


❈③❡❝❤ ❚❡❝❤♥✐❝❛❧ ❯♥✐✈❡rs✐t② ✐♥ Pr❛❣✉❡
❋❛❝✉❧t② ♦❢ ❊❧❡❝tr✐❝❛❧ ❊♥❣✐♥❡❡r✐♥❣

❉❡♣❛rt♠❡♥t ♦❢ ❈♦♠♣✉t❡r ●r❛♣❤✐❝s ❛♥❞ ■♥t❡r❛❝t✐♦♥

▼❛st❡r✬s ❚❤❡s✐s

❱✐s✉❛❧✐③❛t✐♦♥ ♦❢ ✐♥♥❡r str✉❝t✉r❡ ♦❢ ❝♦♠♣❧❡① ✸❉ ♦❜❥❡❝ts ❜❛s❡❞
♦♥ ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥

❇❝✳ ❚♦♠á➨ P❛stý➦í❦

❙✉♣❡r✈✐s♦r✿ ❷♠♦❧í❦ ▲❛❞✐s❧❛✈ ■♥❣✳✱ P❤✳❉✳

❙t✉❞② Pr♦❣r❛♠♠❡✿ ❖♣❡♥ ■♥❢♦r♠❛t✐❝s

❋✐❡❧❞ ♦❢ ❙t✉❞②✿ ❈♦♠♣✉t❡r ●r❛♣❤✐❝s ❛♥❞ ■♥t❡r❛❝t✐♦♥

❏❛♥✉❛r② ✺✱ ✷✵✶✺



✐✈



✈

❆❦♥♦✇❧❡❞❣❡♠❡♥ts

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ■♥❣✳ ▲❛❞✐s❧❛✈ ❷♠♦❧í❦✱ P❤✳❉✳ ❢♦r ❤✐s ❦✐♥❞ ❣✉✐❞❛♥❝❡ ❛♥❞ ✈❛❧✉❛❜❧❡
❝♦♥s✉❧t❛t✐♦♥s ❛♥❞ ❛❞✈✐❝❡s ✇❤❡♥ s✉♣❡r✈✐s✐♥❣ t❤✐s t❤❡s✐s✳ ■ ❡①t❡♥❞ ♠② ❣r❛t✐t✉❞❡ t♦ ♠② ♣❛r❡♥ts✱
❢r✐❡♥❞s ❛♥❞ ❧♦✈❡❞ ♦♥❡s ❢♦r t❤❡✐r ❧♦✈❡ ❛♥❞ s✉♣♣♦rt ✇❤✐❝❤ ❣✉✐❞❡❞ ♠❡ t❤r♦✉❣❤ ❛❧❧ ♠② ❧✐❢❡✳



✈✐



✈✐✐

❉❡❝❧❛r❛t✐♦♥

■ ❤❡r❡❜② ❞❡❝❧❛r❡ t❤❛t ■ ❤❛✈❡ ❝♦♠♣❧❡t❡❞ t❤✐s t❤❡s✐s ✐♥❞❡♣❡♥❞❡♥t❧② ❛♥❞ t❤❛t ■ ❤❛✈❡ ❧✐st❡❞ ❛❧❧
t❤❡ ❧✐t❡r❛t✉r❡ ❛♥❞ ♣✉❜❧✐❝❛t✐♦♥s ✉s❡❞✳
■ ❤❛✈❡ ♥♦ ♦❜❥❡❝t✐♦♥ t♦ ✉s❛❣❡ ♦❢ t❤✐s ✇♦r❦ ✐♥ ❝♦♠♣❧✐❛♥❝❡ ✇✐t❤ t❤❡ ❛❝t ➓✻✵ ❩á❦♦♥ ↔✳ ✶✷✶✴✷✵✵✵❙❜✳
✭❝♦♣②r✐❣❤t ❧❛✇✮✱ ❛♥❞ ✇✐t❤ t❤❡ r✐❣❤ts ❝♦♥♥❡❝t❡❞ ✇✐t❤ t❤❡ ❝♦♣②r✐❣❤t ❛❝t ✐♥❝❧✉❞✐♥❣ t❤❡ ❝❤❛♥❣❡s
✐♥ t❤❡ ❛❝t✳
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✈✐✐✐



❆❜str❛❝t

❚❤✐s t❤❡s✐s ❛❞❞r❡ss❡s ♣r♦❜❧❡♠ ♦❢ r❡♥❞❡r✐♥❣ s❡♠✐✲tr❛♥s♣❛r❡♥t ♦❜❥❡❝ts ❛♥❞ t❤❡ ❡♥❤❛♥❝❡♠❡♥t
❜② ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ t♦ r❡✈❡❛❧ ♦❜❥❡❝t✬s ✐♥t❡r♥❛❧ str✉❝t✉r❡s✳ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ✲ ❛❧❣♦r✐t❤♠
s♦❧✈✐♥❣ t❤❡ ❖r❞❡r ■♥❞❡♣❡♥❞❡♥t ❚r❛♥s♣❛r❡♥❝② ✭❖■❚✮ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❛♥❞ ❝♦♠♣❛r❡❞ t♦ ♦t❤❡r
❖■❚ s♦❧✈✐♥❣ t❡❝❤♥✐q✉❡s✿ ❉❡♣t❤ P❡❡❧✐♥❣✱ ❉✉❛❧ ❉❡♣t❤ P❡❡❧✐♥❣ ❛♥❞ P❡r P✐①❡❧ ▲✐♥❦❡❞ ▲✐sts✳ ❲❡
❢♦❝✉s ♦♥ ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ ❜❛s❡❞ ♦♥ ♦❜❥❡❝t✬s ❢❡❛t✉r❡s ❛♥❞ ✇❡ ❛♣♣❧② s✉❝❤ ♠♦❞✉❧❛t✐♦♥s t♦ t❤❡
■❧❧✉str❛t✐♦♥ ❇✉✛❡r ✇❤✐❧❡ ❝♦♠♣❛r✐♥❣ t❤❡ ❡❛s❡ ♦❢ ✉s❡ ✇✐t❤ ♦t❤❡r ❛❧❣♦r✐t❤♠s✳ ❋✐♥❛❧❧② ✇❡ t❡st ❛❧❧
♠❡♥t✐♦♥❡❞ ❛❧❣♦r✐t❤♠s ❛♥❞ ❝♦♥❝❧✉❞❡ ✇❤✐❝❤ ❛❧❣♦r✐t❤♠ ✐s ❜❡tt❡r ✉♥❞❡r s♣❡❝✐✜❝ ❝✐r❝✉♠st❛♥❝❡s✳

❦❡②✇♦r❞s✿ ♦r❞❡r ✐♥❞❡♣❡♥❞❡♥t tr❛♥s♣❛r❡♥❝②✱ ✐❧❧✉str❛t✐♦♥ ❜✉✛❡r✱ ❝♦♠♣❛r✐s♦♥✱ ❞❡♣t❤ ♣❡❡❧✐♥❣✱
❞✉❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣✱ ♣❡r ♣✐①❡❧ ❧✐♥❦❡❞ ❧✐sts✱ ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥✱ ✐♥♥❡r str✉❝t✉r❡ ✈✐s✉❛❧✐③❛t✐♦♥

❆❜str❛❦t

❚❛t♦ ♣rá❝❡ s❡ ③❛❜ý✈á ♣r♦❜❧é♠❡♠ ③♦❜r❛③♦✈á♥í ↔ást❡↔♥➙ ♣r➲❤❧❡❞♥ý❝❤ ♦❜❥❡❦t➲ ❛ ❥❡❤♦ ✈②❧❡♣➨❡♥í
♣♦♠♦❝í ♠♦❞✉❧❛❝❡ ♣r➲❤❧❡❞♥♦st✐ ③❛ ú↔❡❧❡♠ ♦❞❤❛❧❡♥í ✈♥✐t➦♥í❝❤ str✉❦t✉r ✸❉ t➙❧❡s✳ ■♠♣❧❡♠❡♥t♦✲
✈❛❧✐ ❥s♠❡ ♠❡t♦❞✉ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ➦❡➨í❝í ♣r♦❜❧é♠ ❖r❞❡r ■♥❞❡♣❡♥❞❡♥t ❚r❛♥s♣❛r❡♥❝② ✭❖■❚✮✱
❦t❡r♦✉ ♣♦r♦✈♥á✈á♠❡ s ❛❧❣♦r✐t♠②✱ ❦t❡ré t❛❦♦✈é ③♦❜r❛③♦✈á♥í ➦❡➨í✿ ❉❡♣t❤ P❡❡❧✐♥❣✱ ❉✉❛❧ ❉❡♣t❤

P❡❡❧✐♥❣ ❛ P❡r P✐①❡❧ ▲✐♥❦❡❞ ▲✐sts✳ ❆♣❧✐❦✉❥❡♠❡ ♠❡t♦❞② ♠♦❞✉❧❛❝❡ ♣r➲❤❧❡❞♥♦st✐ ③❛❧♦➸❡♥é ♥❛
✈❧❛st♥♦st❡❝❤ ♦❜❥❡❦t➲ ♥❛ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❛ ③❦♦✉♠á♠❡ ♦❜tí➸♥♦st ♣♦✉➸✐tí ✈ ♣♦r♦✈♥á♥í s ♦s✲
t❛t♥í♠✐ ③♠í♥➙♥ý♠✐ ❛❧❣♦r✐t♠②✳ ❆❧❣♦r✐t♠② ➦❡➨í❝í ❖■❚ ♣r♦❜❧❡♠❛t✐❦✉ t❡st✉❥❡♠❡ ♠❡③✐ s❡❜♦✉ ❛
✉❦❛③✉❥❡♠❡✱ ③❛ ❥❛❦ý❝❤ ♣♦❞♠í♥❡❦ ❥❡ ❦t❡rý ❛❧❣♦r✐t♠✉s ❧❡♣➨í✳

