠❛✐♥ ♣✐❧❧❛rs✿ ✭✶✮ ▲✐❢❡t✐♠❡ Pr❡❞✐❝t✐♦♥ ✭❝❤✉r♥ s❝♦r❡✮✱ ✭✷✮ Pr♦☞t

Pr❡❞✐❝t✐♦♥ ✭♣r♦☞t ♦r ❡✈❡♥t✉❛❧❧② r❡✈❡♥✉❡✮ ❛♥❞ ✭✸✮ ❇❡❤❛✈✐♦r❛❧ Pr❡❞✐❝t✐♦♥✳

❈❤✉r♥ ♣r❡❞✐❝t✐♦♥ ✐s ❛♥ ♦r❞✐♥❛r② ❝❧❛ss✐☞❝❛t✐♦♥ ♣r♦❜❧❡♠ ❜❛s❡❞ ♦♥ ❛❧❣♦r✐t❤♠s s✉❝❤ ❛s

▲♦❣✐st✐❝ ❘❡❣r❡ss✐♦♥✱ ❉❡❝✐s✐♦♥ ❚r❡❡✱ ❘❛♥❞♦♠ ❋♦rr❡st✱ ❙✉♣♣♦rt ❱❡❝t♦r ▼❛❝❤✐♥❡s ❡t❝✳ ✇❤✐❧❡

❤❛✈✐♥❣ ❢❡❛t✉r❡s ❢r♦♠ ❝✉st♦♠❡r ♣r♦☞❧❡✱ r❡❢❡rr❡❞ ✐♥ ❝❤❛♣t❡r ✸✳✸✱ ❛s ♣r❡❞✐❝t♦rs ❛♥❞ ❜✐♥❛r② ❝❧❛ss

✭❝❤✉r♥❡❞✴♥♦t ❝❤✉r♥❡❞✮ ❛s ❛ t❛r❣❡t ✈❛r✐❛❜❧❡✳ ❆♥ ❡♥s❡♠❜❧❡ ♠♦❞❡❧ t♦ t✉♥❡ t❤❡ ☞♥❛❧ ♠♦❞❡❧

st❛❜✐❧✐t② ❛♥❞ ♣r❡❞✐❝t✐♦♥ ♣❡r❢♦r♠❛♥❝❡ ❝❛♥ ❜❡ ✉s❡❞ ❛s ❞✐s❝✉ss❡❞ ✐♥ ❝❤❛♣t❡r ✷✳ ❙♦♠❡ ❛✉t❤♦rs

❡✳❣✳ ✭❈❤❛♠❜❡r❧❛✐♥ ❡t ❛❧✳✱ ✷✵✶✼✮ ✉s❡❞ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ t♦ ❝❛❧✐❜r❛t❡ t❤❡ ♠♦❞❡❧ ♦✉t♣✉ts ✐♥ ♦r❞❡r

t♦ ♣r❡❝✐s❡❧② ☞t t❤❡ ♦❜s❡r✈❡❞ ❝❤✉r♥ ♣r♦❜❛❜✐❧✐t②✳ ❍♦✇❡✈❡r✱ ❛s t❤❡ ❝❤✉r♥ s❝♦r❡ ✇✐❧❧ ❜❡ ❧❛t❡r ✉s❡❞

♦♥❧② t♦ s♣❧✐t ❝✉st♦♠❡r ❜❛s❡ t♦ ❞❡❝✐❧❡s✱ t❤❡ s❝❛❧❡ ❞♦❡s ♥♦t ♠❛tt❡r✳ Pr❡❞✐❝t✐♥❣ ❝❤✉r♥ s❝♦r❡ ✐s

♥♦t t❤❡ ❛✐♠ ♦❢ t❤❡ t❤❡s✐s ❛♥❞ t❤♦r♦✉❣❤ ♠❡t❤♦❞♦❧♦❣② ✐s t❤❡r❡❢♦r❡ ♥♦t ♣r♦✈✐❞❡❞✳

❙✐♠✐❧❛r❧②✱ t❤❡ s❡❝♦♥❞ ♣✐❧❧❛r ✭Pr♦☞t Pr❡❞✐❝t✐♦♥✮ ♠✉st ❜❡ ♣r♦✈✐❞❡❞ ❜② t❤❡ ❜❛♥❦✐♥❣ ✐♥st✐✲

t✉t✐♦♥✳ ❚❤❡ ✐♥♣✉t s♦❧❡❧② ❞❡♣❡♥❞s ♦♥ ✐♥t❡r♥❛❧ ♠❡t❤♦❞♦❧♦❣✐❡s ♦❢ ❛ss❡t ❡✈❛❧✉❛t✐♦♥✳ ❊✈❡♥ t❤♦✉❣❤

❝❛s❤ ✌♦✇ ❢r♦♠ s♦♠❡ ♣r♦❞✉❝t ❣r♦✉♣s ♦r s❡r✈✐❝❡s ❝❛♥ ❜❡ ❞✐r❡❝t❧② ❞❡t❡r♠✐♥❡❞✱ ❡✳❣✳ ❢❡❡s r❡❧❛t❡❞

t♦ ❛❝❝♦✉♥t ♦r ♣❛②♠❡♥t ❝❛r❞ ✉s❛❣❡✱ t❤❡ ❛ss❡ss♠❡♥t ♦❢ ♣r♦☞ts✴❧♦ss❡s ❢r♦♠ ♦t❤❡r ❦✐♥❞s ♦❢ ♣r♦❞✲

✉❝t ♦r s❡r✈✐❝❡ r❡q✉✐r❡s s✐❣♥✐☞❝❛♥t ❜✉s✐♥❡ss ❦♥♦✇❧❡❞❣❡✱ ✐❢ ❡✈❡♥ ♣♦ss✐❜❧❡ t♦ ❡①❛❝t❧② ❝❛❧❝✉❧❛t❡✳

❋♦r ❡①❛♠♣❧❡✱ ❧♦❛♥ ♣r♦☞t❛❜✐❧✐t② ❞❡♣❡♥❞s ♦♥ t❤❡ r✐s❦ ♦❢ ❝✉st♦♠❡r✬s ❞❡❢❛✉❧t ❛♥❞ ✐s t❤❡r❡❢♦r❡

❤✐❣❤❧② ✐♥❞✐✈✐❞✉❛❧✳ ❆❧t❤♦✉❣❤ ❈▲❱ ✐s ❞❡☞♥❡❞ ❛s t❤❡ s✉♠ ♦❢ ❛❧❧ ❢✉t✉r❡ ❞✐s❝♦✉♥t❡❞ ♣r♦☞ts ✭s❡❡

❝❤❛♣t❡r ✸✳✷✮✱ s♦♠❡t✐♠❡s ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❢♦r❡❝❛st ♣r♦☞ts✳ ■♥ s✉❝❤ ❝❛s❡s t❤❡ r❡✈❡♥✉❡ ❝❛♥

❜❡ ✉s❡❞ ❛s ❛♥ ❛♣♣r♦①✐♠❛t❡❞ s♦❧✉t✐♦♥✳

❇❡❤❛✈✐♦r❛❧ s❡❣♠❡♥t❛t✐♦♥

❇❛♥❦s ❣❡♥❡r❛❧❧② s♣❧✐t t❤❡✐r ❝✉st♦♠❡r ❜❛s❡ ✐♥t♦ ❜✉s✐♥❡ss s❡❣♠❡♥ts✱ ✇❤✐❝❤ ❛r❡ tr❡❛t❡❞ ❞✐❢✲

❢❡r❡♥t❧② ✭❡✳❣✳ ♣r✐✈❛t❡ ❜❛♥❦✐♥❣ ❛♥❞ ♠❛ss ♠❛r❦❡t ❝✉st♦♠❡rs✮✳ ❊✈❡♥ t❤♦✉❣❤ ❜✉s✐♥❡ss s❡❣♠❡♥ts

❛r❡ ❧✐♠✐t❡❞ ♦♥❧② t♦ ❝✉st♦♠❡rs ✇✐t❤ ❝❡rt❛✐♥ ✐♥❝♦♠❡ ♦r s❛✈✐♥❣s ✈♦❧✉♠❡✱ ♦♥❝❡ t❤❡ ❝✉st♦♠❡r ❝❧❛s✲

s✐☞❡s ❢♦r t❤❡ ❞❡s✐r❡❞ ❜✉s✐♥❡ss s❡❣♠❡♥t✱ ❤✐s ♦r ❤❡r ❢❛♠✐❧② r❡❧❛t✐✈❡s ❛✉t♦♠❛t✐❝❛❧❧② ♦❜t❛✐♥ t❤❡

s❛♠❡ ♣r✐✈✐❧❡❣❡✳ ❉✉❡ t♦ t❤✐s ❢❛❝t ❛♥ ❡♥♦r♠♦✉s ❤❡t❡r♦❣❡♥❡✐t② ❛♠♦♥❣ ❜✉s✐♥❡ss s❡❣♠❡♥ts ❡①✐sts✱

✻✷



t❤❡r❡❢♦r❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❜❡❤❛✈✐♦r❛❧ s❡❣♠❡♥t❛t✐♦♥ ✐s ♥❡❝❡ss❛r②✳

❖♥ t❤❡ ❝♦♥tr❛r②✱ ❜❡❤❛✈✐♦r❛❧ s❡❣♠❡♥t❛t✐♦♥ ✐s ❡♥t✐r❡❧② ❜❛s❡❞ ♦♥ ❝✉st♦♠❡r ❝❤❛r❛❝t❡r✐st✐❝s

st♦r❡❞ ✐♥ t❤❡ ❝✉st♦♠❡r ♣r♦☞❧❡ ✭❡✳❣✳ ♠♦♥t❤❧② ✐♥❝♦♠❡✱ ♥✉♠❜❡r ♦❢ tr❛♥s❛❝t✐♦♥s ♦r ♣r♦❞✉❝t

s♣❡❝✐☞❝ ✐♥❢♦r♠❛t✐♦♥ s✉❝❤ ❛s t❤❡ s✉♠ ♦❢ ♠♦♥❡② ♦✇❡❞✱ ✐♥✈❡st❡❞ ❡t❝✳✮✳ ❆s ♥♦ t❛r❣❡t ❝❧❛ss ❡①✐sts✱

t❤❡ s❡❣♠❡♥t❛t✐♦♥ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❛♥ ✉♥s✉♣❡r✈✐s❡❞ ❧❡❛r♥✐♥❣ t❛s❦✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s ♠❛❝❤✐♥❡

❧❡❛r♥✐♥❣ t❛s❦ ✐s t♦ ☞♥❞ ❣r♦✉♣s ♦❢ ❝❧✐❡♥ts ✇❤✐❝❤ ❤❛✈❡ s✐♠✐❧❛r ❜❡❤❛✈✐♦r❛❧ ♣❛tt❡r♥s ✇✐t❤✐♥ t❤❡

❝❧✉st❡r ❛♥❞ ❞✐☛❡r ❢r♦♠ t❤❡ ♦t❤❡rs✳

❖♥❡ ♦❢ t❤❡ ♠♦st ✉s❡❞ ❝❧❛ss✐☞❝❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r s✉❝❤ t②♣❡ ♦❢ t❛s❦s ✐s t❤❡ ❑✲♠❡❛♥s

❛❧❣♦r✐t❤♠✳ ❲❤❡r❡ K r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ♦❢ ❝❧✉st❡rs ❝r❡❛t❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠✳ ❚❤❡

❛❧❣♦r✐t❤♠ ✐♥✐t✐❛t❡s ❛ s❡t ♦❢ K✲❝❡♥tr♦✐❞s ❛♥❞ ✐t❡r❛t✐✈❡❧② ❝❤❛♥❣❡s t❤❡✐r ♣♦s✐t✐♦♥ t♦ ♠✐♥✐♠✐③❡ t❤❡

❝♦st ❢✉♥❝t✐♦♥ ✭❭❙♣❛r❦ ❉♦❝✉♠❡♥t❛t✐♦♥✧✱ ✷✵✶✽✮✳ ❚❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❲✐t❤✐♥

❙❡t ❙✉♠ ♦❢ ❙q✉❛r❡❞ ❊rr♦rs ✭❲❙❙❊✮ ❛♥❞ ❞❡☞♥❡❞ ✐♥ ❡q✉❛t✐♦♥ ✺✳✶✳

WSSE =
N
∑

n=1

∥

∥

∥xn − centerk(xn)

∥

∥

∥

2

✭✺✳✶✮

❲❤❡r❡

④ N ❂ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ✭❝✉st♦♠❡rs✮

④ xn ❂ ♥✲t❤ ♦❜s❡r✈❛t✐♦♥ ✭❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❛ ♣❛rt✐❝✉❧❛r ❝✉st♦♠❡r✮

④ centerk(xn) ❂ t❤❡ ❝❧♦s❡st ❝❡♥tr♦✐❞ ♣♦s✐t✐♦♥ t♦ t❤❡ ♦❜s❡r✈❛t✐♦♥ xn

❲❤❛t ♠♦r❡ ❝❧✉st❡rs ❡①✐st✱ ♠♦r❡ ♣r❡❝✐s❡❧② t❤❡ ❛❧❣♦r✐t❤♠ ☞ts ❝✉st♦♠❡r ❜❛s❡ ❛♥❞ t❤❡r❡❢♦r❡

❲❙❙❊ ❞❡❝r❡❛s❡s✳ ❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝❧✉st❡rs ❛♥❞ ❲❙❙❊ ✐s s❤♦✇♥ ✐♥

t❤❡ ☞❣✉r❡ ✺✳✷✳ ❆s t❤❡ ❧✐♠✐t ♦❢ ❲❙❙❊ ❢✉♥❝t✐♦♥ ❡q✉❛❧s ③❡r♦ ✭✇❤❡♥ ♥✉♠❜❡r ♦❢ ❝❧✉st❡rs ❡q✉❛❧s

t♦ ♥✉♠❜❡r ♦❢ ❝✉st♦♠❡rs✮ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❞❡☞♥❡ ❛ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥✳ ❋r♦♠ ♠❛t❤❡♠❛t✐❝❛❧

♣❡rs♣❡❝t✐✈❡ t❤❡ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ✐s ❞❡☞♥❡❞ ❛s ♠❛①✐♠✉♠ ♦❢ ❞❡r✐✈❛t✐♦♥ ♦❢ ❲❙❙❊ ❢✉♥❝t✐♦♥✱ ✐✳❡✳

t❤❡ r❡❧❛t✐✈❡ ♠✐♥✐♠❛❧ ❡♥❤❛♥❝❡♠❡♥t ♦❢ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✇❤❡♥ ❞❡☞♥✐♥❣ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝❧✉st❡r✱

❛s st❛t❡❞ ✐♥ ❡q✉❛t✐♦♥ ✺✳✷✳

WSSEk+1 −WSSEk

WSSEk

≤ δ ✭✺✳✷✮
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1 2 3 4 5 6 7 8

10k

15k

20k

25k

30k

35k

40k
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❋✐❣✉r❡ ✺✳✷✿ ❆ ❑✲♠❡❛♥s s✐♠✉❧❛t✐♦♥✱ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♥✉♠❜❡r ♦❢ ❝❧✉st❡rs ❛♥❞ ❲❙❙❊✱

❙♦✉r❝❡✿ ❆✉t❤♦r

❚❤❡ ☞❣✉r❡ ✺✳✷ s❤♦✇s t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♥✉♠❜❡r ♦❢ ❝❧✉st❡rs ❛♥❞ ❲❙❙❊✱ ✇✐t❤ ❛♥

♦♣t✐♠❛❧ ♥✉♠❜❡r ♦❢ ☞✈❡ ❝❧✉st❡rs ❤✐❣❤❧✐❣❤t❡❞ ✭❜❛s❡❞ ♦♥ t❤❡ st♦♣♣✐♥❣ ❝♦♥❞✐t✐♦♥ ♠❡♥t✐♦♥❡❞ ✐♥

❡q✉❛t✐♦♥ ✺✳✷✮✳ ❍♦✇❡✈❡r✱ ❢r♦♠ t❤❡ ❜✉s✐♥❡ss st❛♥❞♣♦✐♥t ❛ ❞✐☛❡r❡♥t ♥✉♠❜❡r ♦❢ ❝❧✉st❡rs ❝❛♥ ❜❡

♠❡❛♥✐♥❣❢✉❧ ❛♥❞ t❤❡r❡❢♦r❡ ♣r❡❢❡rr❡❞✳

Pr♦☞t ❛♥❞ ❈❤✉r♥ ❜✐♥s

❆s r❡❢❡rr❡❞ ❜② ✭●✉♣t❛ ❡t ❛❧✳✱ ✷✵✵✻❀ ❈❤❡♥❣ ❡t ❛❧✳✱ ✷✵✶✷✮ ♣r♦☞t ❛♥❞ ❝❤✉r♥ ❛r❡ ❦❡② ❞r✐✈❡rs

♦❢ ❈▲❱✳ ❚♦ ❝♦♥s✐❞❡r ❜♦t❤ ✈❛r✐❛❜❧❡s ❡q✉❛❧❧②✱ t❤❡ t❛r❣❡t s❡❣♠❡♥t ✐s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❞✐s❝r❡t✐③❡❞

♣r♦☞t ❛♥❞ ❝❤✉r♥ s❝♦r❡✳ ❚♦ ♦❜t❛✐♥ s✐♠✐❧❛r❧② s✐③❡❞ ✈❛r✐❛❜❧❡ ❜✐♥s✱ t❤❡ ❛rr❛② ♦❢ ✈❛r✐❛❜❧❡s ♠✉st

❜❡ s♦rt❡❞ ❛♥❞ t❤❡♥ s♣❧✐t✳ ❙♦rt✐♥❣ ✈❛❧✉❡s ✐s ❛ ❝♦st❧② ♦♣❡r❛t✐♦♥ ❛s t❤❡ ❞❛t❛ ♠✉st ❜❡ ❣❛t❤❡r❡❞

❢r♦♠ ❡①❡❝✉t✐♦♥ ♥♦❞❡s ❛♥❞ s♦rt❡❞ ♦♥ ❛ s✐♥❣❧❡ ♠❛❝❤✐♥❡ ✭✉s✉❛❧❧② t❤❡ ♠❛st❡r ♥♦❞❡✮✳ ❚♦ ❞✐♠✐♥✐s❤

t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡✱ ❛♥ ❭❛♣♣r♦①◗✉❛♥t✐❧❡✧ ❢✉♥❝t✐♦♥ ❢r♦♠ t❤❡ ❆♣❛❝❤❡ ❙♣❛r❦ ❧✐❜r❛r② ❝❛♥ ❜❡

✉s❡❞✳ ■♥ ♦r❞❡r t♦ ❣❡t ✶✵ s✐♠✐❧❛r❧② s✐③❡❞ ❜✐♥s✱ ❞❡❝✐❧❡s ❛r❡ ✉s❡❞✳
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❚❛❜❧❡ ✺✳✶✿ Pr♦☞t × ❈❤✉r♥ ❝❧❛ss❡s

❈❤✉r♥ ❜✐♥s

✶ . . . ❥

Pr♦☞t ❜✐♥s

✶ segm1,1 . . . segm1,j

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

✐ segmi,1 . . . segmi,j

❚❤❡ t❛❜❧❡ ✺✳✶ s❤♦✇s ❤♦✇ t❤❡ Pr♦☞t×❈❤✉r♥ t❛r❣❡t s❡❣♠❡♥ts ❛r❡ ❝r❡❛t❡❞✳ ■❢ ❞❡❝✐❧❡s

❛r❡ ✉s❡❞ t♦ ❞✐s❝r❡t✐③❡ s♦✉r❝❡ ✈❛r✐❛❜❧❡s✭i = 10, j = 10✮✱ ✶✵✵ ❛❧♠♦st ❡q✉❛❧✲s✐③❡ s❡❣♠❡♥ts ❛r❡