❦❧í↔♦✈á s❧♦✈❛✿ ♦r❞❡r ✐♥❞❡♣❡♥❞❡♥t tr❛♥s♣❛r❡♥❝②✱ ✐❧❧✉str❛t✐♦♥ ❜✉✛❡r✱ ♣♦r♦✈♥á♥í✱ ❞❡♣t❤ ♣❡❡❧✐♥❣✱
❞✉❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣✱ s♣♦❥♦✈é s❡③♥❛♠② ♣r♦ ♣✐①❡❧②✱ ♠♦❞✉❧❛❝❡ ♣r➲❤❧❡❞♥♦st✐✱ ✈✐③✉❛❧✐③❛❝❡ ✈♥✐t➦♥í
str✉❦t✉r②

✐①



①



❈♦♥t❡♥ts

✶ ■♥tr♦❞✉❝t✐♦♥ ✶
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✷ ❚❤❡♦r❡t✐❝❛❧ ❇❛❝❦❣r♦✉♥❞ ✸
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✷✳✸✳✷ ▼♦❞✉❧❛t✐♦♥ ❜② ❉✐st❛♥❝❡ ❇❡t✇❡❡♥ ❙❛♠♣❧❡s ❆❧♦♥❣ t❤❡ ❱✐❡✇✐♥❣ ❘❛② ✳ ✳ ✽
✷✳✸✳✸ ▼♦❞✉❧❛t✐♦♥ ❜② ❉✐st❛♥❝❡ ❢r♦♠ ■♠♣♦rt❛♥t ❙❤❛♣❡ ❋❡❛t✉r❡s ✐♥ t❤❡ ▲❛②❡r ✳ ✶✵
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✻ ❈♦♥❝❧✉s✐♦♥ ✻✾
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❆ ▲✐st ♦❢ ❆❜❜r❡✈✐❛t✐♦♥s ✼✸

❇ ❆❞❞✐t✐♦♥❛❧ ▼❡❛s✉r❡♠❡♥ts ❉❛t❛ ✼✺

❈ ■♥st❛❧❧❛t✐♦♥ ●✉✐❞❡ ✼✼

❉ ❉❱❉ ❈♦♥t❡♥t ✼✾

❊ ❯s❡r ▼❛♥✉❛❧ ✽✶
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▲✐st ♦❢ ❋✐❣✉r❡s

✷✳✶ ❈♦rr❡❝t ♦r❞❡r ✭✸✱ ✷✱ ✶✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹
✷✳✷ ■♥❝♦rr❡❝t ♦r❞❡r ✭✷✱ ✶✱ ✸✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹
✷✳✸ ❯♥s♦❧✈❛❧❜❧❡ ♣r♦❜❧❡♠ ❢♦r P❛✐♥t❡r✬s ❛❧❣♦r✐t❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹
✷✳✹ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t② ♦♥❡ r♦✇ ❞✐s♣❧❛② ♦❢ ♣✐①❡❧s pi, i ∈ {1, ...,m} ✇❤❡r❡ m ✐s t❤❡

♥✉♠❜❡r ♦❢ ♣✐①❡❧s ✐s s❤♦✇♥✳ ❋r❛❣♠❡♥ts ✇✐t❤ t❤❡ s❛♠❡ ♥✉♠❜❡r ❛r❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♣❡❡❧✐♥❣

♠❡t❤♦❞s ✐♥ t❤❡ s❛♠❡ ❧❛②❡r✳ ■♥ ❝❛s❡ ♦❢ r❛② ❝❛st✐♥❣ t❡r♠✐♥♦❧♦❣②✱ ♥✉♠❜❡rs ❞❡♥♦t❡ t❤❡

♦r❞❡r ❛❧♦♥❣ t❤❡ r❛②✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺
✷✳✺ ❉❡❝r❡❛s✐♥❣ ♦♣❛❝✐t② ❣❧♦❜❛❧❧② ❢♦r t❤❡ ✇❤♦❧❡ ♠♦❞❡❧ ❝❛✉s❡s t❤❡ ✐♥t❡r♥❛❧ str✉❝t✉r❡s

t♦ ❛♣♣❡❛r ✐♥ ❡①❝❤❛♥❣❡ ❢♦r t❤❡ ❧♦ss ♦❢ s❤❛♣❡ ♣❡r❝❡♣t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼
✷✳✻ ◆♦r♠❛❧s ~a,~b,~c, ~d ❛s ♥❡✐❣❤❜♦rs ♦❢ ♥♦r♠❛❧ ~n ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽
✷✳✼ ❚❤❡ ❝✉r✈❛t✉r❡ ❡st✐♠❛t✐♦♥ ✐s t❤❛♥ ❝♦♠♣✉t❡❞ ❛s t❤❡ s✉♠ ♦❢ ❛❧❧ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ t❤❡

~n ❛♥❞ ♦t❤❡r ♥♦r♠❛❧s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽
✷✳✽ α ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❡q✉❛t✐♦♥s ✭✷✳✽✮ ✭✷✳✽✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
✷✳✾ α ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❡q✉❛t✐♦♥s ✭✷✳✾✮✱✭✷✳✽✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
✷✳✶✵ α ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❡q✉❛t✐♦♥s ✭✷✳✾✮✱ ✭✷✳✶✵✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
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✷✳✶✷ ❈♦✉rt❡s② ♦❢ ❑r✉❣❡r ❡t ❛❧✳❬✶✻❪ s❤♦✇s ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ♣♦✐♥t ❜❛s❡❞ ♠♦❞✉❧❛t✐♦♥ ♦♥

t❤❡ ❧❡❢t ❛♥❞ ❢♦❝✉s ❛r❡❛ ❞❡✜♥❡❞ ❜② ♦rt❤♦❣♦♥❛❧ ❜♦① ♦♥ t❤❡ r✐❣❤t✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✸✳✶ ❈r❡❛t✐♥❣ s❤❛❞♦✇ ♠❛♣ ❢r♦♠ t❤❡ ❝❛♠❡r❛ ♣♦✐♥t ♦❢ ✈✐❡✇ t♦ r❡tr✐❡✈❡ t❤❡ ❞❡♣t❤ ♦❢ ♥❡❛r❡st
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✸✳✷ P❡❡❧✐♥❣ ❧❛②❡rs ✐♥ ❜♦t❤ ❢r♦♥t ❛♥❞ ❜❛❝❦ ❞✐r❡❝t✐♦♥✳ ■❢ ♥✉♠❜❡r ♦❢ ❧❛②❡rs n ✐s ♦❞❞✱ t❤❡ ❧❛st

❧❛②❡r ✇♦✉❧❞ ❜❡ ❜❧❡♥❞❡❞ t✇✐❝❡ ✐❢ t❤❡ s❧✐❞✐♥❣ ✇✐♥❞♦✇ ♠❡❝❤❛♥✐s♠ ✇❛s ♥♦t ✉s❡❞✳ ✳ ✳ ✳ ✳ ✶✼
✸✳✸ ❙❤♦✇s ❤♦✇ ❢r❛❣♠❡♥ts ❛r❡ st♦r❡❞ t♦ t❤❡ ❧✐♥❦❡❞ ❧✐sts str✉❝t✉r❡ ✇❤❡♥❡ ❡❧❡♠❡♥ts ❛r❡

r❡♥❞❡r❡❞ t♦ t❤❡ ✈✐❡✇♣♦rt✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾
✸✳✺ ❯s✐♥❣ ❛ ♣❡rs♣❡❝t✐✈❡ ✇❡ s❤♦✇ t✇♦ ❝r♦ss✐♥❣ ♣❧❛♥❡s ❛✮✳ ❲❤❡♥ ♣❡❡❧✐♥❣ t❤❡ ✜rst ❧❛②❡r ❛♥❞

q✉❡r②✐♥❣ t❤❡ ♥❡✐❣❤❜♦r✐♥❣ ♣✐①❡❧s ♦❢ P ✐♥ s✉❝❤ ❧❛②❡r✱ ✇❡ r❡tr✐❡✈❡ ❜✮✳ ❲❤❡♥ s❡❛r❝❤✐♥❣

❢♦r ♥❡✐❣❤❜♦rs ♦❢ P ✐♥ ■❧❧✉str❛t✐✈❡ ❜✉✛❡r ✇❡ ✇❛♥t t♦ ✜♥❞ ❝✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶
✸✳✹ Pr✐♥❝✐♣❧❡ ♦❢ t❤❡ ❝♦♥❝✉rr❡♥t ❧✐sts ✐s t❤❡ s❛♠❡ ❛s ✐♥ ✜❣✉r❡ ✸✳✸✳ ❍❡r❡ ❤♦✇❡✈❡r ❛r❡ ♥❡①t

♣♦✐♥t❡rs st♦r❡❞ s❡♣❛r❛t❡❧② ❢r♦♠ t❤❡ ❞❛t❛✳ ❉❛t❛ ❛r❡ s♣❛♥♥❡❞ ❜② s✐③❡ ♦❢ ❢♦✉r ❤❡r❡✱

❣✐✈✐♥❣ s♣❛❝❡ ❢♦r ❝♦❧♦✉r✱ ❢♦✉r s✉rr♦✉♥❞✐♥❣ ♥❡✐❣❤❜♦✉rs ✭◆❇✮✱ ♥♦r♠❛❧ ✭◆✮ ❛♥❞ s♦♠❡

♦t❤❡r ❞❛t❛✱ ✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥ t❤❡ t❛r❣❡t ✉s❡ ♦❢ t❤❡ ❜✉✛❡r✳ ❇✉✛❡r ♣✐①❡❧❍❡❛❞ ✐❢ ♦❢ ❛

s❛♠❡ s✐③❡ ❛s t❤❡ ✈✐❡✇♣♦rt ✭X × Y ✮✳ ❚❤✐s ✜❣✉r❡ ❞♦❡s ♥♦t ❝♦♥s✐❞❡r t❤❡ s♦rt✐♥❣ ♦❢

s❛♠♣❧❡s ❛❧♦♥❣ t❤❡ r❛②✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷
✸✳✻ ▼❡❛♥✐♥❣ ♦❢ ǫn ❛♥❞ ǫz ♦♥ t❤❡ s✉r❢❛❝❡ s❛♠♣❧❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

①✈



①✈✐ ▲■❙❚ ❖❋ ❋■●❯❘❊❙

✸✳✼ ❛✮ ✐♥❞❡①❡❞ ❣❡♦♠❡tr② t♦ ♣r❡✈❡♥t ❞✉♣❧✐❝❛t❡ ❣❡♦♠❡tr② t♦ ❜❡ s❡♥t t♦ ❣♣✉✳ ❜✮ ❊✈❡r②

✈❡rt❡① ❦♥♦✇s ✐♥❞✐❝❡s ♦❢ ❛❧❧ ✈❡rt✐❝❡s ✐♥ ❣✐✈❡♥ tr✐❛♥❣❧❡✳ ❝✮ ❊✈❡r② tr✐❛♥❣❧❡ ❤❛s ✐ts ♦✇♥

✐❞✳ ❞✮ t❛❜❧❡ ♠❛♣s ■❉s ♦❢ t❤❡ tr✐❛♥❣❧❡s ✭❜❧✉❡✮ t♦ ❜✮ ✇❤❡r❡ ❡✈❡r② ✈❡rt❡① ❦♥♦✇s ❛❧❧

✐♥❞✐❝❡s ✐♥ ✐ts tr✐❛♥❣❧❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸
✸✳✽ ❊✈❡r② ❢r❛❣♠❡♥t ❤❛s ❡q✉❛❧ ♦♣❛❝✐t②✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺
✸✳✾ ❋r❛❣♠❡♥t ✐s ❢✉❧❧② ♦♣❛q✉❡ ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡✐❣❤❜♦rs ✐s ❧❡ss t❤❛♥ ❢♦✉r ♠❡❛♥✐♥❣ ✐t ✐s

♣❛rt ♦❢ t❤❡ ❡❞❣❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺
✸✳✶✵ ❛✮ s♣❛❝❡ ❛rr❛♥❣❡♠❡♥t ♦❢ s❤❛❞❡❞ ✸❉ t❡rr❛✐♥ ✭r❡❞✮ ✇✐t❤ ❣r❡❡♥ ❣r✐❞ ♦♥ t❤❡ t♦♣✳ ❜✮ Pr♦✲

❥❡❝t✐♦♥ ♦❢ ♦❜❥❡❝ts ✐♥ ❛✮✳ ❝✮ ❚❖❉❖✿ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻
✸✳✶✶ ❙❛♠♣❧❡s ❛❧♦♥❣ t❤❡ ✈✐❡✇ r❛② ❛♥❞ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ t❤❡♠ ✐♥ ❝❛♠❡r❛ s♣❛❝❡✳ ❉✐st❛♥❝❡✭✐✮

s❤♦✇s ❛ ❞✐st❛♥❝❡ t♦ t❤❡ ♥❡①t ❧❛②❡r ✐♥ ❢r♦♥t t♦ ❜❛❝❦ ♠❛♥♥❡r ❛♥❞ ❙❦✐♣❉✐st❛♥❝❡✭✐✱❦✮ ✐s

❛ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ s❛♠♣❧❡s si, sk✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽
✸✳✶✷ ❊✈❡r② ❢r❛❣♠❡♥t si ❤❛s ❢♦✉r ♣♦✐♥t❡rs nbTi, nbRi, nbBi, nbLi t♦ ✐ts ❣❡♦❞❡s✐❝ ♥❡✐❣❤❜♦r

✐♥ t❤❡ t♦♣✱ r✐❣❤t✱ ❜♦tt♦♠ ❛♥❞ ❧❡❢t ❞✐r❡❝t✐♦♥✱ ✐❢ s✉❝❤ ♥❡✐❣❤❜♦r ❡①✐sts✳ ❋r❛❣♠❡♥t si st✐❧❧

❤❛s t❤❡ ♣♦✐♥t❡r t♦ ♥❡①t ❢r❛❣♠❡♥t ❛❧♦♥❣ t❤❡ ✈✐❡✇ r❛②✱ ✐t ✐s ♥♦t ✈✐s✉❛❧✐③❡❞ ❤❡r❡ ❢♦r t❤❡

s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
✸✳✶✸ ❋r❛❣♠❡♥t ♦❢ t❤❡ s✐❧❤♦✉❡tt❡ ✭r❡❞✮✱ ❢r❛❣♠❡♥t ♦❝❝❧✉❞❡❞ ❜② s✐❧❤♦✉❡tt❡ ✭❣r❡❡♥✮ ❛♥❞ ✐ts

♥❡✐❣❤❜♦r✐♥❣ ❢r❛❣♠❡♥t ♥♦t ♦❝❝❧✉❞❡❞ ❜② ❛❜♦✈❡ s✉r❢❛❝❡ ✭❜❧✉❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵
✸✳✶✹ ❈❛♥ ✇❡ s✐♠♣❧② ❛♥s✇❡r t❤❡ q✉❡st✐♦♥ ✬✐s si ❛♥❞ sj ♦♥ t❤❡ s❛♠❡ s✉r❢❛❝❡❄✬ ❆♥s✇❡r ✐s

✉♥❢♦rt✉♥❛t❡❧② ♥❡❣❛t✐✈❡ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ t❡①t✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶
✸✳✶✺ ❍❛❧❧♦ ❤✐❣❤❧✐❣❤t ✉s✐♥❣ ❛❧❣♦r✐t❤♠ ✽ ♣r♦❞✉❝❡s ❞❛r❦ ❤❛❧❧♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷
✸✳✶✻ ❍❛❧❧♦ ❤✐❣❤❧✐❣❤t ♣r♦❞✉❝❡❞ ❜② ❛❧❣♦r✐t❤♠ ✾ ✇✐t❤ colourOfHaloHighlight = white✳ ✳ ✳ ✸✷
✸✳✶✼ ❙❛♠❡ ❛s ✐♥ ✜❣✉r❡ ✸✳✶✻ ✇✐t❤ ❧❛st ❧❛②❡r ♦♣❛q✉❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✹✳✶ ❱✐❡✇♣♦rt ♦❢ ❞✐♠❡♥s✐♦♥s X,Y ❞✐✈✐❞❡❞ ✐♥t♦ ✾ r❡❣✐♦♥s ❡❛❝❤ ✇✐t❤ ✐ts ♦✇♥ ❛t♦♠✐❝
❝♦✉♥t❡r fragCounter[i], i ∈ {0..8} ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✹✳✷ ❍❡❛t♠❛♣ ❣r❛❞✐❡♥t s❤♦✇s t❤❡ ❧✐♥❦❡❞ ❧✐sts s✐③❡ ❝♦❧♦r ❝♦❞❡❞ ✐♥ ❢♦❧❧♦✇✐♥❣ ♠❛♥♥❡r✿ ❢♦r

❣r❛❞✐❡♥t ❜❧✉❡✲❃❣r❡❡♥✲❃②❡❧❧♦✇✲❃r❡❞ ❧♦✇❡st s✐③❡s ❛r❡ ❜❧✉❡ ❛♥❞ ❧♦♥❣❡st r❡❞✳ ✳ ✳ ✳ ✳ ✳ ✹✺
✹✳✸ ❉✐s❝r❡t❡ ▲❛♣❧❛❝✐❛♥ ❝♦♥✈♦❧✉t✐♦♥ ❦❡r♥❡❧ ❢♦r ✷❉ s✐❣♥❛❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
✹✳✹ ❆❧❧ ✐♠❛❣❡s ✇❡r❡ ❝r❡❛t❡❞ ❜② ✶✺ ✐t❡r❛t✐♦♥s ♦❢ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss✳ ❚♦♣ ❧❡❢t✿ ✐s r❡s✉❧t