❝r❡❛t❡❞✳

❈❧❛ss✐☞❝❛t✐♦♥ ❚r❡❡

❆ s✐♠♣❧❡ ♣r✐♥❝✐♣❧❡ ✉s❡❞ ✐♥ ❘❋▼ ♠♦❞❡❧s ❝❛♥ ♥♦t ❜❡ ✉s❡❞ ❢♦r ♠✐❝r♦s❡❣♠❡♥t❛t✐♦♥✳ ❚❤❡

❘❋▼ ❛♣♣r♦❛❝❤ ✇♦✉❧❞ ❧❡❛❞ t♦ i×j×k ♥✉♠❜❡r ♦❢ ♠✐❝r♦s❡❣♠❡♥ts ✭Pr♦☞t✱ ❈❤✉r♥ ❛♥❞ ❇❡❤❛✈✐♦r❛❧

s❡❣♠❡♥t ❝♦♠❜✐♥❛t✐♦♥s✮✳ ❍❛✈✐♥❣ 10 × 10 × 5 = 500 ♠✐❝r♦s❡❣♠❡♥ts ✇♦✉❧❞ ♥♦t ♦♥❧② ❧❡❛❞ t♦ ❛

s✐❣♥✐☞❝❛♥t ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ▼❛r❦♦✈ ❈❤❛✐♥ ♠♦❞❡❧ ❛♥❞ ▼❛r❦♦✈ ❉❡❝✐s✐♦♥ ♣r♦❝❡ss✱ ❜✉t ❛s ✇❡❧❧

t❤❡ ✐♠♣❛❝t ♦❢ ♠❛r❦❡t✐♥❣ ✐♥❝❡♥t✐✈❡s ❝♦✉❧❞ ❜❡ ❤❛r❞❧② ♠❡❛s✉r❡❞✳

■♥st❡❛❞✱ ❛♥ ❛ss✉♠♣t✐♦♥ t❤❛t t❛r❣❡t Pr♦☞t×❈❤✉r♥ s❡❣♠❡♥ts ❛r❡ ❛☛❡❝t❡❞ ❜② t❤❡ ❝✉s✲

t♦♠❡r✬s ❜❡❤❛✈✐♦r ✐s ❛♣♣❧✐❡❞✳ ❉✉❡ t♦ t❤✐s ❢❛❝t✱ t❤❡ t❛s❦ ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ ♠❛❝❤✐♥❡✲

❧❡❛r♥✐♥❣ ❝❧❛ss✐☞❝❛t✐♦♥ t❛s❦✱ ✇❤✐❝❤ t❛❦❡s t❤❡ ❜❡❤❛✈✐♦r❛❧ ♣❛tt❡r♥s ❛s ♣r❡❞✐❝t♦rs ❛♥❞ Pr♦☞t×❈❤✉r♥

❝❧❛ss❡s ❛s ❛ t❛r❣❡t ✈❛r✐❛❜❧❡✳

Pr❡❞✐❝t♦rs t♦ ❜❡ ✉s❡❞ ✐♥ t❤❡ ❝❧❛ss✐☞❝❛t✐♦♥ ❛r❡✿ ♣r❡✈✐♦✉s❧② ❝r❡❛t❡❞ ❜❡❤❛✈✐♦r❛❧ s❡❣♠❡♥ts✱

✭❊❦✐♥❝✐ ❡t ❛❧✳✱ ✷✵✶✷✮ ❢✉rt❤❡r s✉❣❣❡st ❡✳❣✳ ♣r♦❞✉❝t✴s❡r✈✐❝❡ t②♣❡s t❤❛t ❝✉st♦♠❡r ✉s❡❞ s♦ ❢❛r✱

❝✉st♦♠❡r ❧♦②❛❧t② ❛♥❞ s❛t✐s❢❛❝t✐♦♥ ❧❡✈❡❧✱ ❞❡♠♦❣r❛♣❤✐❝ ✐♥❢♦r♠❛t✐♦♥✱ ❛♥❞ ♦♣❡r❛t✐♦♥❛❧ r✐s❦✳

❚❤❡ ❛❧❣♦r✐t❤♠ s❡❛r❝❤❡s ❢♦r s✐♠✐❧❛r ♣❛tt❡r♥s ❛♠♦♥❣ t❤❡ ♣r❡❞✐❝t♦rs ✇❤✐❧❡ tr②✐♥❣ t♦ ❞✐s✲

t✐♥❣✉✐s❤ t❤❡ t❛r❣❡t ✭Pr♦☞t×❈❤✉r♥✮ ❝❧❛ss❡s✳ ❚❤❡ ♣r❡❞✐❝t❡❞ ❝❧❛ss ✭♠♦❞❡❧ ♦✉t♣✉t✮ ✐s t❤❡♥

❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❛ s✐♥❣❧❡ ♠✐❝r♦s❡❣♠❡♥t✳
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❆♥ ✐❞❡❛❧ ❛❧❣♦r✐t❤♠ ❢♦r t❤✐s ❦✐♥❞ ♦❢ t❛s❦s ✐s t❤❡ ❞❡❝✐s✐♦♥ tr❡❡✸✳ ❋✐rst❧②✱ ❢♦r t❤❡ ♣♦ss✐❜✐❧✐t②

♦❢ r❡s✉❧t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥ ❘❉❇▼s ✈✐❛ s❡t ♦❢ ❝♦♥❞✐t✐♦♥s ❛♥❞ s❡❝♦♥❞❧② tr❡❡✲♣r✉♥✐♥❣ ❛❧❧♦✇s t♦

s♣❡❝✐❢② t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐♥st❛♥❝❡s ✐♥ ❛ ❧❡❛❢ ✭✐✳❡✳ t❤❡ ♠✐♥✐♠✉♠ s✐③❡ ♦❢ ❛ ♠✐❝r♦s❡❣♠❡♥t✮✳

❚❤❡ ❞✐str✐❜✉t❡❞ ❞❡❝✐s✐♦♥ tr❡❡ ❛❧❣♦r✐t❤♠ ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❙♣❛r❦ ▼❛❝❤✐♥❡ ▲❡❛r♥✐♥❣

❧✐❜r❛r✐❡s ✭s♣❛r❦✳♠❧❧✐❜✳tr❡❡✳❉❡❝✐s✐♦♥❚r❡❡✮✳ ■t ❛❧❧♦✇s t♦ s♣❡❝✐❢② t❤❡ ♠✐♥■♥st❛♥❝❡sP❡r◆♦❞❡ ♣❛✲

r❛♠❡t❡r✱ ✐✳❡✳ t❤❡ ♠✐♥✐♠✉♠ s✐③❡ ♦❢ ❛ ♠✐❝r♦s❡❣♠❡♥t✳ ❇❛s❡❞ ♦♥ t❤❡ ❛✉t❤♦r✬s ❡①♣❡r✐❡♥❝❡✱ ❤❛✈✐♥❣

♠✐❧❧✐♦♥s ♦❢ ❝❧✐❡♥ts✱ t❤❡ ♣❛r❛♠❡t❡r ✐s s❡t t♦ ≈ 0.025% ♦❢ ❛ ❝✉st♦♠❡r ❜❛s❡ s✐③❡✳

✺✳✶✳✷ ❚r❛♥s✐t✐♦♥ ❋✉♥❝t✐♦♥✱ ❘❡✇❛r❞ ❱❡❝t♦r

❖♥❝❡ t❤❡ ♠✐❝r♦s❡❣♠❡♥ts ✭st❛t❡s✮ ❛r❡ ❞❡☞♥❡❞✱ t❤❡② ❝❛♥ ❜❡ ❜❛❝❦✲♣r♦♣❛❣❛t❡❞ t♦ t❤❡ ♣r❡✲

✈✐♦✉s t✐♠❡ ♣❡r✐♦❞s ❛♥❞ t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ♦❜s❡r✈❡❞ ❛s ❢♦❧❧♦✇s✿

p(s′|s) =

∑

t∈T
n
s
′|s

t

ns
t

T
✭✺✳✸✮

❲❤❡r❡

④ T ❂ ♥✉♠❜❡r ♦❢ t✐♠❡ ♣❡r✐♦❞s

④ n
s′|s
t ❂ ♥✉♠❜❡r ♦❢ ❝✉st♦♠❡rs ♠✐❣r❛t✐♥❣ ❢r♦♠ st❛t❡ s t♦ s′ ✐♥ ♣❡r✐♦❞ t

④ ns
t ❂ ♥✉♠❜❡r ♦❢ ❝✉st♦♠❡rs ❜❡✐♥❣ ✐♥ st❛t❡ s ✐♥ ♣❡r✐♦❞ t

❆♥ ❛✈❡r❛❣❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ✐s ✉s❡❞ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ✺✳✸ ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❡

♠♦❞❡❧ st❛❜✐❧✐t②✱ ✐✳❡✳ t♦ ♠✐t✐❣❛t❡ t❤❡ r✐s❦ ♦❢ ❡①❝❡♣t✐♦♥❛❧ ❜❡❤❛✈✐♦r ♦❢ s♠❛❧❧ ♠✐❝r♦s❡❣♠❡♥ts✳

❆ s✐♠✐❧❛r ❛♣♣r♦❛❝❤ ✐s ❛♣♣❧✐❡❞ ✐♥ t❤❡ r❡✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥✹✳ ❆ st❛t❡ r❡✇❛r❞ ✐s ❞❡☞♥❡❞ ❛s

❛♥ ❡st✐♠❛t❡❞ ♣r♦☞t ✇✐t❤✐♥ ♦♥❡ ♣❡r✐♦❞✱ ❛s s❤♦✇♥ ✐♥ ❡q✉❛t✐♦♥ ✺✳✹✳

r(s) =

∑

t∈T π̄s
t

T
✭✺✳✹✮

✸▼♦r❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❛❧❣♦r✐t❤♠ ❛♥❞ ✐ts ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ❛t✿

❤tt♣s✿✴✴s♣❛r❦✳❛♣❛❝❤❡✳♦r❣✴❞♦❝s✴❧❛t❡st✴♠❧✲❝❧❛ss✐☞❝❛t✐♦♥✲r❡❣r❡ss✐♦♥✳❤t♠❧
✹❆ ❝♦♥st❛♥t r❡✇❛r❞ ✐s s✉✍❝✐❡♥t ❛s t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ♣r♦☞t ♣❡r ♠✐❝r♦s❡❣♠❡♥t ♦✈❡r t✐♠❡ ✐s ❧♦✇✳ ◆♦t❡ t❤❛t

t❤✐s ❛ss✉♠♣t✐♦♥ ♠❛② ❜❡ ❛☛❡❝t❡❞ ♦♥ ❞❡✈❡❧♦♣✐♥❣ ♠❛r❦❡ts ♦r ✐♥ ❝♦✉♥tr✐❡s ✇✐t❤ ❤✐❣❤ ✐♥✌❛t✐♦♥ r❛t❡✳
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❲❤❡r❡ π̄s
t ❂ ❛✈❡r❛❣❡ ♣r♦☞t ♣❡r ❝✉st♦♠❡r ✐♥ st❛t❡ s ✐♥ ♣❡r✐♦❞ t

✺✳✶✳✸ ❈▲❱ ❡st✐♠❛t✐♦♥

❆s ❛❧❧ ♦❢ t❤❡ ▼❛r❦♦✈ ❈❤❛✐♥ ♠♦❞❡❧ ❝♦♠♣♦♥❡♥ts 〈S, P,R〉 ✇❡r❡ ❞❡☞♥❡❞✱ ❈▲❱ ❝❛♥ ❜❡

❡st✐♠❛t❡❞ r❡❣❛r❞✐♥❣ t♦ t❤❡ ❡q✉❛t✐♦♥ ✹✳✸✳ ❚❤❡ ✈❛❧✉❡ ♦❢ ❛ ✇❤♦❧❡ ❝✉st♦♠❡r ❜❛s❡ ✐s t❤❡♥ ❝❛❧❝✉✲

❧❛t❡❞ ❛s ❛ s✉♠ ♦❢ ♠✐❝r♦s❡❣♠❡♥t ❈▲❱s ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ❛❝t✉❛❧ ♥✉♠❜❡r ♦❢ ❝✉st♦♠❡rs ✐♥ ❡❛❝❤

♠✐❝r♦s❡❣♠❡♥t ❛s ♣r♦♣♦s❡❞ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ✹✳✹✳

P②t❤♦♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❈▲❱ ❝❛❧❝✉❧❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ❧✐st❡❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐① ❆✳

❆ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ▼❛r❦♦✈ ❈❤❛✐♥ ♠♦❞❡❧ ✐s ✈✐s✉❛❧✐③❡❞ ✐♥ t❤❡ ☞❣✉r❡ ✺✳✸✳ ❚❤❡ ☞❣✉r❡

r❡✈❡❛❧s t❤❡ ✌♦✇s ✭❞❡☞♥❡❞ ❜② ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ P(s′|s)✮ ❜❡t✇❡❡♥ ❝✉st♦♠❡r

♠✐❝r♦s❡❣♠❡♥ts t❤r♦✉❣❤♦✉t t❤❡ t✐♠❡ ♣❡r✐♦❞s ✭t0✱ t1✱ t2 ❛♥❞ t3✮✳

CLV microsegm 1

CLV microsegm 2

CLV microsegm 3

CLV microsegm 4

CLV microsegm 5

t
0

t
3

t
2

t
1

CLV microsegm 5

CLV microsegm 2

CLV microsegm 4

30.3%

12.6%

15.6%

16.2%

25.3%

CLV microsegm 3
46.7%

3.3%

19.3%

30.7%

❋✐❣✉r❡ ✺✳✸✿ ❊①❛♠♣❧❡ ♦❢ ❛ ▼❛r❦♦✈ ❈❤❛✐♥ ♠♦❞❡❧ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❙❛♥❦❡② ❞✐❛❣r❛♠✱ ❙♦✉r❝❡✿

❆✉t❤♦r

❚❤❡ ❞✐❛❣r❛♠ ✭✺✳✸✮ ✐s ♣❛rt✐❝✉❧❛r❧② ✈❛❧✉❛❜❧❡ ❢r♦♠ t❤❡ ❜✉s✐♥❡ss ♣❡rs♣❡❝t✐✈❡ ❛s ✐t ❞✐s♣❧❛②s

t❤❡ ❝✉st♦♠❡r ❞②♥❛♠✐❝s ✐♥ ♠♦r❡ ✉♥❞❡rst❛♥❞❛❜❧❡ ✇❛② ❝♦♠♣❛r❡❞ t♦ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐①✳ ■t

❛❧❧♦✇s ♥♦♥✲t❡❝❤♥✐❝❛❧ ✉s❡rs t♦ ❡st✐♠❛t❡ t❤❡ ♣r♦♣♦rt✐♦♥s ♦❢ ❝✉st♦♠❡r ♠✐❝r♦s❡❣♠❡♥ts ✐♥ t❤❡

❢✉t✉r❡ t❤r♦✉❣❤♦✉t t❤❡ ✇❤♦❧❡ ❝✉st♦♠❡r ♣♦rt❢♦❧✐♦✳

✻✼



✺✳✷ ❈▲❱ ♦♣t✐♠✐③❛t✐♦♥ t❤r♦✉❣❤♦✉t ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s

❚❤❡ ♣r❡✈✐♦✉s❧② ❞❡✈❡❧♦♣❡❞ ▼❛r❦♦✈ ❈❤❛✐♥ ♠♦❞❡❧ ❢♦r ❈▲❱ ❝❛❧❝✉❧❛t✐♦♥ ✐s ❛ st❛rt✐♥❣ ♣♦✐♥t

❢♦r t❤❡ ▼❛r❦♦✈ ❉❡❝✐s✐♦♥ Pr♦❝❡ss ❛❧❣♦r✐t❤♠ ❛s ✐t ♣r♦✈✐❞❡s ♥❡❝❡ss❛r② ❈▲❱ ✈❛❧✉❡s ♦❢ ❛❧❧ ♠✐❝r♦s❡❣✲

♠❡♥ts✱ ❛❞❞✐t✐♦♥❛❧❧② t❤❡ ▼❈ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ r❡♣r❡s❡♥ts ❛ ❝✉st♦♠❡r✬s ❭♥❛t✉r❛❧ ❜❡❤❛✈✐♦r✧✳

❚❤❡ ♥❛t✉r❛❧ ❜❡❤❛✈✐♦r ✐s ❞❡☞♥❡❞ ❛s ❝♦♠♠♦♥ ❜❡❤❛✈✐♦r ♦❢ ❛ ❝✉st♦♠❡r ♥♦t t❛r❣❡t❡❞ ❜② ❛♥② ♦❢

t❤❡ ♠❛r❦❡t✐♥❣ ✐♥❝❡♥t✐✈❡s✳ ❍♦✇❡✈❡r✱ ☞rst❧② ✐t ✐s ♣r♦❜❧❡♠❛t✐❝ t♦ ❡♥s✉r❡ t❤❛t t❤❡ ❝✉st♦♠❡r ✇❛s

♥♦t r❡❛❝❤❡❞ ❜② ❛♥② ♦❢ t❤❡ ❧❛✉♥❝❤❡❞ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s ✭❡✳❣✳ t❡❧❡✈✐s✐♦♥ ❛❞✈❡rt✐s❡♠❡♥ts✱

♦✉t❞♦♦r ❜✐❧❧❜♦❛r❞s✱ ♦r ✐♥t❡r♥❡t ❜❛♥♥❡rs✮✱ s❡❝♦♥❞❧② t❤❡ r❡❛s♦♥ ♦❢ ♥♦t✲❛❞❞r❡ss✐♥❣ t❤❡ ♣❛rt✐❝✉❧❛r

❝✉st♦♠❡r ♠✉st ❜❡ ❞❡t❡r♠✐♥❡❞✳ ■❢ t❤❡ ❝✉st♦♠❡r ✇❛s ✐♥t❡♥t✐♦♥❛❧❧② ♥♦t t❛r❣❡t❡❞ ✭❡✳❣✳ ❜❡✐♥❣

✐♥ ❛ ♠❛r❦❡t✐♥❣ ❝♦♥tr♦❧ ❣r♦✉♣✮✱ t❤❡♥ t❤❡ ❞❡☞♥✐t✐♦♥ ✐s ❢✉❧☞❧❧❡❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥ ❤✐❣❤❧②

❝♦♠♣❡t✐t✐✈❡ ✐♥❞✉str✐❡s✱ ❝♦♠♣❛♥✐❡s ❝❛♥♥♦t ❛☛♦r❞ t♦ s❡♣❛r❛t❡ ❛♥ ✐♠♣♦rt❛♥t ♣❛rt ♦❢ t❤❡ ❝✉s✲

t♦♠❡r✬s ♣♦rt❢♦❧✐♦ ♦♥❧② ❢♦r ❜❡♥❝❤♠❛r❦ r❡❛s♦♥s ❛♥❞ ❝♦♥s❡q✉❡♥t❧② t❤❡ ♥♦♥✲t❛r❣❡t❡❞ ❝✉st♦♠❡rs

❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s t❤♦s❡✱ ✇❤♦ ✇❡r❡ ♥♦t s✉✐t❛❜❧❡ ❢♦r ❛♥② ♦❢ t❤❡ ♣❛st ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s✳

❚❤♦s❡ ❝✉st♦♠❡rs ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ♦✉t❧✐❡rs ❛s t❤❡ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s ❛r❡ ❞❡s✐❣♥❡❞ t♦ ☞t

♦r❞✐♥❛r② ❝✉st♦♠❡rs✳ ❚❤❡r❡❢♦r❡✱ s✉❝❤ ❣r♦✉♣ ♦❢ ❝❧✐❡♥ts ❝❛♥♥♦t ❜❡ r❡❢❡rr❡❞ ❛s ❛ r❡♣r❡s❡♥t❛t✐✈❡

s❛♠♣❧❡ ❛♥❞ ❞♦❡s ♥♦t ☞t t❤❡ ❞❡☞♥✐t✐♦♥✳ ❆s t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠❛r❦❡t✐♥❣ ✐♠♣❛❝ts ♦♥ t❤❡

❝✉st♦♠❡r ❜❡❤❛✈✐♦r ✐s ✉♥♦❜t❛✐♥❛❜❧❡✱ ♥♦♥✲❛❞❥✉st❡❞ ▼❛r❦♦✈ ❈❤❛✐♥ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡

t❛❦❡♥ ❛s ♥❛t✉r❛❧ ❝✉st♦♠❡r✬s ❜❡❤❛✈✐♦r✳

✺✳✷✳✶ ❆❝t✐♦♥s

❊✈❡r② ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛t ❧❡❛st ♦♥❡ ❛❝t✐♦♥ ✐♥ t❤❡ ▼❉P ♠♦❞❡❧✱

❛❞❞✐t✐♦♥❛❧❧② t❤❡ ❭♥♦✲❝❛♠♣❛✐❣♥❭ ❛❝t✐♦♥ a0 ✐s ❞❡☞♥❡❞✳ ■♥ ❝❛s❡s ✇❤❡♥ ❝♦sts ♣❡r ❝❛♠♣❛✐❣♥

❞❡♣❡♥❞ ♦♥ t❤❡ ❝✉st♦♠❡r ♠✐❝r♦s❡❣♠❡♥t✱ ♠✉❧t✐♣❧❡ ✐♥st❛♥❝❡s ♦❢ t❤❡ s❛♠❡ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥

✇✐t❤ ❞✐☛❡r❡♥t r❡✇❛r❞ ❢✉♥❝t✐♦♥s ♠❛② ♦❝❝✉r ✐♥ t❤❡ ▼❉P ♠♦❞❡❧✳ ■♥ t❤❡ ♠♦❞❡❧❡❞ ▼❉P ❛♥

❛✈❡r❛❣❡ ❝♦st ♣❡r ❝❛♠♣❛✐❣♥ ✐s ❛ss✉♠❡❞ ❛♥❞ t❤❡r❡❢♦r❡ n + 1 ❛❝t✐♦♥s ❡①✐st✱ ✇❤❡r❡ n st❛♥❞s ❢♦r

t❤❡ ♥✉♠❜❡r ♦❢ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s ❛✈❛✐❧❛❜❧❡✳ ◆♦✲❝❛♠♣❛✐❣♥ ❛❝t✐♦♥ ✭a0✮ ✐s r❡❧❛t❡❞ t♦ ③❡r♦