♦❢ ❝♦♥✈♦❧✉t✐♦♥ ✇✐t❤ ❞✐s❝r❡t❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ♦❢ α✳ ❚♦♣ r✐❣❤t✿ ✐s ♥♦♥ ♣❤②s✐❝❛❧

❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ β ❞✐✛✉s✐♦♥ ❛s ✐♥ ❬✶✷❪✱ s✉✛❡r✐♥❣ ❢r♦♠ ❛♥② ❝♦♥t♦✉r ❞✐s❝♦♥t✐♥✉✐t②✳

❇♦tt♦♠ ❧❡❢t✿ ✐s r❡s✉❧t ♦❢ ❛♣♣❧②✐♥❣ ❞✐s❝r❡t❡ ❣❛✉ss✐❛♥ ✜❧t❡r ♦♥ β✳ ❲❡ ❝❛♥ s❡❡ ❛rt✐❢❛❝t

❝❛❧❧❡❞ r✐♥❣✐♥❣ ✐♥ ♣❧❛❝❡ ♦❢ ❢♦r♠❡r ❝♦♥t♦✉r ✇❤✐❝❤ ✐s t②♣✐❝❛❧ ❢♦r s✉❝❤ ❦❡r♥❡❧s✳ ❇♦tt♦♠

r✐❣❤t✿ ✐s ♠❡t❤♦❞ ✉s❡❞ ❜② ✉s ✇❤❡r❡ r❡s✉❧t ✐s ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❜❧✉rr❡❞ ♥♦♥ ♣❤②s✐❝❛❧ β

❞✐✛✉s✐♦♥ ♣r♦❝❡ss ❛♥❞ ♦✉t♣✉t ♦❢ ❞✐s❝r❡t❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r ♦♥ α✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✺✳✶ ▼❡❛s✉r❡❞ ♣r♦❥❡❝t✐♦♥s ♦❢ ♠♦❞❡❧s ❛❧♦♥❣ ✇✐t❤ t❤❡ ❤❡❛t♠❛♣s ✐♥❞✐❝❛t✐♥❣ ♣✐①❡❧s
✇✐t❤ ❤✐❣❤❡st ❧❡♥❣t❤ ♦❢ ❧✐♥❦❡❞ ❧✐st ❛s r❡❞✳ ▼♦❞❡❧s ❛r❡ s♦rt❡❞ ❛❧♣❤❛❜❡t✐❝❛❧❧② ❜②
♥❛♠❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✺✳✷ ●P❯ ❚✐♠❡ ✐♥ ♣❧✐t st❛❣❡s ♦❢ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❝r❡❛t✐♦♥ ♣r♦❝❡ss✳ ▼♦❞❡❧s ♦♥ t❤❡

❤♦r✐③♦♥t❛❧ ❛①✐s ✐s s♦rt❡❞ ❜② t❤❡ ❚♦t❛❧ r❡♥❞❡r✐♥❣ t✐♠❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺
✺✳✸ ❍❡❛t♠❛♣s ♦❢ t❤❡ ❧✐♥❦❡❞ ❧✐sts ❧❡♥❣t❤s ♦❢ GPU 2 ❛♥❞ Suspension 2✳ ✳ ✳ ✳ ✳ ✳ ✺✻
✺✳✹ P❛r❛❧❧❡❧ ❝♦♦r❞✐♥❛t❡s ✈✐s✉❛❧✐③✐♥❣ t❤❡ s❛♠❡ ✐♥❢♦r♠❛t✐♦♥ ❛s t❤❡ ✜❣✉r❡ ✺✳✺✳ ❚✐♠❡ s♣❛❝❡

✐s s♣❧✐t t♦ t❤✐r❞s✳ ❘❡s✉❧ts ♦❢ t❤❡ ✜rst t❤✐r❞ ❛r❡ ❣r❡❡♥✱ s❡❝♦♥❞ t❤✐r❞ ❜❧✉❡ ❛♥❞ ❧❛st t❤✐r❞

r❡s✉❧ts ❛r❡ r❡❞✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼
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✺✳✺ ❱✐s✉❛❧✐③❡❞ t❛❜❧❡ ✺✳✷✳ ❙❡❝♦♥❞❛r② ❨ ❛①✐s ✐s ✉s❡❞ ❢♦r t❤❡ ❞❛s❤❡❞ ❧✐♥❡ r❡♣r❡s❡♥t✐♥❣ Ψ✱

♣r✐♠❛r② ❨ ❛①✐s ✭♦♥ t❤❡ r✐❣❤t✮ ✐s t❤❡♥ ✉s❡❞ ❢♦r ❛❧❧ ♦t❤❡r ✈❛r✐❛❜❧❡s ✉s✐♥❣ ❧♦❣❛r✐t❤♠✐❝

s❝❛❧❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼
✺✳✻ ❙♣❡❡❞ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝ s♦rt ❛♥❞ s♦rt✐♥❣ ✐♥ st❛t✐❝ ❛rr❛②✳ ❇✐❣❣❡r s♣✐❦❡s ❛r❡

❝❛✉s❡❞ ❜② t❤❡ Ψ ♣❛r❛♠❡t❡r ❛s ❞✐s❝✉ss❡❞ ❜❡❢♦r❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾
✺✳✼ ❉❡♣t❤ ♣❡❡❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵
✺✳✽ ❉✉❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵
✺✳✾ ❈♦♥❝✉rr❡♥t ♣❡r ♣✐①❡❧ ❧✐♥❦❡❞ ❧✐sts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵
✺✳✶✵ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵
✺✳✶✶ ❙♣❡❡❞ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ s✐♥❣❧❡ ♣❛ss ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss✱ ❜❧✉rr✐♥❣ ❜② ●❛✉ss✐❛♥

s❡♣❛r❛❜❧❡ ✜❧t❡r ❛♥❞ ♦❢ ❞✐st❛♥❝❡✲❝✉r✈❛t✉r❡ s❡❛r❝❤✱ ✇❤❡r❡ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ ❧❛②❡rs ❛r❡

❢♦✉♥❞ ❛s ✇❡❧❧ ❛s t❤❡ s✉r❢❛❝❡ ❝✉r✈❛t✉r❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

❇✳✶ ❱✐s✉❛❧✐③❛t✐♦♥ ♦❢ t❛❜❧❡s ❇✳✶ ❛♥❞ ❇✳✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

❊✳✶ ●r❛♣❤✐❝❛❧ ❯s❡r ■♥t❡r❢❛❝❡ ♦❢ t❤❡ ♠❛✐♥ ✇✐♥❞♦✇ ✇✐t❤ Settings panel ♦♥ t❤❡
r✐❣❤t✳ ❆❧❧ t❤r❡❡ t❛❜s ❛r❡ s❤♦✇♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶
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▲✐st ♦❢ ❚❛❜❧❡s

✹✳✶ ❚❛❜❧❡ s❤♦✇s ❞❛t❛ st♦r❡❞ ♣❡r ❢r❛❣♠❡♥t✳ ❋✐rst ❝♦❧✉♠♥ s❤♦✇s t❤❡ ♣♦s✐t✐♦♥ ✐♥
t❤❡ ❢r❛❣❉❛t❛ ❜✉✛❡r ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s♣❛♥♥✐♥❣ ♠❡❝❤❛♥✐s♠✳ ❙♣❛♥❙✐③❡ ❂ ✹ ✐s
✉s❡❞✳ ❖♥❡ r♦✇ ♦❢ t❤❡ t❛❜❧❡ ✐s r❡♣r❡s❡♥t❡❞ ❛s ✈❡❝t♦r ♦❢ ✹ ✉♥s✐❣♥❡❞ ✐♥t❡❣❡rs
✭✉✈❡❝✹✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✺✳✶ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❝r❡❛t✐♦♥ s♣❧✐t t♦ st❛❣❡s ❋✐❧❧✱ ❙♦rt✱ ❋✐♥❞◆❡✐❣❤❜♦rs✱ ❈♦♠♣♦s❡✳ ✺✻
✺✳✷ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❝r❡❛t✐♦♥ ✲ ❚❛❜❧❡ s❤♦✇ ✉s❡❞ ♠♦❞❡❧s✱ ♥✉♠❜❡r ✈❡rt✐❝❡s✱ ❢r❛❣✲

♠❡♥ts ❛♥❞ ♠❛① s✐③❡ ♦❢ t❤❡ ❧✐♥❦❡❞ ❧✐sts ✐♥ ❣✐✈❡♥ ✈✐❡✇✱ r❡s✉❧t✐♥❣ ✐♥ t✐♠❡ ♠❡❛✲
s✉r❡❞ ♦♥ ●P❯✱ ❛♥❞ ❋P❙ ✇❤❡r❡ ❈P❯ ♦✈❡r❤❡❛❞ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ✇❡❧❧✳ ❈♦❧✉♠♥
Ψ s❤♦✇s ♣❡r❝❡♥t❛❣❡ ❝♦✈❡r❛❣❡ ♦❢ t❤❡ ✇♦rst t❤✐r❞ ♦❢ t❤❡ ❧✐♥❦❡❞ ❧✐sts ❧❡♥❣t❤s✳ ■♥
♦t❤❡r ✇♦r❞s ✐t s❤♦✇s ❝♦✈❡r❛❣❡ ♦❢ t❤❡ ②❡❧❧♦✇ ❛♥❞ r❡❞ ♣✐①❡❧s ✐♥ t❤❡ ❤❡❛t♠❛♣s ✐♥
♣❡r❝❡♥ts ✭P✐①❡❧s ✇✐t❤ ♥♦ ❧✐♥❦❡❞ ❧✐sts st♦r❡❞ ❛r❡ ♥♦t ❝♦♥s✐❞❡r❡❞✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✺✳✸ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝ s♦rt ♠❡t❤♦❞ ✇✐t❤ s♦rt ✐♥ t❤❡ ❛rr❛②✳ ❚❛❜❧❡ ✐s s♦rt❡❞
❜② t❤❡ MAX |LIST| ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✺✳✹ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞❡♣t❤ ♣❡❡❧✐♥❣✱ ❞✉❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣ ❛♥❞ ❝♦♥❝✉rr❡♥t ♣❡r ♣✐①❡❧

❧✐♥❦❡❞ ❧✐sts✳ P❧❡❛s❡ ♥♦t❡ t❤❛t ❞❛t❛ vertices, fragments, list max

size ❛♥❞ Ψ ❛r❡ s❤❛r❡❞ ❜② ❛❧❧ ♠❡t❤♦❞s ❛♥❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ❢♦r ❡①❛♠♣❧❡ ✐♥ t❛❜❧❡
✺✳✷✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✺✳✺ ❙♣❡❡❞ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ s✐♥❣❧❡ ♣❛ss ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss✱ ❜❧✉rr✐♥❣ ❜② ●❛✉s✲
s✐❛♥ s❡♣❛r❛❜❧❡ ✜❧t❡r ❛♥❞ ♦❢ ❞✐st❛♥❝❡✲❝✉r✈❛t✉r❡ s❡❛r❝❤✱ ✇❤❡r❡ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥
❧❛②❡rs ❛r❡ ❢♦✉♥❞ ❛s ✇❡❧❧ ❛s t❤❡ s✉r❢❛❝❡ ❝✉r✈❛t✉r❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

❇✳✶ ■♠♣❛❝t ♦❢ ❝❤❛♥❣✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❢r❛❣♠❡♥ts ✇✐t❤ ♦t❤❡r ✈❛r✐❛❜❧❡s ✜①❡❞✳ ❋✐rst
r♦✇ ❞❡♥♦t❡s ✉s❡❞ ✈✐❡✇♣♦rt r❡s♦❧✉t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

❇✳✷ ■♠♣❛❝t ♦❢ ❝❤❛♥❣✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❢r❛❣♠❡♥ts ✇✐t❤ ♦t❤❡r ✈❛r✐❛❜❧❡s ✜①❡❞✳ ❋✐rst
r♦✇ ❞❡♥♦t❡s ✉s❡❞ ✈✐❡✇♣♦rt r❡s♦❧✉t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

❈✳✶ ▼✐♥✐♠❛❧ ❛♣♣❧✐❝❛t✐♦♥ r❡q✉✐r❡♠❡♥ts✳ ❊✐t❤❡r ❈▲❆◆● ♦r ●❈❈ ✐s r❡q✉✐r❡❞✱ ♥♦t
❜♦t❤✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼
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❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥

❚❤❡r❡ ❛r❡ ♠❛♥② ❝❤❛❧❧❡♥❣❡s ✐♥ r❡♥❞❡r✐♥❣ s❡♠✐✲tr❛♥s♣❛r❡♥t ♦❜❥❡❝ts✳ ❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ♦♥❡ ✐s
t♦ ❞✐s♣❧❛② s✉❝❤ ♦❜❥❡❝ts ✐♥ ❛ ✇❛② ✉s❡rs ✉♥❞❡rst❛♥❞ ❛♥❞ ❝❛♥ ❞❡t❡r♠✐♥❡ t❤❡✐r ✐♥♥❡r str✉❝t✉r❡ ❛♥❞
s❤❛♣❡ ❢r♦♠ ♦♥❡ ✐♠❛❣❡✳ ■t ✐s ✈✐t❛❧ ❢♦r t❤❡ ✉s❡rs t♦ ❜❡ ❛❜❧❡ t♦ ✉s❡ t❤❡✐r ❡①♣❡r✐❡♥❝❡ ❢r♦♠ t❤❡ r❡❛❧
✇♦r❧❞ ❛♥❞ ❝♦♥♥❡❝t ✐t t♦ ✇❤❛t t❤❡② s❡❡ t♦ ❝r❡❛t❡ t❤❡ ✜♥❛❧ ♠❡♥t❛❧ ♠♦❞❡❧✳ ❈♦♥s✐❞❡r✐♥❣ ❝♦♠♣❧❡①
♦❜❥❡❝ts t❤❡ ✉s❡r ♠✐❣❤t ♥♦t ❜❡ ❛❜❧❡ t♦ ❝♦♥str✉❝t t❤✐s ♠♦❞❡❧ ❛t ❛❧❧ ✐❢ t❤❡ ♦❜❥❡❝t ✐s ♦♣❛q✉❡ ♦r
tr❛♥s♣❛r❡♥❝② ♦❢ ❛❧❧ ❧❛②❡rs ✐s ❤♦♠♦❣❡♥❡♦✉s✳ ❚❤✐s ✐♠♣❧✐❡s t❤❡ ♥❡❡❞ ❢♦r s♦♠❡ ✐♠❛❣❡ ❡♥❤❛♥❝❡♠❡♥t
✇✐t❤ ❦♥♦✇❧❡❞❣❡ ♦❢ ❧♦❝❛❧ ❣❡♦♠❡tr② ❜❛s❡❞ ♦♥ ❤✉♠❛♥ ♣❡r❝❡♣t✐♦♥✳ ❊✈❡♥ ✐❢ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❡♥❤❛♥❝❡
✐♠❛❣❡ ✐♥ t❤✐s ✇❛② ✐t ♠✐❣❤t ♥♦t ❜❡ ❡♥♦✉❣❤ ❢♦r t❤❡ ✉s❡r t♦ ✉♥❞❡rst❛♥❞ t❤❡ str✉❝t✉r❡ ♦❢ ❡①❛♠✐♥❡❞
♦❜❥❡❝t ❝♦rr❡❝t❧②✳ ❚❤❡r❡❢♦r❡ ✐♥t❡r❛❝t✐✈✐t② ✐s ❛ ❞❡s✐r❡❞ ♣r♦♣❡rt② ✐♥ ♦❜❥❡❝t ✈✐s✉❛❧✐③❛t✐♦♥ s♦ t❤❛t
✉s❡r ❝❛♥ ♠❛♥✐♣✉❧❛t❡ t❤❡ ♦❜❥❡❝t ✐♥ s♣❛❝❡✳

❲❤❡♥ ✇❡ ❛r❡ r❡♥❞❡r✐♥❣ s❡♠✐tr❛♥s♣❛r❡♥t ✸❉ ♦❜❥❡❝ts ♦♥ ●P❯ ✇❡ ❝❛♥ ❝❤♦♦s❡ ❢r♦♠ ✈❛r✐❡t②
♦❢ ♦r❞❡r ✐♥❞❡♣❡♥❞❡♥t tr❛♥s♣❛r❡♥❝② ✭❖■❚✮ ❛❧❣♦r✐t❤♠s✳ ❨❡t✱ ✐t ✐s ♥♦t ❝❧❡❛r ❛t ✇❤❛t ❝♦♥❞✐t✐♦♥s
✐s ♦♥❡ ❛❧❣♦r✐t❤♠ ❜❡tt❡r t❤❛♥ ❛♥♦t❤❡r✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❤❡♥ ✐t ✐s ✇♦rt❤ t♦ ✐♥✈❡st t✐♠❡
❛♥❞ r❡s♦✉r❝❡s t♦ ✐♠♣❧❡♠❡♥t ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❛❧❣♦r✐t❤♠✳ ■♥ t❤✐s t❤❡s✐s ✇❡ t❤❡r❡❢♦r❡ ❛❞❞r❡ss
t❤✐s ♣r♦❜❧❡♠ ❜② ❝♦♠♣❛r✐s♦♥ ♦❢ s❡✈❡r❛❧ ❖■❚ s♦❧✈✐♥❣ ❛❧❣♦r✐t❤♠s✿ ❉❡♣t❤ P❡❡❧✐♥❣✱ ❉✉❛❧ ❉❡♣t❤

P❡❡❧✐♥❣✱ P❡r P✐①❡❧ ▲✐♥❦❡❞ ▲✐sts ❛♥❞ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r✳
❖✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥ ♦♥❡ ♦❢ t❤❡ ❧❛t❡st t❡❝❤♥✐q✉❡s ❝❛❧❧❡❞ t❤❡ ■❧❧✉str❛t✐♦♥