❝♦sts ❛♥❞ t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ t❛❦❡♥ ❢r♦♠ t❤❡ ▼❈ ♠♦❞❡❧✱ ❛s ♣r❡✈✐♦✉s❧② ❞✐s❝✉ss❡❞✳

✻✽



✺✳✷✳✷ ❚r❛♥s✐t✐♦♥ ❋✉♥❝t✐♦♥s

❆❝t✐♦♥ s♣❡❝✐☞❝ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ ♦❜t❛✐♥❡❞ s✐♠✐❧❛r❧② t♦ t❤❡ ✈❛❧✉❡s ❝❛❧❝✉❧❛t❡❞

✐♥ t❤❡ ▼❈ ♠♦❞❡❧✳ ❚❤❡ ♦♥❧② ❝❤❛♥❣❡ ✐s t❤❛t t❤❡ ❝❛♠♣❛✐❣♥ r❡s✉❧t ♠✐❣❤t ♥♦t ❜❡ ♦❜s❡r✈❛❜❧❡ ✐♥

t❤❡ ♣❡r✐♦❞ ❢♦❧❧♦✇✐♥❣ t❤❡ ❝❛♠♣❛✐❣♥ ❡①❡❝✉t✐♦♥✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ❛ t✐♠❡ ✇✐♥❞♦✇s w ❤❛s t♦ ❜❡

❛❞❞❡❞ t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥✱ ❛s st❛t❡❞ ✐♥ ✺✳✺✳

p(s′|s, a) =

∑

t∈T−w

n
s
′|s,a

t+w

n
s,a

t

T − w
✭✺✳✺✮

❲❤❡r❡

④ n
s′|s,a
t+w ❂ ♥✉♠❜❡r ♦❢ ❝✉st♦♠❡rs ✐♥ s❡❣♠❡♥t s′ ✐♥ ♣❡r✐♦❞ t+ w t❛r❣❡t❡❞ ❜② ❛❝t✐♦♥ a

④ ns,a
t ❂ ♥✉♠❜❡r ♦❢ ❝✉st♦♠❡rs ✐♥ s❡❣♠❡♥t s ✐♥ ♣❡r✐♦❞ t t❛r❣❡t❡❞ ❜② ❝❛♠♣❛✐❣♥ a

④ T ❂ ♥✉♠❜❡r ♦❢ ♣❡r✐♦❞s

④ w ❂ t✐♠❡ ✇✐♥❞♦✇ ❧❡♥❣t❤

❚❤❡ t✐♠❡ ✇✐♥❞♦✇ w ✈❛r✐❛❜❧❡ ❡♥❛❜❧❡s t♦ ♠❡❛s✉r❡ t❤❡ ✐♠♣❛❝t ♦❢ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s

r❡❧❛t❡❞ t♦ ♣r♦❞✉❝ts ♦r s❡r✈✐❝❡s t❤❛t ❝❛♥♥♦t ❜❡ ✐♠♠❡❞✐❛t❡❧② ♣r♦❝❡ss❡❞ ✭❡✳❣✳ ♠♦rt❣❛❣❡s✮✳ ❚❤❡

t✐♠❡ ✇✐♥❞♦✇ ✐s ❛❧s♦ ♥❡❡❞❡❞ t♦ ✐♥❝♦r♣♦r❛t❡ t❤❡ ❝✉st♦♠❡r✬s ❞❡❝✐s✐♦♥ t✐♠❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

✇❤❛t ❧♦♥❣❡r t❤❡ t✐♠❡ ✇✐♥❞♦✇ ✐s✱ t❤❡ ❧❡ss ♣r❡❝✐s❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ✐s ♦❜t❛✐♥❡❞ ❛s ✐t ✐s

❛☛❡❝t❡❞ ❜② t❤❡ ♥❛t✉r❛❧ ❝❧✐❡♥ts ❜❡❤❛✈✐♦r✳ ❚❤❡r❡❢♦r❡✱ t❤❡ r❡❝♦♠♠❡♥❞❡❞ t✐♠❡ ✇✐♥❞♦✇ ✐s ✸

♠♦♥t❤s✳

✺✳✷✳✸ ❘❡✇❛r❞ ▼❛tr✐❝❡s

❆❝t✐♦♥ s♣❡❝✐☞❝ r❡✇❛r❞s ❜❛s❡❞ ♦♥ t❤❡ ♠✐❝r♦s❡❣♠❡♥t ❈▲❱ ✈❛❧✉❡s ❛r❡ ❞❡☞♥❡❞ ❛s ❢♦❧❧♦✇s✿

r(s′|s, a) = p(s′|s, a)×∆CLV (s′|s)− c(a) ✭✺✳✻✮

✻✾



❲❤❡r❡

④ p(s′|s, a) ❂ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t②

④ ∆CLV (s′|s) ❂ ❞✐☛❡r❡♥❝❡ ♦❢ ❈▲❱ ✈❛❧✉❡s ♦❜s❡r✈❡❞ ❢r♦♠ t❤❡ ▼❈ ♠♦❞❡❧

④ c(a) ❂ ❝♦st ♣❡r ❛❝t✐♦♥

■♥ ♦r❞❡r t♦ ♣r♦❝❡❡❞ t♦ ▼❉P ♠♦❞❡❧✐♥❣✱ ❝❛❧❝✉❧❛t❡❞ r❡✇❛r❞s r(s′|s, a) ❜❛s❡❞ ♦♥ t❤❡ ❡q✉❛✲

t✐♦♥ ✺✳✻ ♥❡❡❞ t♦ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ r❡✇❛r❞s ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ t❤❡ s♦✉r❝❡ st❛t❡ ❛♥❞ t❤❡

❛❝t✐♦♥ t❛❦❡♥ r(s|a)✳ ❚❤❡ ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞ ❡q✉❛t✐♦♥ ✹✳✻ ✐s ✉s❡❞ ❢♦r t❤❡ ❛❣❣r❡❣❛t✐♦♥✳

✺✳✷✳✹ ▼❉P ❝♦♥str✉❝t✐♦♥

❙✐♥❝❡ ❛❧❧ t❤❡ ▼❉P ❝♦♠♣♦♥❡♥ts 〈S,A, P,R〉 ✇❡r❡ ❞❡☞♥❡❞✱ t❤❡ ♠♦❞❡❧✐♥❣ ❝❛♥ ♣r♦❝❡❡❞ t♦

▼❉P ❝♦♥str✉❝t✐♦♥✳ ❆ ▼❉Pt♦♦❧❜♦① ❧✐❜r❛r② ❞❡✈❡❧♦♣❡❞ ❜② ✭❈❤❛❞✒❡s✱ ❈❤❛♣r♦♥✱ ❈r♦s✱ ●❛r❝✐❛✱ ✫

❙❛❜❜❛❞✐♥✱ ✷✵✶✹✮ ♣r♦✈✐❞❡s ❛ ♠✉❧t✐♣❧❛t❢♦r♠ ✭▼❆❚▲❆❇✱ ●◆❯ ❖❝t❛✈❡✱ ❙❝✐❧❛❜✱ ❘ ❛♥❞ P②t❤♦♥✮

✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛❧❣♦r✐t❤♠s t♦ s♦❧✈❡ ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ▼❉Ps✳ ❚❤❡ ❧✐❜r❛r② ✐♥❝❧✉❞❡s ❛❧❣♦r✐t❤♠s

❝❛♣❛❜❧❡ ♦❢ ❜♦t❤ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ✭❉P✮ ❛♥❞ ❘❡✐♥❢♦r❝❡♠❡♥t ▲❡❛r♥✐♥❣ ✭❘▲✮✳ ▼♦r❡♦✈❡r✱

✐t ❝♦✈❡rs ❛❧❧ t❤❡ ❛❧❣♦r✐t❤♠s ❞✐s❝✉ss❡❞ ✐♥ ❝❤❛♣t❡r ✹✳✷✳✷✳

❙✉❣❣❡st❡❞ t❡❝❤♥♦❧♦❣✐❡s ❢♦r t❤❡ ▼❉P ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛r❡ P②t❤♦♥ ❛♥❞ ❘ ④ ❛❝❝♦r❞✐♥❣ t♦

✭❭❙♣❛r❦ ❉♦❝✉♠❡♥t❛t✐♦♥✧✱ ✷✵✶✽✮ ❜♦t❤ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡s ✐♥❝❧✉❞❡ ❞✐r❡❝t ❝♦♥♥❡❝t♦rs t♦

❆♣❛❝❤❡ ❙♣❛r❦ ✭✉s❡❞ ♣r❡✈✐♦✉s❧② ❢♦r ❞❛t❛ ♣r❡♣❛r❛t✐♦♥✮✱ ❛♥❞ ▼❉Pt♦♦❧❜♦① ❧✐❜r❛r✐❡s ❛r❡ ❛✈❛✐❧❛❜❧❡

✐♥ r❡❧❛t❡❞ r❡♣♦s✐t♦r✐❡s✳

❯♥❝♦♥str❛✐♥❡❞ ▼❉P ✫ ◆✲❜❡st ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s ♣❡r ♠✐❝r♦s❡❣♠❡♥t

❚❤❡ ♦♣t✐♠✐③❛t✐♦♥ ✐s ❢♦r♠✉❧❛t❡❞ ❛s s❡❛r❝❤✐♥❣ ❢♦r t❤❡ ♣♦❧✐❝② π t❤❛t ♠❛①✐♠✐③❡s t❤❡ ✈❛❧✉❡

❢✉♥❝t✐♦♥ V ✳ ❚❤❡ ♦♣t✐♠❛❧ ♣♦❧✐❝② π∗ t❤❡♥ ❞❡☞♥❡s t❤❡ ♠♦st ❛♣♣r♦♣r✐❛t❡ ❛❝t✐♦♥ ❢♦r ❡❛❝❤ ❝✉st♦♠❡r

st❛t❡✳ ❚❤✐s str❛t❡❣② ❞♦❡s ♥♦t r❡✌❡❝t ❛♥② ❜✉s✐♥❡ss ♦r ❝❛♣❛❝✐t② ❝♦♥str❛✐♥ts✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡

✉s❛❣❡ ✐s ✈❡r② ❧✐♠✐t❡❞✳

❚♦ ❤❛♥❞❧❡ ❝✉st♦♠❡r ❡❧✐❣✐❜✐❧✐t✐❡s ❛♥❞ ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞ ❜✉s✐♥❡ss ❛♥❞ ❝❛♣❛❝✐t② ❝♦♥✲

str❛✐♥ts✱ t❤❡ ▼❉P ♠♦❞❡❧ ♠✉st ❜❡ ♠♦❞✐☞❡❞✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ P ❝♦♠♣♦♥❡♥ts
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❞❡☞♥❡ t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s✳ ❚♦ ❛✈♦✐❞ s❡❧❡❝t✐♥❣ ♣r❡✈✐♦✉s❧② ❡①❝❧✉❞❡❞ ❛❝t✐♦♥ a ✐♥ st❛t❡ s✱ t❤❡ ❧✐♥❦❡❞

tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s p(s′|s, a) ♠✉st ❜❡ s❡t t♦ ③❡r♦✳ ❍♦✇❡✈❡r✱ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ tr❛♥s✐t✐♦♥

❢✉♥❝t✐♦♥ ❢✉rt❤❡r r❡s✉❧ts ✐♥ r❡✇❛r❞s R r❡✲❝♦♠♣✉t❛t✐♦♥✳ ■♥st❡❛❞✱ t❤❡ ❛ss♦❝✐❛t❡❞ ❝♦♠♣♦♥❡♥t ♦❢

t❤❡ r❡✇❛r❞ ♠❛tr✐① r(s, a) ❝❛♥ ❜❡ ❞✐r❡❝t❧② s❡t t♦ ❛ ❤✐❣❤❧② ♥❡❣❛t✐✈❡ ✈❛❧✉❡ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② t❤❡

▼❉P ❛❧❣♦r✐t❤♠ ❛✈♦✐❞s s❡❧❡❝t✐♥❣ t❤✐s ❛❝t✐♦♥✳ ❇② ✐t❡r❛t✐✈❡❧② ❛❞❥✉st✐♥❣ t❤❡ r❡✇❛r❞ ♠❛tr✐❝❡s✱

n✲❜❡st ❛❝t✐♦♥s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✱ ✇❤❡r❡ n st❛♥❞s ❢♦r ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✳

P②t❤♦♥ ▼❉P ✐♠♣❧❡♠❡♥t❛t✐♦♥

❆ P②t❤♦♥ ✈❡rs✐♦♥ ♦❢ t❤❡ ▼❉Pt♦♦❧❜♦① ❧✐❜r❛r②✺ ♣②♠❞♣t♦♦❧❜♦① ✐s ✉s❡❞ t♦ ☞♥❞ t❤❡ ♦♣t✐♠❛❧

♣♦❧✐❝② π∗ ❢♦r t❤❡ ❣✐✈❡♥ ▼❉P✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ❢✉rt❤❡r ✐t❡r❛t❡s ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s

s❡❝t✐♦♥ t♦ ♦❜t❛✐♥ n✲❜❡st ❛❝t✐♦♥s ❜② ❛❧t❡r✐♥❣ r❡✇❛r❞s R✳

P②t❤♦♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s✐♥❣ n✲❜❡st ♠❛r❦❡t✐♥❣ ❝❛♠✲

♣❛✐❣♥s ♣❡r ❝✉st♦♠❡r ♠✐❝r♦s❡❣♠❡♥t ✭st❛t❡✮ ✐s ❧✐st❡❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐① ❇✳

❘❡s✉❧ts ✈❛❧✐❞❛t✐♦♥

❋r♦♠ t❤❡ ❜✉s✐♥❡ss ♣❡rs♣❡❝t✐✈❡✱ ❛♥ ✐♥t❡r♣r❡t❛❜✐❧✐t② ♦❢ ▼❉P r❡s✉❧ts ✐s ♠✉❝❤ ♠♦r❡ ✉♥❞❡r✲

st❛♥❞❛❜❧❡ t❤❛♥ ✐♥ ❝❛s❡ ♦❢ ❞❡❡♣ ❧❡❛r♥✐♥❣ ❛❧❣♦r✐t❤♠s ✭❡✳❣✳ ❆rt✐☞❝✐❛❧ ◆❡✉r❛❧ ◆❡t✇♦r❦s✮✱ ♦r ✐♥

♦r❞✐♥❛r② ♠♦❞❡❧s s✉❝❤ ❛s ❧♦❣✐st✐❝ r❡❣r❡ss✐♦♥ ✇❤❡r❡ t❤❡ ❡①♣♦♥❡♥t✐❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ♠✐❣❤t ❜❡

❤❛r❞ t♦ ✐♠❛❣✐♥❡ ❢♦r s♦♠❡ ♦❢ t❤❡ ✉s❡rs✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ▼❉P r❡s✉❧ts ♦❢ t❤❡ ❢❛✈♦r❡❞ ♠❛r❦❡t✐♥❣

❝❛♠♣❛✐❣♥ ♦♥ t❤❡ ❞❡s✐r❡❞ ❝✉st♦♠❡r ♠✐❝r♦s❡❣♠❡♥t ❝❛♥ ❜❡ ✈✐s✉❛❧✐③❡❞✱ ❛s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ☞❣✉r❡

✺✳✹✳
✺▼❉P ❚♦♦❧❜♦① ❧✐❜r❛r② ❢♦r P②t❤♦♥ ✐♥st❛❧❧❛t✐♦♥ st❡♣s ❛♥❞ ❞♦❝✉♠❡♥t❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ❛t✿

❤tt♣✿✴✴♣②♠❞♣t♦♦❧❜♦①✳r❡❛❞t❤❡❞♦❝s✳✐♦✴❡♥✴❧❛t❡st✴✐♥❞❡①✳❤t♠❧
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2%

9%

2%

1%

6%

20%

5% microsegm

3 132

10%
microsegm

2 350

1%
microsegm

2 22

1%
microsegm

1

3%

microsegm
2 350

After | Before

❋✐❣✉r❡ ✺✳✹✿ ❚❤❡ ✐♠♣❛❝t ♦❢ ❛ ♣r❡❢❡rr❡❞ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥ t❛r❣❡t❡❞ ♦♥ t❤❡ s❡❧❡❝t❡❞ ❝✉st♦♠❡r

♠✐❝r♦s❡❣♠❡♥t✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♥❛t✉r❛❧ ❝✉st♦♠❡r ❜❡❤❛✈✐♦r✱ ❙♦✉r❝❡✿ ❆✉t❤♦r

❚❤❡ ☞❣✉r❡ ✺✳✹ ❞✐s♣❧❛②s ♦♥❧② ❞❛t❛ ❛❧r❡❛❞② ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ▼❉P ♠♦❞❡❧✱ t❤❡r❡❢♦r❡ ♥♦ ❛❞❞✐✲

t✐♦♥❛❧ ❝♦♠♣✉t❛t✐♦♥ ✐s ♥❡❡❞❡❞✳ ❚❤❡ ❈▲❱s ❞✐s♣❧❛②❡❞ ❛r❡ ♣r❡✲❝♦♠♣✉t❡❞ ✐♥ t❤❡ ▼❈ ♠♦❞❡❧✱ tr❛♥✲

s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ ▼❉P tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥✳ ❚❤❡ ❞✐❛❣r❛♠ ♣r♦✈✐❞❡s

✉s❡rs ✇✐t❤ ✈❛❧✉❛❜❧❡ ✐♥s✐❣❤ts ♦❢ ❡st✐♠❛t❡❞ ❝❧✐❡♥t ❜❡❤❛✈✐♦r ❛♥❞ t❤❡ ☞♥❛♥❝✐❛❧ ✐♠♣❛❝t t❤r♦✉❣❤

❈▲❱✳ ▼♦r❡♦✈❡r✱ t❤❡ ❝❤❛rt ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ ♣♦✇❡r❢✉❧ t♦♦❧ ❢♦r ♠♦❞❡❧ ✈❛❧✐❞❛t✐♦♥✳
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❙✉♠♠❛r②

❋✐rst❧②✱ ❈▲❱ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ t❤❡ ▼❛r❦♦✈ ❈❤❛✐♥ ♠♦❞❡❧ ✐s ✐♥tr♦❞✉❝❡❞✳ ❈✉s✲

t♦♠❡r ♠✐❝r♦s❡❣♠❡♥t❛t✐♦♥ r❡✌❡❝t✐♥❣ ❜❡❤❛✈✐♦r❛❧ ♣❛tt❡r♥s✱ ❝✉st♦♠❡r ♣r♦☞t❛❜✐❧✐t② ❛♥❞ ❝❤✉r♥

s❝♦r❡ ♠✉st ❜❡ ❝r❡❛t❡❞✱ ✇❤✐❝❤ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ t❤❡ ♠♦st ❝❤❛❧❧❡♥❣✐♥❣ t❛s❦ ✭❈❤❡♥❣ ❡t ❛❧✳✱

✷✵✶✷✮✳ ❈✉st♦♠❡r tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s r❡❣❛r❞✐♥❣ ♣r❡✈✐♦✉s❧② ❞❡☞♥❡❞ ❝✉st♦♠❡r st❛t❡s ✭♠✐✲

❝r♦s❡❣♠❡♥ts✮ ❛r❡ ♦❜t❛✐♥❡❞ ❛♥❞ t❤❡ st❛t❡ r❡✇❛r❞s ❝♦♠♣✉t❡❞✳ ❖♥❝❡ ❛❧❧ t❤❡ ▼❈ ♠♦❞❡❧ ❝♦♠♣♦✲

♥❡♥ts ❛r❡ ❞❡☞♥❡❞✱ t❤❡ ❈▲❱ ✈❛❧✉❡ ♣❡r ♠✐❝r♦s❡❣♠❡♥t ✐s ❝❛❧❝✉❧❛t❡❞✳

❙❡❝♦♥❞❧②✱ t❤❡ ▼❉P ♠♦❞❡❧ ✐s ❝r❡❛t❡❞ ❜② ❡①t❡♥❞✐♥❣ t❤❡ ▼❈ ♠♦❞❡❧ ❜② ❛❝t✐♦♥s ✭♠❛r❦❡t✐♥❣

✐♥❝❡♥t✐✈❡s✮✳ ▼❉P ❛❧❣♦r✐t❤♠s P♦❧✐❝② ■t❡r❛t✐♦♥✱ ❱❛❧✉❡ ■t❡r❛t✐♦♥ ❛♥❞ ◗✲▲❡❛r♥✐♥❣ ❛r❡ ❛♣♣❧✐❡❞

t♦ r❡tr✐❡✈❡ t❤❡ ♦♣t✐♠❛❧ ♣♦❧✐❝② π∗ ✇❤✐❝❤ ❞❡☞♥❡s t❤❡ ♠♦st s✉✐t❛❜❧❡ ❛❝t✐♦♥ ♣❡r ❝✉st♦♠❡r st❛t❡