❇✉✛❡r ❬✶✷❪✳ ❍♦✇❡✈❡r ❛✉t❤♦rs ❢♦❝✉s ♠❛✐♥❧② ♦♥ ✢♦✇ s✉r❢❛❝❡s ✇❤✐❧❡ t❤❡✐r t❡❝❤♥✐q✉❡ ♦❢ ❜✉✐❧❞✐♥❣
t❤❡ ❜✉✛❡r ❝♦♥t❛✐♥✐♥❣ t❤❡ s❝❡♥❡ ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ❣❡♥❡r❛❧✳ ❲❤❡♥ s✉❝❤ ❛ ❜✉✛❡r ✲ ❝❛❧❧❡❞ ■❧❧✉str❛✲

t✐♦♥ ❇✉✛❡r ✐s ♦❜t❛✐♥❡❞✱ ❡✈❡r② s✐♥❣❧❡ ❢r❛❣♠❡♥t ❦♥♦✇s ✐ts ♥❡✐❣❤❜♦rs ❛❧♦♥❣ t❤❡ s✉r❢❛❝❡ ❛s ✇❡❧❧
❛s ❛❧♦♥❣ t❤❡ ✈✐❡✇✐♥❣ r❛②✳ ❚❤✐s ❦♥♦✇❧❡❞❣❡ ❝❛♥ ❜❡ ❧❛t❡r ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♠♦st ✐♠♣♦rt❛♥t
s❡❝t✐♦♥s ♦❢ ✐♠❛❣❡ ❢♦r t❤❡ ✉s❡r s✉❝❤ ❛s ❡❞❣❡s✱ ❥✉♥❝t✐♦♥s✱ s✐❧❤♦✉❡tt❡s✳ ✳ ✳

❊✈❡♥ t❤♦✉❣❤ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤✐s t❤❡s✐s ✐s t♦ ✐♠♣❧❡♠❡♥t t❤❡ t❡❝❤♥✐q✉❡ ❞❡s❝r✐❜❡❞ ✐♥ ❬✶✷❪
✇❡ ❛❧s♦ ❝♦♠♣❛r❡ ✐t t♦ ♦t❤❡r ❦♥♦✇♥ t❡❝❤♥✐q✉❡s s♦❧✈✐♥❣ t❤❡ ❖■❚ ♣r♦❜❧❡♠✿ ❈♦♥❝✉rr❡♥t ♣❡r
P✐①❡❧ ▲✐♥❦❡❞ ▲✐sts✱ ❉❡♣t❤ P❡❡❧✐♥❣ ❛♥❞ ❉✉❛❧ ❉❡♣t❤ P❡❡❧✐♥❣✳

✶✳✶ ❚❤❡s✐s ❙tr✉❝t✉r❡

◆❡❝❡ss❛r② t❤❡♦r② ❜❛❝❦❣r♦✉♥❞ ✐s ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✷✱ ✇❤❡r❡ ❖■❚ ♣r♦❜❧❡♠ ✐s ❞❡✜♥❡❞ ❛❧♦♥❣
✇✐t❤ ✐ts ❞✉❛❧ r❡♣r❡s❡♥t❛t✐♦♥✳ ▼❡t❤♦❞s ♦❢ ✜♥❛❧ ✐♠❛❣❡ ❝♦♠♣♦s✐t✐♦♥ ❛r❡ ✐♥tr♦❞✉❝❡❞ ❛s ✇❡❧❧ ❛s
t❤❡ ❝❛t❡❣♦r✐③❛t✐♦♥ ♦❢ ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ t❡❝❤♥✐q✉❡s✳ ❈❤❛♣t❡r ✸ ❝♦♠♣❛r❡s ❞✐s❝✉ss❡❞ ❖■❚

✶
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s♦❧✈✐♥❣ ❛❧❣♦r✐t❤♠s ✇✐t❤ ❣r❡❛t ❢♦❝✉s ♦♥ t❤❡✐r ✉s❛❜✐❧✐t② ✐♥ s❡✈❡r❛❧ ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ ❛♣✲
♣r♦❛❝❤❡s✳ ❈❤❛♣t❡r ✹ ✐s r❛t❤❡r ♣r❛❝t✐❝❛❧✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ str✉❝t✉r❡✱ ✉s❡❞ t❡❝❤♥♦❧♦❣✐❡s ❛♥❞
❞❡t❛✐❧s ♦♥ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛r❡ ♣r♦✈✐❞❡❞✳ ❋✐♥❛❧❧② ✇❡ ❞✐s❝✉ss ♦✉r r❡s✉❧ts
✐♥ ❈❤❛♣t❡r ✺ ❛♥❞ ❈❤❛♣t❡r ✻ ❝♦♥❝❧✉❞❡s t❤❡ t❤❡s✐s✳



❈❤❛♣t❡r ✷

❚❤❡♦r❡t✐❝❛❧ ❇❛❝❦❣r♦✉♥❞

❚♦ ❛❝❤✐❡✈❡ ❛♥❞ ❞❡s❝r✐❜❡ s♦♠❡ ❛❞✈❛♥❝❡❞ ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ t❡❝❤♥✐q✉❡s ❛ r❡❧❛t❡❞ t❤❡♦r②
s❤♦✉❧❞ ❜❡ ✐♥tr♦❞✉❝❡❞ ✜rst✳ ❚❤✐s ❝❤❛♣t❡r ✐♥tr♦❞✉❝❡s t❤❡ ♣r♦❜❧❡♠ ♦❢ r❡♥❞❡r✐♥❣ tr❛♥s❧✉❝❡♥t ♦❜✲
❥❡❝ts✱ ❞❡s❝r✐❜❡s ✐ts ❞✉❛❧ r❡♣r❡s❡♥t❛t✐♦♥ t❤❛t ✇✐❧❧ ♣r♦✈✐❞❡ ✉s ❢✉rt❤❡r ✢❡①✐❜✐❧✐t② ✇❤❡♥ ❝♦♠♣❛r✐♥❣
r❡♥❞❡r✐♥❣ ♠❡t❤♦❞s✳ ❋✐♥❛❧❧②✱ ♠❡t❤♦❞s ♦❢ ✜♥❛❧ ✐♠❛❣❡ ❝♦♠♣♦s✐t✐♦♥ ❛r❡ ✐♥tr♦❞✉❝❡❞✳

❋♦r t❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ✇♦r❦ ❧❡t ✉s ❞❡✜♥❡ ♣✐①❡❧ ❛s t❤❡ ✜♥❛❧ ✐♠❛❣❡ ❡❧❡♠❡♥t ♣r❡s❡♥t❡❞ t♦
t❤❡ ✉s❡r✳ P✐①❡❧ ✐s t❤❡r❡❢♦r❡ t❤❡ s♠❛❧❧❡st ❡❧❡♠❡♥t ✉s❡r ❝❛♥ ❛❞❞r❡ss✳ ❈♦♥s✐❞❡r✐♥❣ tr❛❞✐t✐♦♥❛❧
r❡♥❞❡r✐♥❣ ♣✐♣❡❧✐♥❡ ✭❡✳❣✳ ✐♥ ❖♣❡♥●▲ ✺✳✸✮✱ ❢r❛❣♠❡♥ts ❛r❡ ❞❡✜♥❡❞ ❛s ❛ ❝❛♥❞✐❞❛t❡ ❢♦r ❛ ♣✐①❡❧✳
❇♦t❤ ♣✐①❡❧s ❛♥❞ ❢r❛❣♠❡♥ts ❝♦♥t❛✐♥ t❤❡ ❝♦❧♦✉r ❛s ✇❡❧❧ ❛s t❤❡ ❞❡♣t❤ ❛s t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡
❝❛♠❡r❛✳

❚❤❡ ③✲❜✉✛❡r ♦❢ t❤❡ s❛♠❡ s✐③❡ ❛s ❝✉rr❡♥t ❢r❛♠❡❜✉✛❡r ✐s ❞❡✜♥❡❞ t♦ ❝❤♦♦s❡ t❤❡ ✜♥❛❧ ♣✐①❡❧s
❝♦♥t❛✐♥✐♥❣ t❤❡ ❞❡♣t❤ ♦❢ t❤❡ ❝❧♦s❡st ♣✐①❡❧s t♦ t❤❡ ❝❛♠❡r❛✳ ■t ✐s t❤❡ ❞❡♣t❤ t❡st t❤❛t t✉r♥s
❢r❛❣♠❡♥ts t♦ ♣✐①❡❧s✿

deptBuffer(x, y) =

{

unchanged ✐❢ fragment.depth > depthBuffer(x, y)
fragment.depth ✐❢ fragment.depth <= depthBuffer(x, y)

■❢ ♥♦ ❞❡♣t❤✲❜✉✛❡r ✐s ✉s❡❞ ❞✉r✐♥❣ t❤❡ r❡♥❞❡r✐♥❣ ♣r♦❝❡ss✱ ♣✐①❡❧s ❛r❡ ❜❡✐♥❣ r❡✇r✐tt❡♥ ❜② ❛♥②
❧❛t❡r ❢r❛❣♠❡♥ts✱ r❡❣❛r❞❧❡ss t❤❡ ❞❡♣t❤✳ ❚❤❡ ♦r❞❡r ♦❢ ✐♥❝♦♠✐♥❣ ❢r❛❣♠❡♥ts ✐♥ ❣❡♥❡r❛❧ ❝❛s❡ ✐s
♥♦t ❞❡✜♥❡❞✳