✭♠✐❝r♦s❡❣♠❡♥t✮✳ ❚♦ ♦❜t❛✐♥ n✲❜❡st ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s ♣❡r ❝✉st♦♠❡r ♠✐❝r♦s❡❣♠❡♥t✱ t❤❡

♦♣t✐♠✐③❛t✐♦♥ ✐s r✉♥ ✐t❡r❛t✐✈❡❧②✳

❋✐♥❛❧❧②✱ ♣♦ss✐❜❧❡ ✈✐s✉❛❧✐③❛t✐♦♥s ♦❢ ❜♦t❤ ♠♦❞❡❧s ❛r❡ ♠❡♥t✐♦♥❡❞ ❢♦r ❜❡tt❡r ♠♦❞❡❧ ✐♥t❡r✲

♣r❡t❛❜✐❧✐t②✳
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❈❤❛♣t❡r ✻

▼♦❞❡❧ ❱❛❧✐❞❛t✐♦♥ ✫ ❘❡s✉❧ts

❚❤❡ ❛✐♠ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ s✉♠♠❛r✐③❡ ☞♥❞✐♥❣s ❣❛✐♥❡❞ t❤r♦✉❣❤♦✉t t❤❡ ▼❉P ♠♦❞❡❧

✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥ ❛ r❡t❛✐❧ ❜❛♥❦✐♥❣ ❡♥✈✐r♦♥♠❡♥t✳ ❉✉❡ t♦ ❝♦♥☞❞❡♥t✐❛❧✐t② r❡❛s♦♥s✱ ❛❞❥✉st❡❞✱

❛♣♣r♦①✐♠❛t❡❞ ❛♥❞ ❛♥♦♥②♠✐③❡❞ r❡s✉❧ts ❛r❡ ♣r♦✈✐❞❡❞✳

✻✳✶ ❉❛t❛ ❉❡s❝r✐♣t✐♦♥

❚❤❡ ❞❛t❛s❡t ❞❡s❝r✐❜❡s ❝✉st♦♠❡r ❜❡❤❛✈✐♦r ♦❢ ❊✉r♦♣❡❛♥ ❜❛♥❦✬s ❝❧✐❡♥ts ❜❡t✇❡❡♥ ②❡❛rs

✷✵✶✷ ❛♥❞ ✷✵✶✹✳ ■t ❝♦♥t❛✐♥s ❞❛t❛ ❢r♦♠ ✈❛r✐♦✉s ❜❛♥❦✐♥❣ s②st❡♠s ❡✳❣✳ ❈❘▼✱ ♣r♦❞✉❝t ❤✐st♦r②✱

tr❛♥s❛❝t✐♦♥❛❧ ❞❛t❛✱ ❛♥❞ ❛❝❝♦✉♥t ❜❛❧❛♥❝❡s✳

❚❤❡ ❦❡② ❞❛t❛s❡t ❞r❛✇❜❛❝❦s ❝❛♥ ❜❡ ✐❞❡♥t✐☞❡❞ ❛s✿

✶✳ ◆♦ ❞❛t❛ ❛❜♦✉t ❝❛♠♣❛✐❣♥ ❝♦sts ❛r❡ ♣r♦✈✐❞❡❞✱ t❤❡r❡❢♦r❡ t❤❡ ●❛♠♠❛ ❞✐str✐❜✉t✐♦♥ ♦❢ ❝❛♠✲

♣❛✐❣♥ ❝♦sts ✐s ❛ss✉♠❡❞✱ ✇❤✐❧❡ ❧✐♠✐t✐♥❣ t❤❡ t♦t❛❧ ❛♠♦✉♥t s♣❡♥t ♦♥ ♠❛r❦❡t✐♥❣ ❡①♣❡♥❞✐t✉r❡s

❛t ✶✵✪ ♦❢ ❜❛♥❦ ②❡❛r r❡✈❡♥✉❡✱ ❛s s✉❣❣❡st❡❞ ❜② ✭▼✉❧❧✐♥❡❛✉① ✫ P②❧❡s✱ ✷✵✶✵✮✳

✷✳ ❖♥❧② ❛♥ ❛❣❣r❡❣❛t❡❞ ♣r♦☞t q✉❛rt❡r❧② ✐s ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❞❛t❛s❡t✳ ❆s ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢

t❤❡ ❛❣❣r❡❣❛t❡❞ ✈❛❧✉❡ ❛♥❞ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♣r♦☞t❛❜✐❧✐t② ❛t t❤❡ ♣r♦❞✉❝t✴❝✉st♦♠❡r ❧❡✈❡❧

✇♦✉❧❞ ❜❡ ✈❡r② ♣r♦❜❧❡♠❛t✐❝ ❛♥❞ ♣♦ss✐❜❧② ❧❡❛❞ t♦ ❤✐❣❤ ❞✐s❝r❡♣❛♥❝✐❡s✱ r❡✈❡♥✉❡ ✐s ✉s❡❞ ✐♥

❈▲❱ ♠♦❞❡❧✐♥❣ ✐♥st❡❛❞ ♦❢ ♣r♦☞t✳
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✸✳ ❚❤❡ ❞❛t❛ ❛r❡ ❣✐✈❡♥ ✐♥ ❛ ❢♦r♠ ♦❢ ♠♦♥t❤❧② s♥❛♣s❤♦ts✱ t❤❡r❡❢♦r❡ t❤❡ s❤♦rt❡st t✐♠❡ ♣❡r✐♦❞

✐♥ t❤❡ ♠♦❞❡❧✐♥❣ ❡①❡r❝✐s❡ ✐s ♦♥❡ ♠♦♥t❤✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ✐♠♣❛❝t ♦❢ ♣❡r✐♦❞ ❧❡♥❣t❤ ♦♥

❈▲❱ ✈❛❧✉❡ ❝❛♥♥♦t ❜❡ ❡①❛♠✐♥❡❞✳

❚❤❡ ❣✐✈❡♥ ❜❛♥❦✐♥❣ ❞❛t❛s❡t ❝♦♥t❛✐♥s ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ♠♦r❡ t❤❛♥ ✺ ♠✐❧❧✐♦♥ ✉♥✐q✉❡

❝✉st♦♠❡rs✱ t❤❡✐r ❞✐str✐❜✉t✐♦♥ ♦✈❡r ❜✉s✐♥❡ss s❡❣♠❡♥ts ✐s s❤♦✇♥ ✐♥ t❤❡ ☞❣✉r❡ ✻✳✶✳

Mass market

77.60%

Mass affluent 

14.90%

Top affluent

4.60% 

Churn

Mass affluent

Mass market

Newcomer

Private client

Top affluent

Business Segment

❋✐❣✉r❡ ✻✳✶✿ ❇✉s✐♥❡ss ❙❡❣♠❡♥t ❞✐str✐❜✉t✐♦♥ ♦✈❡r ❝✉st♦♠❡r ❜❛s❡✱ ❙♦✉r❝❡✿ ❆✉t❤♦r

▼♦st ♦❢ t❤❡ ❝✉st♦♠❡rs ❜❡❧♦♥❣ t♦ ▼❛ss ♠❛r❦❡t s❡❣♠❡♥t ✭✼✼✳✻✪✮✱ t❤❡ s❡❝♦♥❞ ♠♦st ❢r❡✲

q✉❡♥t ❣r♦✉♣ ✐s ▼❛ss ❛✎✉❡♥t ✭✶✹✳✾✪✮✱ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ❡❛❝❤ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ❜✉s✐♥❡ss

s❡❣♠❡♥ts ❞♦ ♥♦t ❡①❝❡❡❞ ✺✪✳
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Churn
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Time

❋✐❣✉r❡ ✻✳✷✿ ◆❡✇ ✫ ❈❤✉r♥❡❞ ❝✉st♦♠❡r ♣❡r❝❡♥t❛❣❡s ♦✈❡r t✐♠❡✱ ❙♦✉r❝❡✿ ❆✉t❤♦r

❚❤❡ ☞❣✉r❡ ✻✳✷ ❞✐s♣❧❛②s ❛♥ ✉♥s❛t✐s❢❛❝t♦r② tr❡♥❞ ♦❢ ♥❡✇ ❛♥❞ ❝❤✉r♥❡❞ ❝❧✐❡♥ts✳ ❲❤✐❧❡ ❝♦✉♥ts

✼✺



♦❢ ♥❡✇❝♦♠❡rs ❛r❡ ❞❡❝r❡❛s✐♥❣✱ t❤❡ ♣❡r❝❡♥t❛❣❡s ♦❢ ❝❤✉r♥❡❞ ❝✉st♦♠❡rs ❛r❡ ❛❝❝❡❧❡r❛t✐♥❣✳ ❙✐♠♣❧❡

❧✐♥❡❛r r❡❣r❡ss✐♦♥ ❡st✐♠❛t✐♦♥s ✭r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❞❛s❤❡❞ ❧✐♥❡s✮ s❤♦✇ t❤❛t ✐♥ s❤♦rt t✐♠❡ ♣❡r✐♦❞

t❤❡ ♥✉♠❜❡r ♦❢ ❧❡❛✈✐♥❣ ❝✉st♦♠❡rs ❝❛♥ ❡①❝❡❡❞ t❤❡ ♥✉♠❜❡r ♦❢ ❛❝q✉✐r❡❞ ♦♥❡s✳ ❆s ❛ r❡s✉❧t✱ t❤❡

❝❧✐❡♥t ❜❛s❡ ✇♦✉❧❞ st❛rt ❞✐♠✐♥✐s❤✐♥❣✳

❘❡s♦❧✉t✐♦♥ ♦❢ s✉❝❤ ♣r♦❜❧❡♠ ♠❛② r❡q✉✐r❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❜✉s✐♥❡ss ♣r♦❝❡ss❡s ♦r ♣r♦❞✉❝t

♣♦rt❢♦❧✐♦✳ ❍♦✇❡✈❡r✱ ❛ s✐❣♥✐☞❝❛♥t ❡♥❤❛♥❝❡♠❡♥t ❝❛♥ ❜❡ r❡❛❝❤❡❞ ✈✐❛ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ♠❛r❦❡t✐♥❣

❝❛♠♣❛✐❣♥s ✇❤✐❧❡ ❢♦❝✉s✐♥❣ ♦♥ t❤❡ ❧♦♥❣✲t❡r♠ ♦r✐❡♥t❡❞ ♠❡tr✐❝ ④ ❈✉st♦♠❡r ▲✐❢❡t✐♠❡ ❱❛❧✉❡✳ ❚❤✐s

❛♣♣r♦❛❝❤ ✐s ❢✉rt❤❡r ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✳

✻✳✷ ❈▲❱ ♠♦❞❡❧✐♥❣

❚❤❡ ❈▲❱ ♠♦❞❡❧✐♥❣ ✇❛s ♣❡r❢♦r♠❡❞ ❛s ♣r♦♣♦s❡❞ ✐♥ ❝❤❛♣t❡rs ✹ ✫ ✺✳ ❚❤❡ ♦♣t✐♠❛❧ ♥✉♠❜❡r

♦❢ ❜❡❤❛✈✐♦r❛❧ ❝❧✉st❡rs ❜❛s❡❞ ♦♥ ❲❙❙❊ ✇❛s s❡t t♦ ✺ ✭❛❝❝♦r❞✐♥❣ t♦ t❤❡ ☞❣✉r❡ ✺✳✷✮✳ ❉✉❡ t♦ ❧❛❝❦

♦❢ ♣r♦☞t r❡❧❛t❡❞ ♠❡❛s✉r❡s✱ r❡✈❡♥✉❡ ✇❛s ✉s❡❞ ✐♥st❡❛❞✳ ❚❤❡ r❡✈❡♥✉❡ ❤✐st♦❣r❛♠ ❛♥❞ s✉❣❣❡st❡❞

❞✐s❝r❡t✐③❛t✐♦♥ r❛♥❣❡s ❛r❡ s❤♦✇♥ ✐♥ t❤❡ ☞❣✉r❡ ✻✳✸✳
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❋✐❣✉r❡ ✻✳✸✿ ❚❤❡ r❡✈❡♥✉❡ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ s❛❧✐❡♥t ❞❡❝✐❧❡s✱ ❙♦✉r❝❡✿ ❆✉t❤♦r

❉❡❝✐❧❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✇❛s ✉s❡❞ t♦ ❝r❡❛t❡ ❘❡✈❡♥✉❡ ❛♥❞ ❈❤✉r♥ s❝♦r❡ ❜✐♥s✱ ❝♦♥s❡q✉❡♥t❧②

✶✵✵ t❛r❣❡t ❝❧❛ss❡s ✇❡r❡ ❝r❡❛t❡❞✳ ❚❤❡ ❝❧❛ss✐☞❝❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✭❞❡❝✐s✐♦♥ tr❡❡✮ ✇❛s tr❛✐♥❡❞ ♦♥

❜❡❤❛✈✐♦r❛❧ ❞❛t❛ ✇✐t❤ t❤❡ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ♦❢ ❛ ♥♦❞❡ s✐③❡ s❡t ❛t ✷✺✱✵✵✵ ❝✉st♦♠❡rs✳ ❚❤❡ ❛❧❣♦✲

r✐t❤♠ ❝r❡❛t❡❞ ✶✶✻ ♠✉t✉❛❧❧② ❡①❝❧✉s✐✈❡ ♠✐❝r♦s❡❣♠❡♥ts✳ ❚r❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ ❝✉st♦♠❡r st❛t❡
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r❡✇❛r❞s ✭❛✈❡r❛❣❡ ♠✐❝r♦s❡❣♠❡♥t r❡✈❡♥✉❡✮ ✇❡r❡ ❝❛❧❝✉❧❛t❡❞ t♦ ♣r❡♣❛r❡ ❛❧❧ t❤❡ ▼❈ ❝♦♠♣♦♥❡♥ts✳

❇❡❝❛✉s❡ ♦❢ ❜❛♥❦ ✐♥t❡r♥❛❧ r❡❣✉❧❛t✐♦♥s ❛♥❞ ❛ss❡t ❡✈❛❧✉❛t✐♦♥ ♣♦❧✐❝✐❡s ✲ ☞♥✐t❡ t✐♠❡ ❤♦r✐③♦♥

♦❢ ✷ ②❡❛rs ✭✷✹ ♣❡r✐♦❞s✮ ✇✐t❤ t❤❡ ❛♥♥✉❛❧ ❞✐s❝♦✉♥t r❛t❡ ✷✪ ✇❡r❡ t❛❦❡♥ ❛s ✐♥♣✉t ♣❛r❛♠❡t❡rs

✐♥t♦ t❤❡ ❈▲❱ ❝♦♠♣✉t❛t✐♦♥✳ ❚✇❡❧✈❡ ❞✐☛❡r❡♥t ❈▲❱ ♠♦❞❡❧s ❜❛s❡❞ ♦♥ ♣r❡❝❡❞✐♥❣ ✶✷ ♠♦♥t❤s ❞❛t❛

✇❡r❡ ❜✉✐❧t t♦ ✈❛❧✐❞❛t❡ t❤❡ ♠♦❞❡❧ st❛❜✐❧✐t②✳ ❆ s❛♠♣❧❡ ♦❢ ✸ ♠✐❝r♦s❡❣♠❡♥ts ❛♥❞ t❤❡✐r ❡st✐♠❛t❡❞

❈▲❱ ✈❛❧✉❡ ❞❡✈❡❧♦♣♠❡♥t ❝❛♥ ❜❡ s❡❡♥ ✐♥ t❤❡ ☞❣✉r❡ ✻✳✹✳

$
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❋✐❣✉r❡ ✻✳✹✿ ❊st✐♠❛t❡❞ ❈▲❱ ❞❡✈❡❧♦♣♠❡♥t ♦♥ s❡❧❡❝t❡❞ ♠✐❝r♦s❡❣♠❡♥ts✱ ❙♦✉r❝❡✿ ❆✉t❤♦r

❙✐♥❝❡ t❤❡ ❞❡✈✐❛t✐♦♥ ♦❢ ❡st✐♠❛t❡❞ ❈▲❱ ✈❛❧✉❡ ✇❛s s✉✍❝✐❡♥t❧② ❧♦✇✱ t❤❡ ▼❈ ♠♦❞❡❧ ✇❛s

r❡❣❛r❞❡❞ ❛s st❛❜❧❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠♦❞❡❧ ♦✉t♣✉ts ❝♦✉❧❞ ❜❡ ❢✉rt❤❡r ✉s❡❞ ✐♥ ❈▲❱ ♦♣t✐♠✐③❛t✐♦♥✳

✻✳✸ ❈▲❱ ♦♣t✐♠✐③❛t✐♦♥

❚❤❡ ♣r❡✈✐♦✉s❧② ❞❡☞♥❡❞ ❝✉st♦♠❡r ♠✐❝r♦s❡❣♠❡♥ts✱ t❤❡✐r ❈▲❱s ❛♥❞ t❤❡ ❭♥♦✲❛❝t✐♦♥✧ tr❛♥✲

s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ✇❡r❡ ✉s❡❞ ✐♥ t❤❡ ▼❉P ❝♦♥str✉❝t✐♦♥✱ ❛❞❞✐t✐♦♥❛❧❧② ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥

s♣❡❝✐☞❝ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❛♥❞ r❡✇❛r❞s ❤❛❞ t♦ ❝❛❧❝✉❧❛t❡❞✳

❚❤r❡❡ ❞✐☛❡r❡♥t ▼❉P ❛❧❣♦r✐t❤♠s ✲ P♦❧✐❝② ■t❡r❛t✐♦♥✱ ❱❛❧✉❡ ■t❡r❛t✐♦♥ ❛♥❞ ◗✲▲❡❛r♥✐♥❣✱

✇❡r❡ ✉s❡❞ t♦ ♠♦❞❡❧ t❤❡ ♦♣t✐♠❛❧ ♣♦❧✐❝② π∗✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❞②♥❛♠✐❝ ♣r♦❣r❛♠✲
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♠✐♥❣ ❛❧❣♦r✐t❤♠s ✭P♦❧✐❝② ■t❡r❛t✐♦♥ ❛♥❞ ❱❛❧✉❡ ■t❡r❛t✐♦♥✮ ♦✉t♣❡r❢♦r♠❡❞ t❤❡ ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥

r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ✭◗✲▲❡❛r♥✐♥❣✮✳ ◆♦t ♦♥❧② ❜② ❝♦♠♣❛r✐♥❣ t❤❡ ❛❝❤✐❡✈❡❞ ✈❛❧✉❡ ♦❢ ❱❛❧✉❡

❢✉♥❝t✐♦♥✱ ❜✉t ❛❧s♦ t❤❡ ❛❧❣♦r✐t❤♠ r✉♥t✐♠❡✱ ✇❤✐❝❤ ✇❛s ✐♥ ❝❛s❡ ♦❢ ◗✲▲❡❛r♥✐♥❣ s✐❣♥✐☞❝❛♥t❧② ❤✐❣❤❡r✳

❙✐♥❝❡ t❤❡ ♣r♦❜❧❡♠ ✇❛s ♠♦❞❡❧❡❞ ❛s ❛ st❛t✐♦♥❛r② ▼❉P ✭♥♦♥✲❝❤❛♥❣✐♥❣ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s

❛♥❞ r❡✇❛r❞s✮✱ t❤❡ ❡①♣❧♦r❛t✐♦♥ str❛t❡❣② ♦❢ t❤❡ ◗✲▲❡❛r♥✐♥❣ ❞✐❞ ♥♦t ✇♦rt❤ ✐t✳ P♦❧✐❝② ■t❡r❛t✐♦♥

❛♥❞ ❱❛❧✉❡ ■t❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❡♥❞❡❞ ✉♣ ✇✐t❤ ❛❧♠♦st ✐❞❡♥t✐❝❛❧ r❡s✉❧ts✳ ❍♦✇❡✈❡r✱ t❤❡ P♦❧✐❝②

■t❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ r❡s✉❧t❡❞ ✐♥ ❛ s❧✐❣❤t❧② ❤✐❣❤❡r ✈❛❧✉❡s ♦❢ ❱❛❧✉❡ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡r❡❢♦r❡ ✐t ✇❛s

s❡❧❡❝t❡❞ ❢♦r ♠❛r❦❡t✐♥❣ str❛t❡❣② ❡st✐♠❛t✐♦♥✳
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❋✐❣✉r❡ ✻✳✺✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ♦♣t✐♠❛❧ ❛♥❞ ♣❛st str❛t❡❣✐❡s✱ ❙♦✉r❝❡✿ ❆✉t❤♦r

❚❤❡ ☞❣✉r❡ ✻✳✺ ❞✐s♣❧❛②s ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ ♠❛r❦❡t✐♥❣ str❛t❡❣✐❡s ♣❡r❢♦r♠❡❞ ❜② t❤❡ ❜❛♥❦ ✐♥