✷✳✶ ❘❡♥❞❡r✐♥❣ ♦❢ ❚r❛♥s❧✉❝❡♥t ❖❜❥❡❝ts

❙✐♥❝❡ r❡♥❞❡r✐♥❣ ♦❢ t❤❡ tr❛♥s❧✉❝❡♥t ❣❡♦♠❡tr② ♥❡❡❞s t♦ t❛❦❡ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ ❛❧❧ t❤❡ tr❛♥s❧✉✲
❝❡♥t ❢r❛❣♠❡♥ts✱ t❤❡ ❞❡♣t❤✲❜✉✛❡r ❝❛♥♥♦t ❜❡ ✉s❡❞✳ ❲✐t❤♦✉t t❤❡ ❞❡♣t❤✲❜✉✛❡r ✇❡ ❞♦ ♥♦t ❞✐s✲
❝❛r❞ ❛♥② ❢r❛❣♠❡♥ts ❞✉❡ t♦ t❤❡✐r ❞❡♣t❤ ❜✉t ✇❡ ❤❛✈❡ t♦ s♦❧✈❡ t❤❡ ♦r❞❡r ♦❢ r❡♥❞❡r❡❞ ❣❡♦♠❡tr②
t♦ ❣❡t ❝♦rr❡❝t r❡s✉❧t✱ ❛s s❤♦✇♥ ✐♥ ✜❣✉r❡s ✷✳✶ ❛♥❞ ✷✳✷✳ ◆✉♠❜❡rs ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞✐st❛♥❝❡
t♦ t❤❡ ❝❛♠❡r❛ ✇✐t❤ ❛ r❡❞ ❧❛②❡r ❜❡✐♥❣ t❤❡ ❝❧♦s❡st ❛♥❞ t❤❡ ❜❧✉❡ ♦♥❡ t❤❡ ❢✉rt❤❡st✳ ❆s ✐t ✐s

✸
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❞❡s❝r✐❜❡❞ ✐♥ t❤❡ s❡❝t✐♦♥ ✷✳✶✳✶✱ s♦rt✐♥❣ ❛❧❧ t❤❡ tr✐❛♥❣❧❡s ♦❢ t❤❡ s❝❡♥❡ ♠✐❣❤t ♥♦t ❛❧✇❛②s ✇♦r❦✳
❚❤❡r❡❢♦r❡ s♦rt✐♥❣ ✐♥ ❜✐❣❣❡r ❞❡t❛✐❧ ✐s r❡q✉✐r❡❞ ❛♥❞ ❛❧❧ ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ s❡❝t✐♦♥
✷✳✷ ❛r❡ ❜❛s❡❞ ♦♥ r❡♥❞❡r✐♥❣ t❤❡ ❢r❛❣♠❡♥ts ✐♥ t❤❡ r✐❣❤t ♦r❞❡r✱ ♥♦t tr✐❛♥❣❧❡s✳

❋✐❣✉r❡ ✷✳✶✿ ❈♦rr❡❝t ♦r❞❡r ✭✸✱ ✷✱ ✶✮ ❋✐❣✉r❡ ✷✳✷✿ ■♥❝♦rr❡❝t ♦r❞❡r ✭✷✱ ✶✱ ✸✮

✷✳✶✳✶ P❛✐♥t❡r✬s ❆❧❣♦r✐t❤♠

❚❤❡ P❛✐♥t❡r✬s ❛❧❣♦r✐t❤♠ ✐s t❤❡ s✐♠♣❧❡st ♠❡t❤♦❞ t♦ ♣❛rt✐❛❧❧② s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ t❤❡ ✇r♦♥❣
♦r❞❡r✳ ■t s✐♠♣❧② s♦rts t❤❡ ❡❧❡♠❡♥ts ✭tr✐❛♥❣❧❡s✮ ✐♥ ❜❛❝❦✲t♦✲❢r♦♥t ♦r❞❡r ❜❡❢♦r❡ r❡♥❞❡r✐♥❣ t❤❡♠✳
❚❤✐s ♠❡t❤♦❞ ❤♦✇❡✈❡r ✐s ♥♦t ❝♦♠♣❧❡t❡❧② r❡❧✐❛❜❧❡ ❛s ✐t ❢❛✐❧s t♦ s♦❧✈❡ ❢♦❧❧♦✇✐♥❣ s✐t✉❛t✐♦♥ s❤♦✇♥
✐♥ ✜❣✉r❡ ✷✳✸✱ ✇❤❡r❡ tr✐❛♥❣❧❡s ❝r❡❛t❡ ❛ ❞❡♣t❤ ❝②❝❧❡✳

❋✐❣✉r❡ ✷✳✸✿ ❯♥s♦❧✈❛❧❜❧❡ ♣r♦❜❧❡♠ ❢♦r P❛✐♥t❡r✬s ❛❧❣♦r✐t❤♠

✷✳✷ ❖r❞❡r ■♥❞❡♣❡♥❞❡♥t ❚r❛♥s♣❛r❡♥❝②

❆s s❤♦✇♥ ✐♥ s❡❝t✐♦♥ ✷✳✶✳✶✱ s♦rt✐♥❣ t❤❡ ❡❧❡♠❡♥ts ✭✐♥ ♦✉r ❝❛s❡ tr✐❛♥❣❧❡s✮ ❜❡❢♦r❡ r❡♥❞❡r✐♥❣ t❤❡♠
♠✐❣❤t ♥♦t ❜❡ ❡♥♦✉❣❤✳ ❖r❞❡r ■♥❞❡♣❡♥❞❡♥t ❚r❛♥s♣❛r❡♥❝② ✭❖■❚✮ ✐s ❛ ❝❧❛ss ♦❢ t❡❝❤♥✐q✉❡s t❤❛t
❞♦ ♥♦t r❡q✉✐r❡ s♦rt✐♥❣ t❤❡ ❡❧❡♠❡♥ts s✐♥❝❡ ✐t ✐s t❤❡ ♦r❞❡r ♦❢ ❢r❛❣♠❡♥ts t❤❛t ✐s ♠♦r❡ ✐♠♣♦rt❛♥t✳

❚❤✐s s❡❝t✐♦♥ ❞❡s❝r✐❜❡s ♣♦ss✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ✐t s❤♦✇s ❤♦✇ t♦ ❝♦♠♣♦s❡
✜♥❛❧ ♣✐①❡❧ ❝♦❧♦✉r ❢r♦♠ ❣❛t❤❡r❡❞ ❢r❛❣♠❡♥ts ✭s❛♠♣❧❡s✮ ❛♥❞ ♣r❡s❡♥ts ❛ t❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞
❢♦r ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ ♠❡t❤♦❞s ✇❡ ✉s❡ ✐♥ t❤✐s ✇♦r❦✳ ❆t t❤❡ ❡♥❞ ♦❢ t❤❡ s❡❝t✐♦♥ ✇❡ ❛❧s♦
❞✐s❝✉ss ❛ ❜❛s✐❝ ✉s❡ ♦❢ ❝♦❧♦✉r ♠♦❞✉❧❛t✐♦♥ t♦ ♣r♦✈✐❞❡ ❛ ❜❛s❡ ❢♦r ❢✉t✉r❡ ❞✐s❝✉ss✐♦♥✳



✷✳✷✳ ❖❘❉❊❘ ■◆❉❊P❊◆❉❊◆❚ ❚❘❆◆❙P❆❘❊◆❈❨ ✺

✷✳✷✳✶ ❉✉❛❧ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ Pr♦❜❧❡♠

❚❡❝❤♥✐q✉❡s t❤❛t s♦❧✈❡s t❤❡ ❖■❚ ♣r♦❜❧❡♠ ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ ❈❤❛♣t❡r ✸✳ ❍♦✇❡✈❡r
t♦ ❜❡ ❛❜❧❡ t♦ ❝♦♠♣❛r❡ s✉❝❤ t❡❝❤♥✐q✉❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✉❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❖■❚ s♦❧✉t✐♦♥
♥❡❡❞s t♦ ❜❡ ✐♥tr♦❞✉❝❡❞❬✷✺❪✳ P❧❡❛s❡ ♥♦t❡ t❤❛t t❤✐s s❡❝t✐♦♥ ❞♦❡s ♥♦t ❞❡s❝r✐❜❡ ❛❝t✉❛❧ r❡s❡❛r❝❤❡❞
❛❧❣♦r✐t❤♠s✱ ♦♥❧② ❞❡✜♥❡s t❤❡ t❡r♠✐♥♦❧♦❣②✳

1

1

1

1

1

1

1

1

1

1

1

1

2

2

2

2

2

2

2

2

2

2

3

3

3

3

3

3

3

3

4

4

4

4

4

4

4

4

3

5

6

5

5

5

6

6

7

4

p1

p2

pm

❋✐❣✉r❡ ✷✳✹✿ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t② ♦♥❡ r♦✇ ❞✐s♣❧❛② ♦❢ ♣✐①❡❧s pi, i ∈ {1, ...,m} ✇❤❡r❡ m ✐s t❤❡
♥✉♠❜❡r ♦❢ ♣✐①❡❧s ✐s s❤♦✇♥✳ ❋r❛❣♠❡♥ts ✇✐t❤ t❤❡ s❛♠❡ ♥✉♠❜❡r ❛r❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♣❡❡❧✐♥❣ ♠❡t❤♦❞s ✐♥
t❤❡ s❛♠❡ ❧❛②❡r✳ ■♥ ❝❛s❡ ♦❢ r❛② ❝❛st✐♥❣ t❡r♠✐♥♦❧♦❣②✱ ♥✉♠❜❡rs ❞❡♥♦t❡ t❤❡ ♦r❞❡r ❛❧♦♥❣ t❤❡ r❛②✳