♣❛st ❛♥❞ t❤❡ ♦♣t✐♠❛❧ t❛r❣❡t✐♥❣ str❛t❡❣② ❡st✐♠❛t❡❞ ❜② t❤❡ ▼❉P ♠♦❞❡❧✳ ❚❤❡ ♦♣t✐♠❛❧ str❛t❡❣②

❞♦❡s ♥♦t r❡✌❡❝t ❝✉st♦♠❡r ❡❧✐❣✐❜✐❧✐t②✱ ❜✉❞❣❡t ♦r ❝❤❛♥♥❡❧ ❝❛♣❛❝✐t② ❝♦♥str❛✐♥ts ❛♥❞ t❤❡r❡❢♦r❡ ✐t

❝❛♥♥♦t ❜❡ r❡❢❡rr❡❞ ❛s ❛ ❢❡❛s✐❜❧❡ ♠❛r❦❡t✐♥❣ str❛t❡❣②✳ ■♥st❡❛❞✱ ✐t ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❜❡♥❝❤♠❛r❦

♣✉r♣♦s❡s ❛♥❞ ✇❤❛t✲✐❢ ❛♥❛❧②s✐s ✭❡✳❣✳ ✇❤❛t ✇♦✉❧❞ ❜❡ t❤❡ ✐♠♣❛❝t ♦♥ ♠✐❝r♦s❡❣♠❡♥t ❈▲❱✱ ✐❢ t❤❡

♠❛r❦❡t✐♥❣ ❜✉❞❣❡t ✇❛s ✐♥❝r❡❛s❡❞✮✳

❇② r❡♠♦✈✐♥❣ t❤❡ ♦♣t✐♠❛❧ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥ ❢r♦♠ t❤❡ ▼❉P ❛❝t✐♦♥ s♣❛❝❡✱ t❤❡ ❛❧❣♦✲

r✐t❤♠ ✐s ❢♦r❝❡❞ t♦ s❡❧❡❝t ❛ ♥❡①t✲❜❡st ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥✳ ❚❤✐s ❜❡❤❛✈✐♦r ❝❛♥ ❜❡ r❡♣❡❛t❡❞

✉♥t✐❧ t❤❡ ❛❝t✐♦♥ ❭❞♦ ♥♦t❤✐♥❣✧ ✐s r❡❛❝❤❡❞✳ ❚❤❡ r❡s✉❧t ♦❢ s✉❝❤ ♠♦❞✐☞❡❞ ❛❧❣♦r✐t❤♠ ✐s ❛♥ ♦r❞❡r❡❞
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s❡t ♦❢ n✲❜❡st ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s ♦♣t✐♠✐③✐♥❣ ❈▲❱✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞✐r❡❝t❧② ✐♠♣❧❡♠❡♥t❡❞ ✐♥

t❤❡ ❝❛♠♣❛✐❣♥ ♠❛♥❛❣❡♠❡♥t s②st❡♠✳ ❚❤❡ t❛❜❧❡ ✻✳✶ s❤♦✇s t❤❡ ♦✉t♣✉t ❢♦r ✶✵ ♠✐❝r♦s❡❣♠❡♥ts✳

❚❛❜❧❡ ✻✳✶✿ ▼❉P ♠♦❞❡❧ ♦✉t♣✉t ✲ ❡st✐♠❛t❡❞ ♠❛r❦❡t✐♥❣ str❛t❡❣② ♣❡r ♠✐❝r♦s❡❣♠❡♥ts

❈❛♠♣❛✐❣♥ ♦r❞❡r

▼✐❝r♦s❡❣♠❡♥t ✶ ✷ ✸ ✹ ✺ ✻ ✼ ✽ ✾ ✶✵

✶ ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✵

✷ ✶✹ ✸ ✼✶ ✸✾ ✶✷ ✹✷ ✽✺ ✶✽ ✻✼ ✵

✸ ✶✹ ✸ ✼✶ ✸✾ ✶✷ ✹✷ ✽✺ ✶✽ ✻✼ ✵

✹ ✶✹ ✸ ✼✶ ✸✾ ✶✷ ✹✷ ✽✺ ✶✽ ✻✼ ✵

✺ ✾✻ ✶✾ ✶✹ ✽✾ ✸ ✻✵ ✼✶ ✽✸ ✶✶ ✻✾

✻ ✼✼ ✶✹ ✸ ✼✶ ✶✻ ✷✻ ✶✼ ✹✽ ✺✼ ✻✺

✼ ✷✾ ✶✹ ✸ ✻✵ ✼✶ ✽✸ ✷✵ ✷✶ ✹✽ ✽✶

✽ ✷✹ ✺✻ ✸✻ ✶✹ ✷✵ ✸ ✼✶ ✹✺ ✽✸ ✻✹

✾ ✺✶ ✶ ✶✹ ✹✻ ✸ ✻✵ ✼✶ ✶✵✵ ✶✺ ✾✻

✶✵ ✺✽ ✹✸ ✶✹ ✸ ✻✵ ✼✶ ✶✻ ✺✼ ✻✶ ✼

❈♦❧✉♠♥s ✐♥ t❤❡ t❛❜❧❡ ✻✳✶ s❤♦✇ t❤❡ n✲♦♣t✐♠❛❧ ❛❝t✐♦♥✳ ❱❛❧✉❡ ❵✵✬ st❛♥❞s ❢♦r ❭❞♦✲♥♦t❤✐♥❣✧✳

❇✉s✐♥❡ss ✐♠♣❧✐❝❛t✐♦♥s ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ r❡s✉❧t t❛❜❧❡✱ ❡✳❣✳ t❛r❣❡t✐♥❣ ▼✐❝r♦s❡❣♠✶

✭❝❤✉r♥❡❞ ❝❧✐❡♥ts✮ ✐s ♥♦t ♣r♦☞t❛❜❧❡✳ ❚❤✐s ❜❡❤❛✈✐♦r ❤❛s ✷ ♣♦ss✐❜❧❡ ❡①♣❧❛♥❛t✐♦♥s✿ ✭✶✮ t❤❡ ♣r♦❜✲

❛❜✐❧✐t② ♦❢ ❛ ❝❤✉r♥❡❞ ❝❧✐❡♥t ❛❝q✉✐s✐t✐♦♥ ✐s ✈❡r② ❧♦✇ ♦r ✭✷✮ ❜❛♥❦✬s r❡t❡♥t✐♦♥ ♣r♦❝❡ss❡s ❛r❡ ♥♦t

✇❡❧❧ ❞❡✈❡❧♦♣❡❞✳ ❆♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ✐♥s✐❣❤t ❝❛♥ ❜❡ ✐❞❡♥t✐☞❡❞ ❛♠♦♥❣ ♠✐❝r♦s❡❣♠❡♥ts ✷✱ ✸ ❛♥❞

✹ ④ t❤❡ ✐❞❡♥t✐❝❛❧ ♠❛r❦❡t✐♥❣ str❛t❡❣② ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② ❡✐t❤❡r ❧❛❝❦ ♦❢ ❝✉st♦♠✐③❡❞ ♠❛r❦❡t✐♥❣

❝❛♠♣❛✐❣♥s ❢♦r t❤❡s❡ ♠✐❝r♦s❡❣♠❡♥ts✱ ♦r ❤✐❣❤ ❝♦rr❡❧❛t✐♦♥ ❛♠♦♥❣ t❤❡♠ ❛♥❞ t❤❡r❡❢♦r❡ ♣♦ss✐❜✐❧✐t②

t♦ ♠❡r❣❡ ❛♥❞ s✐♠♣❧✐❢② t❤❡ ♠♦❞❡❧✳
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❙✉♠♠❛r②

❚❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧✐♥❣ ❛♣♣r♦❛❝❤ ❢r♦♠ ❝❤❛♣t❡rs ✹ ✫ ✺ ✇❛s s✉❝❝❡ss❢✉❧❧② ✈❡r✐☞❡❞ ♦♥

t❤❡ r❡t❛✐❧ ❜❛♥❦✐♥❣ ❞❛t❛s❡t ♦❢ ♠♦r❡ t❤❛♥ ✺ ♠✐❧❧✐♦♥ ❝✉st♦♠❡rs✳ ❚❤❡ ❝✉st♦♠❡r ❜❛s❡ ✇❛s s♣❧✐t

✐♥t♦ ✶✶✻ ❝✉st♦♠❡r ♠✐❝r♦s❡❣♠❡♥ts✱ ❢♦r ✇❤✐❝❤ t❤❡ ❈▲❱ ✇❛s ❡st✐♠❛t❡❞✳ ❈▲❱ ♦♣t✐♠✐③❛t✐♦♥

✇❛s ♣❡r❢♦r♠❡❞ ❜② ▼❉P ♠♦❞❡❧ ❜❛s❡❞ ♦♥ ✶✵✶ ❛❝t✐♦♥s ✭✶✵✵ ♠❛r❦❡t✐♥❣ ❛❝t✐♦♥s ♣❧✉s t❤❡ ❛❝t✐♦♥

r❡♣r❡s❡♥t✐♥❣ ♥❛t✉r❛❧ ❝✉st♦♠❡r ❜❡❤❛✈✐♦r✮✳ ❚❤❡ ♦♣t✐♠❛❧ str❛t❡❣② ✇❛s t❤❡♥ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡

❡①✐st✐♥❣ t♦ ❡①❤✐❜✐t t❤❡ ♠♦❞❡❧ ❜❡♥❡☞ts✳ ❚❤❡ ♦♣t✐♠✐③❛t✐♦♥ t❛s❦ ✇❛s r✉♥ ✐t❡r❛t✐✈❡❧② t♦ ♦❜t❛✐♥

❛♥ ♦r❞❡r❡❞ ❧✐st ♦❢ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s s✉✐t❛❜❧❡ ❢♦r ❡❛❝❤ ♠✐❝r♦s❡❣♠❡♥t✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞✐r❡❝t❧②

✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ❝❛♠♣❛✐❣♥ ♠❛♥❛❣❡♠❡♥t s②st❡♠✳
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❈❤❛♣t❡r ✼

❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s t❤❡s✐s✱ ■ ❞✐s❝✉ss❡❞ ❛❧❧♦❝❛t✐♦♥ ♦❢ ♠❛r❦❡t✐♥❣ r❡s♦✉r❝❡s ✐♥ ♦r❞❡r t♦ ✐♥❝r❡❛s❡ t❤❡

❝✉st♦♠❡r ❡q✉✐t② ✐♥ r❡t❛✐❧ ❜❛♥❦✐♥❣✳ ❉❡s♣✐t❡ tr❛❞✐t✐♦♥❛❧ ♠❡tr✐❝s ✉s❡❞ ✇✐t❤✐♥ t❤❡ ✐♥❞✉str② t♦

♦♣t✐♠✐③❡ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s s✉❝❤ ❛s ♣r♦☞t ♦r r❡✈❡♥✉❡✱ ■ ✐♥tr♦❞✉❝❡❞ ❛ ❝✉st♦♠❡r ❝❡♥tr✐❝

♠♦❞❡❧ ❝❛❧❝✉❧❛t✐♥❣ ❈✉st♦♠❡r ▲✐❢❡t✐♠❡ ❱❛❧✉❡ ✭❈▲❱✮ ❜❛s❡❞ ♦♥ ❛ ▼❛r❦♦✈ ❝❤❛✐♥ ♣r✐♥❝✐♣❧❡✳ ❊✈❡♥

t❤♦✉❣❤ t❤❡ ❈▲❱ ❞❡☞♥✐t✐♦♥ ✐s ✐♥ t❤❡♦r② r❡❧❛t✐✈❡❧② s✐♠♣❧❡ ✭❈▲❱ ✐s ❞❡☞♥❡❞ ❛s t❤❡ s✉♠ ♦❢ ❛❧❧ ❢✉t✉r❡

❞✐s❝♦✉♥t❡❞ ♣r♦☞ts✮✱ t✇♦ ♠❛✐♥ ♦❜st❛❝❧❡s ❛r❡ ✐❞❡♥t✐☞❡❞✳ ❋✐rst❧②✱ t❤❡ ❝❛❧❝✉❧❛t❡❞ ✈❛❧✉❡ ✐s ❤✐❣❤❧②

❞❡♣❡♥❞❡♥t ♥♦t ♦♥❧② ♦♥ t❤❡ ♠♦❞❡❧✐♥❣ ❛♣♣r♦❛❝❤✱ ❜✉t ❛❧s♦ ♦♥ ♦t❤❡r ❝♦♠♣❛♥②✲s♣❡❝✐☞❝ ❢❛❝t♦rs

❡✳❣✳ ❞✐s❝♦✉♥t r❛t❡ ♦r t✐♠❡ ❤♦r✐③♦♥✳ ❙❡❝♦♥❞❧②✱ ♠❛♥❛❣❡r✐❛❧ ❣♦❛❧s ❛r❡ ♣r✐♠❛r✐❧② r❡❧❛t❡❞ t♦ s❤♦rt✲

t❡r♠ ☞♥❛♥❝✐❛❧ r❡s✉❧ts✱ ✇❤✐❝❤ ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❈▲❱ ✈❛❧✉❡✳ ❲❤❡r❡❛s

t❤❡ ☞rst ♣♦✐♥t ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ❡st❛❜❧✐s❤✐♥❣ ❛ st❛♥❞❛r❞✐③❡❞ ❈▲❱ ❝❛❧❝✉❧❛t✐♦♥ ♠❡t❤♦❞♦❧♦❣②✱

t♦ ♦✈❡r❝♦♠❡ t❤❡ ♠❛♥❛❣❡r✐❛❧ ✐ss✉❡✱ ❛♥ ❡♥t✐r❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❛♥② ❛♣♣r♦❛❝❤ ✐s

♥❡❝❡ss❛r②✳ ❘❡❣❛r❞✐♥❣ t❤❡ ❧✐t❡r❛t✉r❡ r❡✈✐❡✇✱ t❤❡ ❈▲❱ ❜❛s❡❞ ❛♣♣r♦❛❝❤ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ t❤❡

♦♥❧② s✉st❛✐♥❛❜❧❡ str❛t❡❣② ❢♦r ❢✉t✉r❡ ♣r♦☞t❛❜✐❧✐t② ❛♥❞ ❣r♦✇t❤✳ ❚❤❡r❡❢♦r❡✱ ✐♥st✐t✉t✐♦♥s s❤♦✉❧❞

❝❤❛♥❣❡ t❤❡ ✇❛② ❤♦✇ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐s ♠❡❛s✉r❡❞✳

❚♦ ❡♥s✉r❡ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ s♦❧✉t✐♦♥ ❝♦♠♣♦♥❡♥ts ✭❝❛♠♣❛✐❣♥ ♠❛♥❛❣❡♠❡♥t ❢r❛♠❡✇♦r❦✱

❈▲❱ ❡st✐♠❛t✐♦♥ ❛♥❞ ❝❛♠♣❛✐❣♥ ♦♣t✐♠✐③❛t✐♦♥✮ t❤❡ ❝♦♠♣r❡❤❡♥s✐✈❡✱ ✐♥❞✉str② t❛✐❧♦r❡❞ ♠❛r❦❡t✐♥❣

❝❛♠♣❛✐❣♥ ❢r❛♠❡✇♦r❦ ✇❛s ❞❡✈❡❧♦♣❡❞✳ ❆❧t❤♦✉❣❤ t❤❡ ❢r❛♠❡✇♦r❦ ✐s t❡❝❤♥♦❧♦❣✐❝❛❧❧② ✐♥❞❡♣❡♥❞❡♥t✱

■ str♦♥❣❧② r❡❝♦♠♠❡♥❞ ✉s✐♥❣ ❛ s✐♥❣❧❡ ♣❧❛t❢♦r♠ ❢♦r t❤❡ ✇❤♦❧❡ s♦❧✉t✐♦♥✱ ✇❤✐❝❤ ♠✐♥✐♠✐③❡s t❤❡
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♥❡❡❞ ❢♦r ❞❛t❛ tr❛♥s♠✐ss✐♦♥ ❛♥❞ s✐❣♥✐☞❝❛♥t❧② ✐♠♣r♦✈❡s t❤❡ ♦✈❡r❛❧❧ ❡✍❝✐❡♥❝②✳

❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♣❛rt ♦❢ t❤❡ ▼❛r❦♦✈ ❈❤❛✐♥ ✭▼❈✮ ♠♦❞❡❧ ✉s❡❞ ❢♦r ❈▲❱ ♠♦❞❡❧✐♥❣ ✐s t❤❡

st❛t❡ ❞❡☞♥✐t✐♦♥✳ ❚❤❡ st❛t❡s ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ❝✉st♦♠❡r ♠✐❝r♦s❡❣♠❡♥ts ✭❣r♦✉♣s ♦❢ ❝✉st♦♠❡rs

✇✐t❤ s✐♠✐❧❛r ❝❤❛r❛❝t❡r✐st✐❝s t❤❛t ❛r❡ ❞✐☛❡r❡♥t✐❛❜❧❡ ❢r♦♠ ❡❛❝❤ ♦t❤❡r✮ r❡✌❡❝t✐♥❣ t❤r❡❡ ♠❛✐♥

❞r✐✈❡rs ♦❢ ❈▲❱✿ ❝❤✉r♥ s❝♦r❡✱ ❣❡♥❡r❛t❡❞ ♣r♦☞t ❛♥❞ ❜❡❤❛✈✐♦r❛❧ ♣❛tt❡r♥✳ ❚❤❡ ❝❧✉st❡r✐♥❣ ✐s

♣❡r❢♦r♠❡❞ ❜② ❛ ❞❡❝✐s✐♦♥ tr❡❡ ❛❧❣♦r✐t❤♠ ✇❤❡r❡ t❤❡ ☞♥❛❧ ♥♦❞❡s r❡♣r❡s❡♥t ❞❡s✐r❡❞ ❝✉st♦♠❡r

st❛t❡s✳ ❚❤❡ ❈▲❱ ❡st✐♠❛t❡s ✇❡r❡ ♠♦❞❡❧❡❞ ❜❛s❡❞ ♦♥ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ✭♦❜s❡r✈❡❞ ❢r♦♠

t❤❡ ❤✐st♦r✐❝❛❧ ❞❛t❛✮ ❛♥❞ ❛✈❡r❛❣❡ ♠✐❝r♦s❡❣♠❡♥t ♠♦♥t❤❧② r❡✈❡♥✉❡s r❡❛❧✐③❡❞ ✇✐t❤✐♥ t❤❡ ♣r❡❝❡❞✐♥❣

②❡❛r✳

❙✐♥❝❡ t❤❡ ❈▲❱ ✈❛❧✉❡s ❛♥❞ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s ✇❡r❡ ♦❜t❛✐♥❡❞✱ t❤❡ ❧❛st r❡♠❛✐♥✐♥❣ st❡♣

✇❛s t♦ ♠♦❞❡❧ t❤❡ ▼❛r❦♦✈ ❉❡❝✐s✐♦♥ Pr♦❝❡ss ✭▼❉P✮ ♦♣t✐♠✐③✐♥❣ t❤❡ ❝✉st♦♠❡r ❡q✉✐t② ❜❛s❡❞ ♦♥

♣❛st ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s ❞❛t❛✳ ❚❤❡ ♠♦❞❡❧ ✇❛s r✉♥ ♦♥ t❤❡ s❛♠❡ ❝✉st♦♠❡r st❛t❡s ❛s t❤❡

▼❛r❦♦✈ ❈❤❛✐♥ ♠♦❞❡❧✱ t♦ ❡♥s✉r❡ ❝♦♥s✐st❡♥❝② ♦❢ r❡s✉❧ts✳ ❚❤❡ P♦❧✐❝② ■t❡r❛t✐♦♥ s❤♦✇❡❞ t❤❡ ❜❡st

♣❡r❢♦r♠❛♥❝❡ ❛♠♦♥❣ ♠✉❧t✐♣❧❡ t❡st❡❞ ▼❉P ❛❧❣♦r✐t❤♠s✳

❚❤❡ ▼❉P ♠♦❞❡❧ ❢♦✉♥❞ t❤❡ ♦♣t✐♠❛❧ ❛❝t✐♦♥ ❢♦r ❡❛❝❤ ♠✐❝r♦s❡❣♠❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ❈▲❱✱

♠♦r❡♦✈❡r t❤❡ ❛♣♣r♦❛❝❤ ✇❛s s✉❝❝❡ss❢✉❧❧② ✈❡r✐☞❡❞ ♦♥ t❤❡ r❡t❛✐❧ ❜❛♥❦✐♥❣ ❞❛t❛s❡t ♦❢ ♠♦r❡ t❤❛♥

✺ ♠✐❧❧✐♦♥ ❝✉st♦♠❡rs✳ ❋♦r t❤✐s r❡❛s♦♥✱ ■ ❝♦♥s✐❞❡r t❤❡ ❛✐♠ ♦❢ t❤❡ t❤❡s✐s t♦ ❜❡ ❡♥t✐r❡❧② ❢✉❧☞❧❧❡❞✳

■♥ r❡❛❧✐t② ❜✉s✐♥❡ss✱ ❝❤❛♥♥❡❧ ❝❛♣❛❝✐t②✱ ♦r ❝✉st♦♠❡r ❡❧✐❣✐❜✐❧✐t② ❝♦♥str❛✐♥ts s♦♠❡t✐♠❡s ❞♦

♥♦t ❛❧❧♦✇ t❤❡ t❛r❣❡t✐♥❣ ♦❢ ❡❛❝❤ ❝✉st♦♠❡r ✇✐t❤ t❤❡✐r ♠♦st ♦♣t✐♠❛❧ ♦☛❡r✳ ■♥st❡❛❞✱ ❜② ✐t❡r❛t✐✈❡❧②

r❡♠♦✈✐♥❣ t❤❡ ♦♣t✐♠❛❧ ♠❛r❦❡t✐♥❣ str❛t❡❣② ❛♥❞ r❡r✉♥♥✐♥❣ t❤❡ ▼❉P ❛❧❣♦r✐t❤♠✱ t❤❡ ♦r❞❡r❡❞ ❧✐st

♦❢ s✉✐t❛❜❧❡ ♠❛r❦❡t✐♥❣ ❝❛♠♣❛✐❣♥s ❢♦r ❡❛❝❤ ♠✐❝r♦s❡❣♠❡♥t ✇❛s ❝r❡❛t❡❞✳ ❚❤❡ ❝r❡❛t❡❞ ❧✐st ♦❢

❝❛♠♣❛✐❣♥s ❝❛♥ ❜❡ ❞✐r❡❝t❧② ✉s❡❞ ✐♥ t❤❡ ❝❛♠♣❛✐❣♥ ♠❛♥❛❣❡♠❡♥t s②st❡♠ t♦ ❛❧✐❣♥ t❤❡ ♠❛r❦❡t✐♥❣

str❛t❡❣② ✇✐t❤ t❤❡ ❈▲❱ ♦❜❥❡❝t✐✈❡s✳

❚❤❡ s♦✉r❝❡ ❞❛t❛ ❤❛❞ t♦ ❜❡ ❛❞❥✉st❡❞ ❢♦r ❝♦♥☞❞❡♥t✐❛❧ r❡❛s♦♥s✱ t❤❡r❡❢♦r❡ t❤❡ ♠♦❞❡❧ ♦✉t♣✉ts

❛r❡ ♠❡♥t✐♦♥❡❞ ♥♦t t♦ ♣r♦✈❡ t❤❡ ♠♦❞❡❧ ♣❡r❢♦r♠❛♥❝❡ ❜✉t r❛t❤❡r t♦ ✐❧❧✉str❛t❡ t❤❡ ❛♣♣❧✐❡❞ ♠❡t❤♦❞

❛♥❞ ♣♦ss✐❜❧❡ ♦✉t❝♦♠❡s✳
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❋✉t✉r❡ r❡s❡❛r❝❤

■♥ ♠② ♦♣✐♥✐♦♥ t❤❡ st❛t✐♦♥❛r✐t② ♦❢ ❜♦t❤ t❤❡ ▼❈ ❛♥❞ ▼❉P ♠♦❞❡❧s ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s

t❤❡ ♠♦st ❧✐♠✐t✐♥❣ ❢❛❝t♦r✳ ■♥ t❤❡ r❡❣✐♦♥ ♦❢ ❈❡♥tr❛❧ ❊✉r♦♣❡✱ t❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧ r❡s✉❧ts ✇❡r❡

st❛❜❧❡ ❛s ✇❛s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✳ ❍♦✇❡✈❡r ✐♥ ❞❡✈❡❧♦♣✐♥❣ r❡❣✐♦♥s✱ t❤❡ ❞r❛♠❛t✐❝

♠❛❝r♦❡❝♦♥♦♠✐❝ ❝❤❛♥❣❡s ❝♦✉❧❞ ❧❡❛❞ t♦ s✐❣♥✐☞❝❛♥t ❡rr♦r t❡r♠s✳

❊✈❡♥ t❤♦✉❣❤ t❤❡ ❞❛t❛ ♦♣❡r❛t✐♦♥s ✇❡r❡ ♣r♦❝❡ss❡❞ ✐♥ ❛ ❞✐str✐❜✉t❡❞ ✇❛②✱ t❤❡ ▼❈ ❛♥❞ ▼❉P

❛❧❣♦r✐t❤♠s r✉♥ ♦♥ ❛ s✐♥❣❧❡ ♠❛❝❤✐♥❡✳ ❊s♣❡❝✐❛❧❧② ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ♥♦♥✲st❛t✐♦♥❛r② ▼❛r❦♦✈

♠♦❞❡❧s✱ t❤❡ r❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ❛❧❣♦r✐t❤♠s ✇♦✉❧❞ ❜❡ s✐❣♥✐☞❝❛♥t❧② s❧♦✇✐♥❣ ❞♦✇♥ t❤❡ ♦✈❡r❛❧❧

s♦❧✉t✐♦♥✳ ■❢ ♣♦ss✐❜❧❡✱ t❤❡s❡ ❛❧❣♦r✐t❤♠s s❤♦✉❧❞ ❜❡ r❡✲✐♠♣❧❡♠❡♥t❡❞ t♦ t❛❦❡ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢
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❆❝r♦♥②♠s

❆◆◆ ❆rt✐☞❝✐❛❧ ◆❡✉r❛❧ ◆❡t✇♦r❦✳

❈❊ ❈✉st♦♠❡r ❊q✉✐t②✳

❈▲❱ ❈✉st♦♠❡r ▲✐❢❡t✐♠❡ ❱❛❧✉❡✳

❈P ❈✉st♦♠❡r Pr♦☞t❛❜✐❧✐t②✳

❈❘▼ ❈✉st♦♠❡r ❘❡❧❛t✐♦♥s❤✐♣ ▼❛♥❛❣❡♠❡♥t✳

❉P ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣✳

●❉P❘ ●❡♥❡r❛❧ ❉❛t❛ Pr♦t❡❝t✐♦♥ ❘❡❣✉❧❛t✐♦♥✳

▲❙❊ ▲❡❛st ❙q✉❛r❡ ❊rr♦r✳

▼❈ ▼❛r❦♦✈ ❈❤❛✐♥✳

▼❉P ▼❛r❦♦✈ ❉❡❝✐s✐♦♥ Pr♦❝❡ss✳

▼▲❊ ▼❛①✐♠✉♠ ▲✐❦❡❧✐❤♦♦❞ ❊st✐♠❛t✐♦♥✳

❘❉❇▼ ❘❡❧❛t✐♦♥❛❧ ❉❛t❛❜❛s❡ ▼❛♥❛❣❡♠❡♥t ❙②st❡♠✳

❘❋▼ ❘❡❝❡♥❝②✲❢r❡q✉❡♥❝②✲♠♦♥❡t❛r②✳

❘▲ ❘❡✐♥❢♦r❝❡♠❡♥t ▲❡❛r♥✐♥❣✳
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❙❈❱ ❙✐♥❣❧❡ ❈✉st♦♠❡r ❱❛❧✉❡✳

❙▼❊ ❙♠❛❧❧ ❛♥❞ ▼❡❞✐✉♠✲s✐③❡❞ ❡♥t❡r♣r✐s❡✳

❙❖❳ ❙❛r❜❛♥❡s✲❖①❧❡② ❆❝t✳

❱❆❘ ❱❡❝t♦r ❆✉t♦r❡❣r❡ss✐✈❡✳

❲❙❙❊ ❲✐t❤✐♥ ❙❡t ❙✉♠ ♦❢ ❙q✉❛r❡❞ ❊rr♦rs✳
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❘❡❢❡r❡♥❝❡s

❆❜❞♦❧✈❛♥❞✱ ◆✳✱ ✫ ❆❧❜❛❞✈✐✱ ❆✳ ✭✷✵✶✷✮✳ ❆ ♥❡✇ ❛♣♣r♦❛❝❤ ❢♦r ♣❡r❢♦r♠❛♥❝❡ ♠❛♥❛❣❡♠❡♥t ✐♥

❜❛♥❦✐♥❣ ✐♥❞✉str② ❜❛s❡❞ ♦♥ ❝❧✈✳ ❆❲❊❘Pr♦❝❡❞✐❛ ■♥❢♦r♠❛t✐♦♥ ❚❡❝❤♥♦❧♦❣② ✫ ❈♦♠♣✉t❡r

❙❝✐❡♥❝❡✳

❇❛s ❉♦♥❦❡rs✱ ▼✳ ●✳ ❞✳ ❏✳✱ P❡t❡r ❈✳ ❱❡r❤♦❡❢✳ ✭✷✵✵✼✮✳ ▼♦❞❡❧✐♥❣ ❝❧✈✿ ❆ t❡st ♦❢ ❝♦♠♣❡t✐♥❣

♠♦❞❡❧s ✐♥ t❤❡ ✐♥s✉r❛♥❝❡ ✐♥❞✉str②✳ ◗♠❡✲◗✉❛♥t✐t❛t✐✈❡ ♠❛r❦❡t✐♥❣ ❛♥❞ ❡❝♦♥♦♠✐❝s✱ ✺ ✭✷✮✱
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❇❡❧❧♠❛♥✱ ❘✳ ✭✶✾✺✼✮✳ ❉②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ✭✶st ❡❞✳✮✳ Pr✐♥❝❡t♦♥✱ ◆❏✱ ❯❙❆✿ Pr✐♥❝❡t♦♥

❯♥✐✈❡rs✐t② Pr❡ss✳

❈❤❛❞✒❡s✱ ■✳✱ ❈❤❛♣r♦♥✱ ●✳✱ ❈r♦s✱ ▼✳✲❏✳✱ ●❛r❝✐❛✱ ❋✳✱ ✫ ❙❛❜❜❛❞✐♥✱ ❘✳ ✭✷✵✶✹✮✳ ▼❞♣t♦♦❧❜♦①✿ ❛

♠✉❧t✐✲♣❧❛t❢♦r♠ t♦♦❧❜♦① t♦ s♦❧✈❡ st♦❝❤❛st✐❝ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r♦❜❧❡♠s✳ ❊❝♦❣r❛♣❤② ✱
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❈❤❛♠❜❡r❧❛✐♥✱ ❇✳ P✳✱ ❫❆♥❣❡❧♦ ❈❛r❞♦s♦✱ ▲✐✉✱ ❈✳ ❍✳ ❇✳✱ P❛❣❧✐❛r✐✱ ❘✳✱ ✫ ❉❡✐s❡♥r♦t❤✱ ▼✳ P✳

✭✷✵✶✼✮✳ ❈✉st♦♠❡r ❧✐❢❡ t✐♠❡ ✈❛❧✉❡ ♣r❡❞✐❝t✐♦♥ ✉s✐♥❣ ❡♠❜❡❞❞✐♥❣s✳ ❈♦❘❘✳ ❘❡tr✐❡✈❡❞

❢r♦♠ ❤tt♣s✿✴✴♠❡❞✐✉♠✳❝♦♠✴❅❙②♥❝❡❞✴❝✉st♦♠❡r✲❧✐❢❡t✐♠❡✲✈❛❧✉❡✲♣r❡❞✐❝t✐♦♥✲✉s✐♥❣

✲❡♠❜❡❞❞✐♥❣s✲✺✸❢✺✹❡✷❛❝✺✾❞ ❞♦✐✿ ✶✵✳✶✶✹✺✴✸✵✾✼✾✽✸✳✸✵✾✽✶✷✸

❈❤❡♥❣✱ ❈✳✲❏✳✱ ❈❤✐✉✱ ❙✳✱ ❈❤❡♥❣✱ ❈✳✲❇✳✱ ✫ ❲✉✱ ❏✳✲❨✳ ✭✷✵✶✷✮✳ ❈✉st♦♠❡r ❧✐❢❡t✐♠❡ ✈❛❧✉❡ ♣r❡❞✐❝✲

t✐♦♥ ❜② ❛ ♠❛r❦♦✈ ❝❤❛✐♥ ❜❛s❡❞ ❞❛t❛ ♠✐♥✐♥❣ ♠♦❞❡❧✿ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❛♥ ❛✉t♦ r❡♣❛✐r ❛♥❞

♠❛✐♥t❡♥❛♥❝❡ ❝♦♠♣❛♥② ✐♥ t❛✐✇❛♥✳ ❙❝✐❡♥t✐❛ ■r❛♥✐❝❛✱ ✶✾ ✭✸✮✱ ✽✹✾ ✲ ✽✺✺✳ ❘❡tr✐❡✈❡❞ ❢r♦♠
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❊❛r♥✐①✱ ✫ ▼❛r❦❡t❢♦r❝❡✳ ✭✷✵✶✼✮✳ ❚❤❡ r♦❧❡ ♦❢ ❛♥❛❧②t✐❝s ✐♥ t❤❡ ♥❡✇ ❜❛♥❦✐♥❣
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▼❛r❦❡t❢♦r❝❡✮
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❞✐❣✐t❛❧ ❛❣❡ ✐♥ ❛ss♦❝✐❛t✐♦♥ ✇✐t❤ s✐t❡❝♦r❡✳ ❊❝♦♥s✉❧t❛♥❝②✳❝♦♠ ▲t❞✳

❊❦✐♥❝✐✱ ❨✳✱ ❯❧❡♥❣✐♥✱ ❋✳✱ ✫ ❯r❛②✱ ◆✳ ✭✷✵✶✹✮✳ ❯s✐♥❣ ❝✉st♦♠❡r ❧✐❢❡t✐♠❡ ✈❛❧✉❡ t♦ ♣❧❛♥ ♦♣t✐♠❛❧

♣r♦♠♦t✐♦♥s✳ ❚❤❡ ❙❡r✈✐❝❡ ■♥❞✉str✐❡s ❏♦✉r♥❛❧ ✱ ✸✹ ✱ ✶✵✸✲✶✷✷✳ ❞♦✐✿ ✶✵✳✶✵✽✵✴✵✷✻✹✷✵✻✾✳✷✵✶✸

✳✼✻✸✾✷✾

❊❦✐♥❝✐✱ ❨✳✱ ❯r❛②✱ ◆✳✱ ✫ Ü❧❡♥❣✐♥✱ ❋✳ ✭✷✵✶✷✱ ❛♣r✮✳ ❆ ❝✉st♦♠❡r ❧✐❢❡t✐♠❡ ✈❛❧✉❡ ♠♦❞❡❧ ❢♦r

t❤❡ ❜❛♥❦✐♥❣ ✐♥❞✉str②✿ ❛ ❣✉✐❞❡ t♦ ♠❛r❦❡t✐♥❣ ❛❝t✐♦♥s✳ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ▼❛r❦❡t✐♥❣ ✱

✹✽ ✭✸✴✹✮✱ ✼✻✶✲✼✽✹✳ ❞♦✐✿ ✶✵✳✶✶✵✽✴❊❏▼✲✶✷✲✷✵✶✶✲✵✼✶✹

❋❡rr❡♥t✐♥♦✱ ❘✳✱ ❈✉♦♠♦✱ ▼✳ ❚✳✱ ✫ ❇♦♥✐❡❧❧♦✱ ❈✳ ✭✷✵✶✻✮✳ ❖♥ t❤❡ ❝✉st♦♠❡r ❧✐❢❡t✐♠❡ ✈❛❧✉❡✿

❛ ♠❛t❤❡♠❛t✐❝❛❧ ♣❡rs♣❡❝t✐✈❡✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ▼❛♥❛❣❡♠❡♥t ❙❝✐❡♥❝❡✱ ✶✸ ✱ ✺✷✶✲✺✸✾✳ ❞♦✐✿

✶✵✳✶✵✵✼✴s✶✵✷✽✼✲✵✶✻✲✵✷✻✻✲✶

❋♦rr❡st❡r✳ ✭✷✵✶✻✮✳ ❚❤❡ ❢♦rr❡st❡r ✇❛✈❡➋✿ ❈r♦ss✲❝❤❛♥♥❡❧ ❝❛♠♣❛✐❣♥ ♠❛♥❛❣❡♠❡♥t✱ q✷ ✷✵✶✻✳

❋♦rr❡st❡r ✳ ❘❡tr✐❡✈❡❞ ❢r♦♠ ❤tt♣s✿✴✴✇✇✇✳❡♠❛rs②s✳❝♦♠✴✇♣✴❛♣♣✴✉♣❧♦❛❞s✴✷✵✶✽✴✵✶✴❚❤❡

✲❋♦rr❡st❡r✲❲❛✈❡✲❈❈❈▼✲◗✷✲✷✵✶✻✳♣❞❢

●❛rt♥❡r✳ ✭✷✵✶✼✮✳ ▼❛❣✐❝ q✉❛❞r❛♥t ❢♦r ♠✉❧t✐❝❤❛♥♥❡❧ ❝❛♠♣❛✐❣♥ ♠❛♥❛❣❡♠❡♥t✳ ●❛rt✲

♥❡r ✳ ❘❡tr✐❡✈❡❞ ❢r♦♠ ❤tt♣s✿✴✴✇✇✇✳❣❛rt♥❡r✳❝♦♠✴❞♦❝✴r❡♣r✐♥ts❄✐❞❂✶✲✸❳❇❖✸❊❯✫❝t❂

✶✼✵✹✵✺✫st❂s❜✫❛❧✐■❞❂✸✻✽✻✼✻✺

●✉♣t❛✱ ❙✳✱ ❍❛♥ss❡♥s✱ ❉✳✱ ❍❛r❞✐❡✱ ❇✳✱ ❑❛❤♥✱ ❲✳✱ ❑✉♠❛r✱ ❱✳✱ ▲✐♥✱ ◆✳✱ ✳ ✳ ✳ ❙r✐r❛♠✱ ❙✳

✭✷✵✵✻✮✳ ▼♦❞❡❧✐♥❣ ❝✉st♦♠❡r ❧✐❢❡t✐♠❡ ✈❛❧✉❡✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❙❡r✈✐❝❡ ❘❡✲

s❡❛r❝❤✱ ✾ ✱ ✶✸✾✲✶✺✺✳ ❘❡tr✐❡✈❡❞ ❢r♦♠ ❤tt♣s✿✴✴✇✇✇✳r❡s❡❛r❝❤❣❛t❡✳♥❡t✴♣✉❜❧✐❝❛t✐♦♥✴

✷✸✼✷✽✼✶✼✻ ▼♦❞❡❧✐♥❣ ❈✉st♦♠❡r ▲✐❢❡t✐♠❡ ❱❛❧✉❡ ❞♦✐✿ ✶✵✳✶✶✼✼✴✶✵✾✹✻✼✵✺✵✻✷✾✸✽✶✵

●✉♣t❛✱ ❙✳✱ ▲❡❤♠❛♥♥✱ ❉✳ ❘✳✱ ✫ ❙t✉❛rt✱ ❏✳ ❆✳ ✭✷✵✵✹✮✳ ❱❛❧✉✐♥❣ ❝✉st♦♠❡rs✳ ❏♦✉r♥❛❧ ♦❢ ▼❛r❦❡t✐♥❣

❘❡s❡❛r❝❤✱ ✹✶ ✭✶✮✱ ✼④✶✽✳ ❘❡tr✐❡✈❡❞ ❢r♦♠ ❤tt♣✿✴✴✇✇✇✳❥st♦r✳♦r❣✴st❛❜❧❡✴✸✵✶✻✷✸✵✽

❍♦✇❛r❞✱ ❘✳ ❆✳ ✭✶✾✻✵✮✳ ❉②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♥❞ ♠❛r❦♦✈ ♣r♦❝❡ss❡s✳ ❈❛♠❜r✐❞❣❡✱ ▼❆✿ ▼■❚

Pr❡ss✳

❑❛ts♦✈✱ ■✳ ✭✷✵✶✽✮✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❛❧❣♦r✐t❤♠✐❝ ♠❛r❦❡t✐♥❣✿ ❆rt✐☞❝✐❛❧ ✐♥t❡❧❧✐❣❡♥❝❡ ❢♦r ♠❛r❦❡t✐♥❣

✽✼

http://earnix.com/wp-content/uploads/2017/04/The-Role-of-Analytics-in-the-New-Banking-Age.pdf
http://earnix.com/wp-content/uploads/2017/04/The-Role-of-Analytics-in-the-New-Banking-Age.pdf
https://www.emarsys.com/wp/app/uploads/2018/01/The-Forrester-Wave-CCCM-Q2-2016.pdf
https://www.emarsys.com/wp/app/uploads/2018/01/The-Forrester-Wave-CCCM-Q2-2016.pdf
https://www.gartner.com/doc/reprints?id=1-3XBO3EU&ct=170405&st=sb&aliId=3686765
https://www.gartner.com/doc/reprints?id=1-3XBO3EU&ct=170405&st=sb&aliId=3686765
https://www.researchgate.net/publication/237287176_Modeling_Customer_Lifetime_Value
https://www.researchgate.net/publication/237287176_Modeling_Customer_Lifetime_Value
http://www.jstor.org/stable/30162308


♦♣❡r❛t✐♦♥s✳ ●r✐❞ ❉②♥❛♠✐❝s✳

❑❡✐♥✐♥❣❤❛♠✱ ❚✳ ▲✳✱ ❆❦s♦②✱ ▲✳✱ ✫ ❇❡❥♦✉✱ ❉✳ ✭✷✵✵✻✮✳ ❆♣♣r♦❛❝❤❡s t♦ t❤❡ ♠❡❛s✉r❡♠❡♥t ❛♥❞

♠❛♥❛❣❡♠❡♥t ♦❢ ❝✉st♦♠❡r ✈❛❧✉❡✳ ❏♦✉r♥❛❧ ♦❢ ❘❡❧❛t✐♦♥s❤✐♣ ▼❛r❦❡t✐♥❣ ✱ ✺ ✭✷✴✸✮✱ ✸✼ ✲ ✺✹✳

❑♦t❧❡r✱ P✳ ❚✳✱ ✫ ❑❡❧❧❡r✱ ❑✳ ▲✳ ✭✷✵✶✶✮✳ ▼❛r❦❡t✐♥❣ ♠❛♥❛❣❡♠❡♥t ✭✶✹t❤ ❡❞✐t✐♦♥✮✳ P❡❛rs♦♥✳

❑✉♠❛r✱ ❱✳✱ ✫ P❛♥s❛r✐✱ ❆✳ ✭✷✵✶✻✮✳ ◆❛t✐♦♥❛❧ ❝✉❧t✉r❡✱ ❡❝♦♥♦♠②✱ ❛♥❞ ❝✉st♦♠❡r ❧✐❢❡t✐♠❡ ✈❛❧✉❡✿

❆ss❡ss✐♥❣ t❤❡ r❡❧❛t✐✈❡ ✐♠♣❛❝t ♦❢ t❤❡ ❞r✐✈❡rs ♦❢ ❝✉st♦♠❡r ❧✐❢❡t✐♠❡ ✈❛❧✉❡ ❢♦r ❛ ❣❧♦❜❛❧

r❡t❛✐❧❡r✳ ❏♦✉r♥❛❧ ♦❢ ■♥t❡r♥❛t✐♦♥❛❧ ▼❛r❦❡t✐♥❣ ✱ ✷✹ ✭✶✮✱ ✶✲✷✶✳ ❞♦✐✿ ✶✵✳✶✺✵✾✴❥✐♠✳✶✺✳✵✶✶✷

▲❡✇✐s✱ ▼✳ ✭✷✵✵✺✮✳ ❘❡s❡❛r❝❤ ♥♦t❡✿ ❆ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤ t♦ ❝✉st♦♠❡r r❡❧❛t✐♦♥s❤✐♣

♣r✐❝✐♥❣✳ ▼❛♥❛❣❡♠❡♥t ❙❝✐❡♥❝❡✱ ✺✶ ✱ ✾✽✻✲✾✾✹✳ ❞♦✐✿ ✶✵✳✶✷✽✼✴♠♥s❝✳✶✵✺✵✳✵✸✼✸

▼✐❝❤❛❡❧ ❍❛❡♥❧❡✐♥✱ ❆✳ ❏✳ ❇✳✱ ❆♥❞r❡❛s ▼✳ ❑❛♣❧❛♥✳ ✭✷✵✵✼✮✳ ❆ ♠♦❞❡❧ t♦ ❞❡t❡r♠✐♥❡ ❝✉s✲

t♦♠❡r ❧✐❢❡t✐♠❡ ✈❛❧✉❡ ✐♥ ❛ r❡t❛✐❧ ❜❛♥❦✐♥❣ ❝♦♥t❡①t✳ ❊✉r♦♣❡❛♥ ▼❛♥❛❣❡♠❡♥t ❏♦✉r♥❛❧ ✱

✷✺ ✭✸✮✱ ✷✷✶④✷✸✹✳ ❘❡tr✐❡✈❡❞ ❢r♦♠ ❤tt♣✿✴✴♠✐❝❤❛❡❧❤❛❡♥❧❡✐♥✳❡✉✴P✉❜❧✐❝❛t✐♦♥s✴

❍❛❡♥❧❡✐♥✱✪✷✵▼✐❝❤❛❡❧✪✷✵✲✪✷✵❆✪✷✵♠♦❞❡❧✪✷✵t♦✪✷✵❞❡t❡r♠✐♥❡✪✷✵❝✉st♦♠❡r✪

✷✵❧✐❢❡t✐♠❡✪✷✵✈❛❧✉❡✪✷✵✐♥✪✷✵❛✪✷✵r❡t❛✐❧✪✷✵❜❛♥❦✐♥❣✪✷✵❝♦♥t❡①t✳♣❞❢

▼✉❧❧✐♥❡❛✉①✱ ❉✳ ❏✳✱ ✫ P②❧❡s✱ ▼✳ ❑✳ ✭✷✵✶✵✮✳ ❇❛♥❦ ♠❛r❦❡t✐♥❣ ✐♥✈❡st♠❡♥ts ❛♥❞ ❜❛♥❦ ♣❡r❢♦r✲

♠❛♥❝❡✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝ P♦❧✐❝② ✱ ✷ ✭✹✮✱ ✸✷✻✲✸✹✺✳ ✭❈♦♣②r✐❣❤t ✲ ❈♦♣②r✐❣❤t

❊♠❡r❛❧❞ ●r♦✉♣ P✉❜❧✐s❤✐♥❣ ▲✐♠✐t❡❞ ✷✵✶✵❀ ❉❛❧➵í ♦❜s❛❤ ❞♦❦✉♠❡♥t✉ ✲ ❀ ❊q✉❛t✐♦♥s❀ ❚❛❜❧❡s❀

P♦s❧❡❞♥í ❛❦t✉❛❧✐③❛❝❡ ✲ ✷✵✶✶✲✶✵✲✵✹❀ ❙✉❜❥❡❝ts❚❡r♠◆♦t▲✐t●❡♥r❡❚❡①t ✲ ❯♥✐t❡❞ ❙t❛t❡s④❯❙✮

▼③♦✉❣❤✐❛✱ ▼✳ ❇✳✱ ✫ ▲✐♠❛♠✱ ▼✳ ✭✷✵✶✹✮✳ ❆♥ ✐♠♣r♦✈❡❞ ❝✉st♦♠❡r ❧✐❢❡t✐♠❡ ✈❛❧✉❡ ♠♦❞❡❧ ❜❛s❡❞

♦♥ ♠❛r❦♦✈ ❝❤❛✐♥✳ ❆♣♣❧✐❡❞ ❙t♦❝❤❛st✐❝ ▼♦❞❡❧s ✐♥ ❇✉s✐♥❡ss ❛♥❞ ■♥❞✉str② ✳

◆❛s❤✱ ❏✳ ✭✶✾✺✶✮✳ ◆♦♥✲❝♦♦♣❡r❛t✐✈❡ ❣❛♠❡s✳ ❆♥♥❛❧s ♦❢ ▼❛t❤❡♠❛t✐❝s ✱ ✺✹ ✭✷✮✱ ✷✽✻✲✷✾✺✳ ❘❡tr✐❡✈❡❞

❢r♦♠ ❤tt♣✿✴✴✇✇✇✳❥st♦r✳♦r❣✴st❛❜❧❡✴✶✾✻✾✺✷✾

P❛❜❧♦ ❈❛s❛s✲❆r❝❡✱ ❱✳ ●✳ ◆✳✱ ❋✳ ❆s✐s ▼❛rtí♥❡③✲❏❡r❡③✳ ✭✷✵✶✼✮✳ ❚❤❡ ✐♠♣❛❝t ♦❢ ❢♦r✇❛r❞✲❧♦♦❦✐♥❣

♠❡tr✐❝s ♦♥ ❡♠♣❧♦②❡❡ ❞❡❝✐s✐♦♥✲♠❛❦✐♥❣✿ ❚❤❡ ❝❛s❡ ♦❢ ❝✉st♦♠❡r ❧✐❢❡t✐♠❡ ✈❛❧✉❡✳ ❚❤❡ ❆❝✲

❝♦✉♥t✐♥❣ r❡✈✐❡✇ ✱ ✾✷ ✭✸✮✱ ✸✶✳

P❡t❡r P❛❛✉✇❡✱ ▼✳ ✈✳ ❲✳✱ P❡t❡r ✈❛♥ ❞❡r P✉tt❡♥✳ ✭✷✵✵✼✮✳ ❆♥ ❛❝t✐♦♥❛❜❧❡ ❡✲❝✉st♦♠❡r ❧✐❢❡t✐♠❡

✈❛❧✉❡ ♠♦❞❡❧ ❜❛s❡❞ ♦♥ ♠❛r❦♦✈ ❝❤❛✐♥s ❛♥❞ ❞❡❝✐s✐♦♥ tr❡❡s✳ ■❈❊❈ ✳ ❘❡tr✐❡✈❡❞ ❢r♦♠ ❤tt♣✿✴✴

❧✐❛❝s✳❧❡✐❞❡♥✉♥✐✈✳♥❧✴⑦♣✉tt❡♥♣✇❤✈❛♥❞❡r✴❧✐❜r❛r②✴✷✵✵✼✵✻✐❝❡❝✼✺✲♣❛❛✉✇❡✳♣❞❢

P❢❡✐❢❡r✱ P✳ ❊✳✱ ✫ ❈❛rr❛✇❛②✱ ❘✳ ▲✳ ✭✷✵✵✵✮✳ ▼♦❞❡❧✐♥❣ ❝✉st♦♠❡r r❡❧❛t✐♦♥s❤✐♣s ❛s ♠❛r❦♦✈ ❝❤❛✐♥s✳

✽✽

http://michaelhaenlein.eu/Publications/Haenlein,%20Michael%20-%20A%20model%20to%20determine%20customer%20lifetime%20value%20in%20a%20retail%20banking%20context.pdf
http://michaelhaenlein.eu/Publications/Haenlein,%20Michael%20-%20A%20model%20to%20determine%20customer%20lifetime%20value%20in%20a%20retail%20banking%20context.pdf
http://michaelhaenlein.eu/Publications/Haenlein,%20Michael%20-%20A%20model%20to%20determine%20customer%20lifetime%20value%20in%20a%20retail%20banking%20context.pdf
http://www.jstor.org/stable/1969529
http://liacs.leidenuniv.nl/~puttenpwhvander/library/200706icec75-paauwe.pdf
http://liacs.leidenuniv.nl/~puttenpwhvander/library/200706icec75-paauwe.pdf


❏♦✉r♥❛❧ ❖❢ ■♥t❡r❛❝t✐✈❡ ▼❛r❦❡t✐♥❣ ✱ ✶✹ ✭✷✮✱ ✹✸✲✺✺✳ ❘❡tr✐❡✈❡❞ ❢r♦♠ ❤tt♣✿✴✴✇❡❜✳st❛♥❢♦r❞

✳❡❞✉✴❝❧❛ss✴♠s❛♥❞❡✶✷✶✴▲✐♥❦s✴❝r♠♠♦❞❡❧✐♥❣♠❛r❦♦✈✳♣❞❢

❘♦➽❡❦✱ ❏✳✱ ✫ ❑❛r❧íè❡❦✱ ▼✳ ✭✷✵✶✹✮✳ ❈✉st♦♠❡r ❧✐❢❡t✐♠❡ ✈❛❧✉❡ ❛s t❤❡ ✷✶st ❝❡♥t✉r② ♠❛r❦❡t✐♥❣

str❛t❡❣② ❛♣♣r♦❛❝❤✳ ❈❡♥tr❛❧ ❡✉r♦♣❡❛♥ ❜✉s✐♥❡ss r❡✈✐❡✇ ✱ ✸ ✱ ✷✽✲✸✺✳ ❞♦✐✿ ✶✵✳✶✽✷✻✼✴❥✳❝❡❜r✳✽✷

❘♦❣❡rs✱ ❊✳ ✭✷✵✵✸✮✳ ❉✐☛✉s✐♦♥ ♦❢ ✐♥♥♦✈❛t✐♦♥s✱ ✺t❤ ❡❞✐t✐♦♥✳ ❋r❡❡ Pr❡ss✳

❙♣❛r❦ ❞♦❝✉♠❡♥t❛t✐♦♥ ❬❈♦♠♣✉t❡r s♦❢t✇❛r❡ ♠❛♥✉❛❧❪✳ ✭✷✵✶✽✮✳ ❘❡tr✐❡✈❡❞ ❢r♦♠ ❤tt♣s✿✴✴s♣❛r❦

✳❛♣❛❝❤❡✳♦r❣✴❞♦❝s✴❧❛t❡st✴

❙✉tt♦♥✱ ❘✳ ❙✳✱ ✫ ❇❛rt♦✱ ❆✳ ●✳ ✭✷✵✶✻✮✳ ❘❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣✿ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ ✭❚✳ ▼✳ Pr❡ss✱

❊❞✳✮✳ ❆ ❇r❛❞❢♦r❞ ❇♦♦❦✳ ❘❡tr✐❡✈❡❞ ❢r♦♠ ❤tt♣✿✴✴✉❢❛❧✳♠❢❢✳❝✉♥✐✳❝③✴⑦str❛❦❛✴

❝♦✉rs❡s✴♥♣❢❧✶✶✹✴✷✵✶✻✴s✉tt♦♥✲❜♦♦❦❞r❛❢t✷✵✶✻s❡♣✳♣❞❢

❚✐r❡♥♥✐✱ ●✳ ❘✳ ✭✷✵✵✺✮✳ ❆❧❧♦❝❛t✐♦♥ ♦❢ ♠❛r❦❡t✐♥❣ r❡s♦✉r❝❡s t♦ ♦♣t✐♠✐③❡ ❝✉st♦♠❡r ❡q✲

✉✐t② ✭❉♦❝t♦r❛❧ ❞✐ss❡rt❛t✐♦♥✱ ❯♥✐✈❡rs✐t② ♦❢ ❙t✳ ●❛❧❧❡♥✱ ●r❛❞✉❛t❡ ❙❝❤♦♦❧ ♦❢ ❇✉s✐✲

♥❡ss ❆❞♠✐♥✐str❛t✐♦♥✮✳ ❘❡tr✐❡✈❡❞ ❢r♦♠ ❤tt♣✿✴✴✈❡r❞✐✳✉♥✐s❣✳❝❤✴✇✇✇✴❡❞✐s✳♥s❢✴

❙②s▲❦♣❇②■❞❡♥t✐❢✐❡r✴✸✵✸✽✴✩❋■▲❊✴❞✐s✸✵✸✽✳♣❞❢

❚r✐♣❧❡tt✱ ❚✳ ✭✷✵✶✷✮✳ ❆♥ ✐♥t❡❣r❛t❡❞ str❛t❡❣② ♦♣t✐♠✐③❡s ❝✉st♦♠❡rs✬ ❧✐❢❡t✐♠❡ ✈❛❧✉❡✳ ❆❇❆ ❜❛♥❦

♠❛r❦❡t✐♥❣ ✳

✈❛♥ ❖tt❡r❧♦✱ ▼✳✱ ✫ ❲✐❡r✐♥❣✱ ▼✳ ✭✷✵✶✷✮✳ ❘❡✐♥❢♦r❝❡♠❡♥t ❧❡❛r♥✐♥❣ ❛♥❞ ♠❛r❦♦✈ ❞❡❝✐s✐♦♥ ♣r♦✲

❝❡ss❡s✳ ❞♦✐✿ ✶✵✳✶✵✵✼✴✾✼✽✲✸✲✻✹✷✲✷✼✻✹✺✲✸ ✶

❱❡♥❦❛t❡s❛♥✱ ❘✳✱ ✫ ❑✉♠❛r✱ ❱✳ ✭✷✵✵✹✮✳ ❆ ❝✉st♦♠❡r ❧✐❢❡t✐♠❡ ✈❛❧✉❡ ❢r❛♠❡✇♦r❦ ❢♦r ❝✉st♦♠❡r

s❡❧❡❝t✐♦♥ ❛♥❞ r❡s♦✉r❝❡ ❛❧❧♦❝❛t✐♦♥ str❛t❡❣②✳ ❏♦✉r♥❛❧ ♦❢ ▼❛r❦❡t✐♥❣ ✱ ✻✽ ✭✹✮✱ ✶✵✻✲✶✷✺✳ ❞♦✐✿

✶✵✳✶✺✵✾✴❥♠❦❣✳✻✽✳✹✳✶✵✻✳✹✷✼✷✽

❱❡♥❦❛t❡s❛♥✱ ❘✳✱ ❑✉♠❛r✱ ❱✳✱ ✫ ❇♦❤❧✐♥❣✱ ❚✳ ✭✷✵✵✼✮✳ ❖♣t✐♠❛❧ ❝✉st♦♠❡r r❡❧❛t✐♦♥s❤✐♣ ♠❛♥❛❣❡✲

♠❡♥t ✉s✐♥❣ ❜❛②❡s✐❛♥ ❞❡❝✐s✐♦♥ t❤❡♦r②✿ ❆♥ ❛♣♣❧✐❝❛t✐♦♥ ❢♦r ❝✉st♦♠❡r s❡❧❡❝t✐♦♥✳ ❏♦✉r♥❛❧ ♦❢

▼❛r❦❡t✐♥❣ ❘❡s❡❛r❝❤✱ ✹✹ ✱ ✺✼✾✲✺✾✹✳ ❞♦✐✿ ✶✵✳✶✺✵✾✴❥♠❦r✳✹✹✳✹✳✺✼✾

❱❡r❤♦❡❢✱ P✳ ❈✳✱ ✫ ❉♦♥❦❡rs✱ ❇✳ ✭✷✵✵✶✮✳ Pr❡❞✐❝t✐♥❣ ❝✉st♦♠❡r ♣♦t❡♥t✐❛❧ ✈❛❧✉❡ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ✐♥

t❤❡ ✐♥s✉r❛♥❝❡ ✐♥❞✉str②✳ ❊❘■▼ ❘❊P❖❘❚ ❙❊❘■❊❙ ❘❊❙❊❆❘❈❍ ■◆ ▼❆◆❆●❊▼❊◆❚ ✱

✸✷ ✱ ✶✽✾✲✶✾✾✳ ❞♦✐✿ ✶✵✳✶✵✶✻✴s✵✶✻✼✲✾✷✸✻✭✵✶✮✵✵✶✶✵✲✺

❱r❛♥á✱ ▲✳✱ ✫ ❏❛➵❡❦✱ P✳ ✭✷✵✶✺✮✳ P❡rs✐st❡♥❝❡ ♠♦❞❡❧s ❢♦r ❝✉st♦♠❡r ❡q✉✐t②✳ ❚❤❡ ✾t❤ ■♥t❡r♥❛t✐♦♥❛❧

❉❛②s ♦❢ ❙t❛t✐st✐❝s ❛♥❞ ❊❝♦♥♦♠✐❝s✱ Pr❛❣✉❡✱ ❙❡♣t❡♠❜❡r ✶✵✲✶✷✱ ✷✵✶✺ ✳

✽✾

http://web.stanford.edu/class/msande121/Links/crmmodelingmarkov.pdf
http://web.stanford.edu/class/msande121/Links/crmmodelingmarkov.pdf
https://spark.apache.org/docs/latest/
https://spark.apache.org/docs/latest/
http://ufal.mff.cuni.cz/~straka/courses/npfl114/2016/sutton-bookdraft2016sep.pdf
http://ufal.mff.cuni.cz/~straka/courses/npfl114/2016/sutton-bookdraft2016sep.pdf
http://verdi.unisg.ch/www/edis.nsf/SysLkpByIdentifier/3038/$FILE/dis3038.pdf
http://verdi.unisg.ch/www/edis.nsf/SysLkpByIdentifier/3038/$FILE/dis3038.pdf


❆♣♣❡♥❞✐①

❆ ▼❛r❦♦✈ ❈❤❛✐♥ ❈▲❱ ♠♦❞❡❧

✶ ✐♠♣♦rt ♥✉♠♣② ❛s ♥♣
✷ ✐♠♣♦rt ♣❛♥❞❛s ❛s ♣❞
✸ ❢r♦♠ ❝♦♣② ✐♠♣♦rt ❝♦♣②
✹
✺ ★ ❚r❛♥s ✐ t ✐♦♥ ♠❛tr✐①
✻ P ❂ ❬ ❬ ✵ ✳ ✽ ✵ ✱ ✵ ✳ ✵✺ ✱ ✵ ✳ ✵✺ ✱ ✵ ✳ ✶ ✵ ❪ ✱
✼ ❬ ✵ ✳ ✵ ✶ ✱ ✵ ✳ ✾✺ ✱ ✵ ✳ ✵✷ ✱ ✵ ✳ ✵ ✷ ❪ ✱
✽ ❬ ✵ ✳ ✵ ✶ ✱ ✵ ✳ ✵✹ ✱ ✵ ✳ ✾✵ ✱ ✵ ✳ ✵ ✺ ❪ ✱
✾ ❬ ✵ ✳ ✵ ✸ ✱ ✵ ✳ ✵✸ ✱ ✵ ✳ ✵✸ ✱ ✵ ✳ ✾ ✶ ❪ ❪
✶✵
✶✶ ❘ ❂ ❬✸✵✵ ✱✺✵✵ ✱ ✽✵✵ ✱ ✶✵✵✵ ❪ ★ ❘❡✇❛r❞s
✶✷
✶✸ ✐ r ❂ ✷ ★ ❉✐s❝♦✉♥t r❛ t ❡ ✷✪ ❛♥♥✉❛❧②
✶✹
✶✺ ❧❡♥❣t❤ ❂ ✼✷ ★ ✻ ②❡❛rs ❛❤❡❛❞
✶✻
✶✼ ❞❡❢ ❝❛❧❝ ❈▲❱ ✭P✱ ❘✱ ✐ r ✱ ♣ ❡ r ✐ ♦❞ ❝♥ t ✮ ✿
✶✽ ✧✧✧
✶✾ ❈❛ ❧ ❝✉ ❧ ❛ t ❡ ❈✉st♦♠❡r ▲ ✐ ❢ ❡ t ✐♠❡ ❱❛❧✉❡ ❜❛s❡❞ ♦♥ ❣ ✐✈❡♥ ♣❛r❛♠❡t❡rs
✷✵ ❛ss✉♠❡ t❤❡ ❧ ❡ ♥ ❣ t ❤ ♦ ❢ ♦♥❡ ♣❡r ✐♦❞ ❂ ♦♥❡ ♠♦♥t❤
✷✶ ✿ ♣❛r❛♠ P✿ s t ❛ t ❡ t r ❛ ♥ s ✐ t ✐ ♦ ♥ ♠❛tr✐①
✷✷ ✿ ♣❛r❛♠ ❘✿ ✈❡❝ t♦ r ♦ ❢ r❡✇❛r❞s
✷✸ ✿ ♣❛r❛♠ ✐ r ✿ ✐ ♥ t ❡ r ❡ s t r❛ t ❡ ✭ ② ❡❛ r ❧ ② ✮
✷✹ ✿ ♣❛r❛♠ ♣❡r ✐ ♦❞ ❝♥ t ✿ t✐♠❡ ❤♦r ✐ ③♦♥ ❢ ♦ r ❈▲❱ ❝❛ ❧ ❝ ✉ ❧ ❛ t ✐ ♦ ♥
✷✺ ✿ r ❡ t✉r♥ ✿ ✈ ❡ ❝ t ♦ r ♦ ❢ ❈▲❱s ♣❡r ♠✐❝r♦s❡❣♠❡♥t
✷✻ ✧✧✧
✷✼ ❞ ✐ s ❝ ♦✉♥ t r ❛ t ❡ ❂ ✭✶✰ ✐ r ✴✶✵✵✳✵✮✯✯✭✶✴✶✷✳✵✮−✶
✷✽ ❈▲❱ ❂ ❝♦♣② ✭❘✮
✷✾ ❢♦r ♣❡r ✐♦❞ ✐♥ r❛♥❣❡ ✭ ♣ ❡ r ✐ ♦❞ ❝♥ t ✮ ✿
✸✵ s t ❛ t ❡ ❂ ♥♣ ✳ ❞♦t ✭
✸✶ ♥♣ ✳ ❡②❡ ✭ ❧❡♥ ✭❘✮ ✮ ✱
✸✷ ♥♣ ✳ ❧ ✐ ♥ ❛ ❧ ❣ ✳ ♠❛tr✐① ♣♦✇❡r ✭P✱ ♣❡r ✐♦❞✰✶✮
✸✸ ✮
✸✹ r❡✇❛r❞ ❂ ♥♣ ✳ ❞♦t ✭ s t❛ t❡ ✱ ❘✮
✸✺ ❞ ✐ s❝♦✉♥t❡❞ r❡✇❛r❞ ❂ r❡✇❛r❞ ✴✭✭✶✰ ❞ ✐ s ❝ ♦✉♥ t r ❛ t ❡ ✮✯✯ ✭ ♣❡r ✐♦❞ ✰✶✮✮

✾✵



✸✻ ❈▲❱ ❂ ♥♣ ✳ ❛❞❞ ✭❈▲❱✱ ❞ ✐ s❝♦✉♥t❡❞ r❡✇❛r❞ ✮
✸✼ r❡t✉r♥ ♥♣ ✳ ❛♣♣❡♥❞ ✭ ♣❡r ✐♦❞ ❝♥t ✱ ♥♣ ✳ r♦✉♥❞✭❈▲❱✱ ✷✮ ✮
✸✽
✸✾ ❝ ❧ ✈ s ❂ {}
✹✵ ❢♦r ✐ ✐♥ r❛♥❣❡ ✭ ❧ ❡♥❣t❤ ✰✶✮✿
✹✶ ❝ ❧ ✈ s ❬ ✐ ❪ ❂ ❝❛❧❝ ❈▲❱ ✭P✱ ❘✱ ✐ r ✱ ✐ ✮
✹✷
✹✸ ★ ❚r❛♥s❢♦r♠ t❤❡ ❞ ✐ ❝ t ✐ ♦♥❛ r ② ✐♥ t ♦ ❛ ❞❛t❛❢r❛♠❡
✹✹ ❈▲❱s ❂ ♣❞ ✳ ❉❛t❛❋r❛♠❡ ✭ ❝ ❧ ✈ s ✮ ✳ t r❛♥s♣♦s❡ ✭ ✮
✹✺
✹✻ ★ ❘❡♥❛♠❡ ❝♦❧✉♠♥s
✹✼ ❈▲❱s ✳ ❝♦❧✉♠♥s ❂ ♥♣ ✳ ❛♣♣❡♥❞ ✭ ✬ P❡r✐♦❞ ✬ ✱
✹✽ ❬ ✬▼✐❝r♦s❡❣♠ ✬✰str ✭ ✐ ✰✶✮ ❢♦r ✐ ✐♥ r❛♥❣❡ ✭ ❧❡♥ ✭❘✮ ✮ ❪ ✮
✹✾
✺✵ ★ ❙❛✈❡ t❤❡ ♦✉t♣✉t ❞❛t❛
✺✶ ❈▲❱s ✳ t ♦ ❝ s✈ ✭ ✬ ❞❛t❛✴▼❈✳ ❝s✈ ✬ ✱ s❡♣❂ ✬ ❀ ✬ ✱ ✐♥❞❡①❂❋❛❧s❡ ✮
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❇ ▼❛r❦♦✈ ❉❡❝✐s✐♦♥ Pr♦❝❡ss ❙✐♠✉❧❛t✐♦♥

✶ ★ ❧ ✐ ❜ r ❛ r ✐ ❡ s
✷ ✐♠♣♦rt ♣❛♥❞❛s ❛s ♣❞
✸ ✐♠♣♦rt ♥✉♠♣② ❛s ♥♣
✹ ✐♠♣♦rt ♠❞♣t♦♦❧❜♦① ❛s ♠①
✺ ❢r♦♠ ❝ ♦ ❧ ❧ ❡ ❝ t ✐ ♦ ♥ s ✐♠♣♦rt ❖r❞❡r❡❞❉✐❝t
✻ ❢r♦♠ ❝♦♣② ✐♠♣♦rt ❝♦♣②
✼
✽ ★ ❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂
✾ ★ P❛r❛♠❡t❡r ❞ ❡ ❢ ✐ ♥ ✐ t ✐ ♦ ♥
✶✵ ★ ❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂
✶✶
✶✷ ★ ❈▲❱ ♣❛r❛♠s
✶✸ ★ −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
✶✹ s t ❛ t ❡ ❝ ♥ t ❂ ✸✵ ★ ♥✉♠❜❡r ♦ ❢ ♣ ♦ s s ✐ ❜ ❧ ❡ s t ❛ t ❡ s
✶✺ st❛t❡ ❝ ❧✈ ♠✉ ✱ s t ❛ t ❡ ❝ ❧ ✈ s ✐ ❣♠❛ ❂ ✶✵✵ ✱ ✺✵ ★ ❈▲❱ ❞ ✐ s t r ✐ ❜ ✉ t ✐ ♦ ♥ ♣❛r❛♠❡t❡rs
✶✻
✶✼ ★ ❚r❛♥s ✐ t ✐♦♥ ♠❛tr✐① ♣❛r❛♠s
✶✽ ★ −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
✶✾ ♣ ♠✉ ✱ ♣ s✐❣♠❛ ❂ ✵ ✱ ✷ ★ ❚r❛♥s ✐ t ✐♦♥ ♣ r ♦ ❜ ❛ ❜ ✐ ❧ ✐ t ✐ ❡ s ❞ ✐ s t r ✐ ❜ ✉ t ✐ ♦ ♥ ♣❛r❛♠❡t❡rs
✷✵ ♥✉ ❧ ❧ ✈ ❛ ❧ ✉ ❡ ❂ ✶✵✯✯✭−✶✵✮ ★ ❱❛❧✉❡ ❝ ❧ ♦ s ❡ t♦ ✵ t ❤❛ t ✐ s ✉s❡❞ ✐♥ s t ❡❛❞ ♦ ❢ ♥ ✉ ❧ ❧
✷✶ ★ ✭ ❢♦ r ▼❛r❦♦✈ ❈❤❛✐♥ ♠♦❞❡❧✐♥❣ ✮
✷✷
✷✸ ★ ❆❝t✐♦♥s − ❝ ♦ s t s ❛♥❞ t ♦ t ❛ ❧ ❝♦✉♥t
✷✹ ★ −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
✷✺ ❈ ♠✐♥ ✱ ❈ ♠❛① ❂ ✵ ✳✵✺ ✱ ✷✵
✷✻ ❛ ❝ t ✐ ♦♥ ❝♥ t ❂ ✺ ✯ s t ❛ t ❡ ❝ ♥ t ★ ♥✉♠❜❡r ♦ ❢ ❝❛♠♣❛✐♥❣s ✭ ❛❝ t ✐ ♦♥ s ✮ ❡ ① ❝ ❧ ✉❞ ✐♥❣
✷✼ ★ ✧♥♦−❝❛♠♣❛✐❣♥✧ ❂ ♥❛ t✉r❛ ❧ ❝✉st♦♠❡r ✬ s ❢ ❧ ♦✇
✷✽
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✸✵ ★ −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
✸✶ ❞ ✐ s❝♦✉♥t ❂✭✶✰✵✳✵✷✮✯✯✭✶✴✶✷✳✵✮−✶ ★ ✷✪ ❛♥♥✉❛❧②
✸✷
✸✸ ★ ◆✉♠❜❡r ♦ ❢ ♠❛r❦❡t ✐♥❣ ❛❝ t ✐ ♦♥ s❝❡♥❛r ✐ ♦ s
✸✹ ★ −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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✸✻
✸✼ ★ ❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂
✸✽ ★ ●❡♥❡r❛t❡ s t ❛ t ❡ ❈▲❱s
✸✾ ★ ❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂
✹✵ ♥♣ ✳ r❛♥❞♦♠ ✳ s❡❡❞ ✭✶ ✮
✹✶ st❛t❡ ❈▲❱ ❂ ♥♣ ✳ ❛❜s ✭♥♣ ✳ r❛♥❞♦♠ ✳ ♥♦r♠❛❧ ✭ ❧ ♦ ❝❂st❛t❡ ❝ ❧✈ ♠✉ ✱
✹✷ s ❝ ❛ ❧ ❡❂s t ❛ t ❡ ❝ ❧ ✈ s ✐ ❣♠❛ ✱
✹✸ s ✐ ③ ❡❂s t ❛ t ❡ ❝ ♥ t ✮ ✮
✹✹
✹✺ ★ ❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂
✹✻ ★ P ❂ ❚r❛♥s ✐ t ✐♦♥ ♠❛tr✐① ♦ ❢ ❛ ❝ t ✐ ♦♥ s
✹✼ ★ ❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂
✹✽ ❞❡❢ ❣❡t❚r❛♥▼❛tr✐① ✭♣ ♠✉ ✱ ♣ s✐❣♠❛ ✱ ♥✉ ❧ ❧ ✈❛ ❧✉ ❡ ✱
✹✾ s t ❛ t ❡ ❝♥ t ✱ ❛ ❝ t ✐ ♦♥ ❝♥t ✱ s❡❡❞ ❂ −✶✮✿
✺✵ ✐ ❢ ✭ s❡❡❞ ✦❂ −✶✮✿
✺✶ ♥♣ ✳ r❛♥❞♦♠ ✳ s❡❡❞ ✭ s❡❡❞ ✮
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✺✷ t ❂ ♥♣ ✳ ❛❜s ✭♥♣ ✳ r❛♥❞♦♠ ✳ ♥♦r♠❛❧ ✭♣ ♠✉ ✱ ♣ s✐❣♠❛ ✱ s t ❛ t ❡ ❝ ♥ t ✯ s t ❛ t ❡ ❝ ♥ t ✮ ✮
✺✸ ❢♦r ✐ ✐♥ r❛♥❣❡ ✭ ❧❡♥ ✭ t ✮ ✮ ✿
✺✹ t ❬ ✐ ❪ ❂ ♥✉ ❧ ❧ ✈ ❛ ❧ ✉ ❡ ✐ ❢ t ❬ ✐ ❪ > ♣ s✐❣♠❛ ❡❧s❡ t ❬ ✐ ❪
✺✺ t ❂ t ✳ r❡s❤❛♣❡ ✭ s t ❛ t ❡ ❝♥ t ✱ s t ❛ t ❡ ❝ ♥ t ✮
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✻✵ P✳ ❛♣♣❡♥❞ ✭ ❣❡t❚r❛♥▼❛tr✐① ✭♣ ♠✉❂♣ ♠✉ ✱ ♣ s✐❣♠❛❂♣ s✐❣♠❛ ✱
✻✶ ♥✉ ❧ ❧ ✈ ❛ ❧ ✉ ❡❂♥✉ ❧ ❧ ✈❛ ❧✉ ❡ ✱ s t ❛ t ❡ ❝ ♥ t❂s t❛ t ❡ ❝♥ t ✱
✻✷ ❛ ❝ t ✐ ♦♥ ❝♥ t❂❛❝t ✐ ♦♥ ❝♥t ✱ s❡❡❞ ❂ ✐ ✮ ✮
✻✸
✻✹ ★ ❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂
✻✺ ★ ❈ ❂ ❆❝t✐♦♥ ❝♦ s t s
✻✻ ★ ❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂
✻✼ ❞❡❢ ❣❡t❆❝t ✐♦♥❈♦st ✭❈ ♠✐♥ ✱ ❈ ♠❛① ✱ s❡❡❞❂−✶✮✿
✻✽ ✐ ❢ ✭ s❡❡❞ ✦❂ −✶✮✿
✻✾ ♥♣ ✳ r❛♥❞♦♠ ✳ s❡❡❞ ✭ s❡❡❞ ✮
✼✵ r❡t✉r♥ −✭✭❈ ♠❛① − ❈ ♠✐♥ ✮✯♥♣ ✳ r❛♥❞♦♠ ✳ r❛♥❞ ✭✮✰❈ ♠✐♥ ✮
✼✶
✼✷ ❈ ❂ ❬ ❪
✼✸ ❢♦r ✐ ✐♥ r❛♥❣❡ ✭ ❛ ❝ t ✐ ♦♥ ❝♥ t ✰✶✮✿
✼✹ ❈✳ ❛♣♣❡♥❞ ✭ ❣❡t❆❝t ✐♦♥❈♦st ✭❈ ♠✐♥❂❈ ♠✐♥ ✱ ❈ ♠❛①❂❈ ♠❛① ✱ s❡❡❞❂✐ ✮ ✮
✼✺ ❈❬ ✵ ❪ ❂ ✵ ★ ♥♦ ❛❝ t ✐♦♥ ✭ ♥❛ t✉r❛ ❧ ❝ ❧ ✐ ❡ ♥ t ✬ s ❜❡❤❛✈ ✐♦r ✮
✼✻
✼✼ ★ ❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂
✼✽ ★ ❘ ❂ ❘❡✇❛r❞s
✼✾ ★ ❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂
✽✵ ❞❡❢ ❣❡t❘❡✇❛r❞s ✭P✱ st❛t❡ ❈▲❱ ✱ ❈✮ ✿
✽✶ r❡✇❛r❞s ❂ ❬ ❪
✽✷ ❞❡❢ ❞❡ ❧ t ❛❙ t❛ t ❡ ✭ st❛t❡ ❈▲❱ ✮ ✿
✽✸ ❞ ❡ ❧ t ❛ s ❂ ❬ ❪
✽✹ ♥ ❂ ❧❡♥ ✭ st❛t❡ ❈▲❱ ✮
✽✺ ❢♦r s✵ ✐♥ st❛t❡ ❈▲❱ ✿
✽✻ ❢♦r s✶ ✐♥ st❛t❡ ❈▲❱ ✿
✽✼ ❞ ❡ ❧ t ❛ s ✳ ❛♣♣❡♥❞ ✭ s✶−s✵ ✮
✽✽ r❡t✉r♥ ♥♣ ✳ r❡s❤❛♣❡ ✭ ❞❡ ❧ t❛ s ✱ ✭♥ ✱ ♥ ✮ ✮
✽✾ ❞❡ ❧ t ❛ ❂ ❞❡ ❧ t ❛❙ t❛ t ❡ ✭ st❛t❡ ❈▲❱ ✮
✾✵ ❢♦r ✐ ✐♥ r❛♥❣❡ ✭ ❧❡♥ ✭P ✮ ✮ ✿
✾✶ r❡✇❛r❞s ✳ ❛♣♣❡♥❞ ✭♥♣ ✳ ♠✉❧t ✐♣ ❧② ✭P❬ ✐ ❪ ✱ ❞ ❡ ❧ t ❛ ✮
✾✷ ✳s✉♠✭ ❛① ✐ s ❂✶✱ ❦❡❡♣❞✐♠s❂❚r✉❡ ✮ ✰ ❈❬ ✐ ❪ ✮
✾✸ r❡t✉r♥ ♥♣ ✳ t r❛♥s♣♦s❡ ✭ r❡✇❛r❞s ✮ ❬ ✵ ❪
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✾✻
✾✼ ★ ✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯

✾✽ ★ ❘❊❙❯▲❚❙
✾✾ ★ ✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯

✶✵✵ r ❡ s ✉ ❧ t s ❂ ❖r❞❡r❡❞❉✐❝t ✭ ✮
✶✵✶ r ❡ s ✉ ❧ t s ❬ ✬ P♦ ❧ ✐ ❝ ② ■ t ❡ r ❛ t ✐ ♦ ♥ ✬ ❪ ❂ ♠①✳♠❞♣✳ P♦ ❧ ✐ ❝ ② ■ t ❡ r ❛ t ✐ ♦ ♥ ✭
✶✵✷ t r ❛ ♥ s ✐ t ✐ ♦ ♥ s❂P✱ r❡✇❛r❞❂❘✱ ❞ ✐ s❝♦✉♥t❂❞✐ s❝♦✉♥t ✮
✶✵✸ r ❡ s ✉ ❧ t s ❬ ✬ P♦ ❧ ✐ ❝ ② ■ t ❡ r ❛ t ✐ ♦♥▼♦❞ ✐ ❢ ✐ ❡ ❞ ✬ ❪ ❂ ♠①✳♠❞♣✳ P♦ ❧ ✐ ❝ ② ■ t ❡ r ❛ t ✐ ♦♥▼♦❞ ✐ ❢ ✐ ❡ ❞ ✭
✶✵✹ t r ❛ ♥ s ✐ t ✐ ♦ ♥ s❂P✱ r❡✇❛r❞❂❘✱ ❞ ✐ s❝♦✉♥t❂❞✐ s❝♦✉♥t ✮
✶✵✺ r ❡ s ✉ ❧ t s ❬ ✬◗▲❡❛r♥✐♥❣ ✶✵ ❫✹ ✬ ❪ ❂ ♠①✳♠❞♣✳ ◗▲❡❛r♥✐♥❣ ✭
✶✵✻ t r ❛ ♥ s ✐ t ✐ ♦ ♥ s❂P✱ r❡✇❛r❞❂❘✱ ❞ ✐ s❝♦✉♥t❂❞✐ s❝♦✉♥t ✮
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✶✵✼ r ❡ s ✉ ❧ t s ❬ ✬◗▲❡❛r♥✐♥❣ ✶✵ ❫✺ ✬ ❪ ❂ ♠①✳♠❞♣✳ ◗▲❡❛r♥✐♥❣ ✭
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