❘❛② ❈❛st✐♥❣

❋✐rst ✇❛② ♦❢ ❞❡✜♥✐♥❣ t❤❡ ❖■❚ ♣r♦❜❧❡♠ ✐s ✉s✐♥❣ t❤❡ r❛② ❝❛st✐♥❣ t❡r♠✐♥♦❧♦❣②✱ ❡✈❡♥ t❤♦✉❣❤
❛❧❣♦r✐t❤♠s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❈❤❛♣t❡r ✸ ❞♦ ♥♦t ✉s❡ t❤❡ r❛② ❝❛st✐♥❣ ❛❧❣♦r✐t❤♠ ❞✐r❡❝t❧②✳ ■❢ ❢r❛❣✲
♠❡♥ts ❛❧♦♥❣ t❤❡ r❛② ❜❡❣✐♥♥✐♥❣ ✐♥ t❤❡ ❝❛♠❡r❛ ❛♥❞ ✐♥t❡rs❡❝t✐♥❣ t❤❡ ❝❡♥t❡r ♦❢ ♣✐①❡❧ ❛r❡ ❞❡♥♦t❡❞
❛s fi, i ∈ {1, ..., n} ✇❤❡r❡ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❢r❛❣♠❡♥ts t❤❛t ✐♥t❡rs❡❝t ✇✐t❤ s✉❝❤ r❛②✱ ❛❧❣♦r✐t❤♠
✇♦r❦s ❛s ❢♦❧❧♦✇s✿

❆❧❣♦r✐t❤♠ ✶✿ ❖■❚ s♦❧✉t✐♦♥ ✉s✐♥❣ t❤❡ r❛② ❝❛st✐♥❣ t❡r♠✐♥♦❧♦❣②
✶ ❢♦r ❛❧❧ ♣✐①❡❧s ❞♦
✷ ✶✳ ❈❛st t❤❡ r❛② ❢r♦♠ t❤❡ ❝❛♠❡r❛ t❤r♦✉❣❤ t❤❡ ♣✐①❡❧✬s ❝❡♥t❡r✳
✸ ✷✳ ❙♦rt ❢r❛❣♠❡♥ts fi, i ∈ {1, ..., n} ❛❧♦♥❣ t❤❡ r❛② ❜② t❤❡✐r ❞❡♣t❤ ✲ ❞✐st❛♥❝❡ t♦ t❤❡ ❝❛♠❡r❛✳ ❙❡t t❤❡

✐♥❞✐❝❡s ♦❢ fi s♦ t❤❛t ∀(i, i− 1), i ∈ n, fi.depth > fi−1.depth

✹ ✸✳ ❈♦♠♣♦s❡ t❤❡ ✜♥❛❧ ❝♦❧♦✉r ❛❧♦♥❣ t❤❡ r❛② ✭❢✉rt❤❡r ❞✐s❝✉ss❡❞✮✳

✺ ❡♥❞

❋✐❣✉r❡ ✷✳✶✷ s❤♦✇s t❤✐s ❛♥❛❧♦❣② ✉s✐♥❣ ♥✉♠❜❡rs t♦ ✐❧❧✉str❛t❡ t❤❡ ♦r❞❡r ✐♥❝r❡❛s✐♥❣ ✇✐t❤
t❤❡ s❛♠♣❧❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❝❛♠❡r❛✳ ❍♦✇❡✈❡r ❛s s❤♦✇♥ ✐♥ s❡❝t✐♦♥ ✷✳✷✳✷✱ t❤❡ ❞✐r❡❝t✐♦♥
♦❢ ♦r❞❡r✐♥❣ s❛♠♣❧❡s ❞❡♣❡♥❞s ♦♥ s❡❧❡❝t❡❞ ♠❡t❤♦❞ ♦❢ ❝♦♠♣♦s✐♥❣ t❤❡ ✐♠❛❣❡ ✲ ❢r♦♠ ❢r♦♥t t♦ ❜❛❝❦

♦r ❜❛❝❦ t♦ ❢r♦♥t✳
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▲❛②❡rs

❚❡r♠✐♥♦❧♦❣② ♦❢ r❛② ❝❛st✐♥❣ ❤♦✇❡✈❡r ♠✐❣❤t ♥♦t ❜❡ s✉✐t❛❜❧❡ ❢♦r s♦♠❡ ❛❧❣♦r✐t❤♠s s♦❧✈✐♥❣
❖■❚ ♣r♦❜❧❡♠✱ ❡s♣❡❝✐❛❧❧② ♠❡t❤♦❞s ❜❛s❡❞ ♦♥ ♣❡❡❧✐♥❣✳ ▲❛②❡rs ❛r❡ ❞❡♥♦t❡❞ ❛s li, i ∈ {1, ..., n}
✇❤❡r❡ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ t♦t❛❧ ❧❛②❡rs ❝r❡❛t❡❞✳ ▲❛②❡r li t❤❛♥ ❝♦♥s✐sts ♦❢ ❛❧❧ ❢r❛❣♠❡♥ts✱ t❤❛t
✇♦✉❧❞ ❤❛✈❡ ✐♥❞❡① i ✐♥ t❤❡ ❆❧❣♦r✐t❤♠ ✹✳

❆❧❣♦r✐t❤♠ ✷✿ ❖■❚ s♦❧✉t✐♦♥ ✉s✐♥❣ ❧❛②❡rs t❡r♠✐♥♦❧♦❣②
✶ ✇❤✐❧❡ ❧❛②❡r t♦ ❜❡ ♣r♦❝❡ss❡❞ ❡①✐sts ❞♦
✷ ✶✳ ❘❡♥❞❡r ❣❡♦♠❡tr②✳
✸ ✷✳ P❡❡❧ ✭✐❣♥♦r❡✮ ❛♥② ♣r❡✈✐♦✉s❧② ♣r♦❝❡ss❡❞ ❧❛②❡rs✳
✹ ✸✳ ❙t♦r❡ ❛❧❧ ♣✐①❡❧s ♦❢ t❤❡ ❝✉rr❡♥t ❧❛②❡r ✭❞❡♥♦t❡❞ ❜② t❤❡ s❛♠❡ ♥✉♠❜❡r ✐♥ ✜❣✉r❡ ✷✳✶✷ t♦ ❛ s❡♣❛r❛t❡

t❡①t✉r❡✳
✺ ❡♥❞
✻ ❇❧❡♥❞ ❛❧❧ ❧❛②❡rs t♦ ♦♥❡ ✐♠❛❣❡ ✉s✐♥❣ t❡❝❤♥✐q✉❡s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✷✳✷✳

❚❤✐s r❡s✉❧ts ✐♥ ✐♠❛❣❡ r❡♣r❡s❡♥t❛t✐♦♥ s♣❧✐t ✐♥t♦ n s♦rt❡❞ ❧❛②❡rs st♦r❡❞ ❛s s❡♣❛r❛t❡ ✐♠❛❣❡s✳
❚❤✐s ❞✐✛❡rs ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ♠❡t❤♦❞ ✇❤❡r❡ ❡❛❝❤ ❢r❛❣♠❡♥t ✐s st♦r❡❞ s❡♣❛r❛t❡❧②✳

✷✳✷✳✷ ■♠❛❣❡ ❈♦♠♣♦s✐t✐♥❣

❲❤❡♥ ❝♦♠♣♦s✐t✐♥❣ t❤❡ ♣✐①❡❧ ✜♥❛❧ ❝♦❧♦✉r t❤❡ ♦r❞❡r ♦❢ ✐♥❝♦♠✐♥❣ ❢r❛❣♠❡♥ts ✐s ❡①tr❡♠❡❧② ✐♠✲
♣♦rt❛♥t✳ ❋r❛❣♠❡♥ts ♥❡❡❞ t♦ ❜❡ s♦rt❡❞ ❛❧♦♥❣ t❤❡ r❛② ❛s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✷✳✶✷ ✐♥ ❢r♦♥t t♦ ❜❛❝❦
♦r ❜❛❝❦ t♦ ❢r♦♥t ♦r❞❡r✳ ❊❛❝❤ ❞✐r❡❝t✐♦♥ ♦❢ s♦rt✐♥❣ r❡q✉✐r❡s s♣❡❝✐✜❝ ❜❧❡♥❞✐♥❣ ❛♣♣r♦❛❝❤ ✉s✐♥❣
♦✈❡r ♦r ✉♥❞❡r ♦♣❡r❛t♦r ✇❤❡♥ ❝♦♠♣♦s✐♥❣ t❤❡ ✜♥❛❧ ❝♦❧♦✉r✳ ❋♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ✉s✐♥❣ ❜♦t❤
♦♣❡r❛t♦rs ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ ❡q✉❛t✐♦♥ s❤♦✇♥ ✐♥ ❈❤❛♣t❡r ✶✶✳✹ ♦❢ t❤❡ ❜♦♦❦ ▼♦❞❡r♥í ♣♦↔ít❛↔♦✈á
❣r❛✜❦❛❬✷✹❪✳

❋♦r ❜♦t❤ ♦♣❡r❛t♦rs ❧❡t ✉s ❝♦♥s✐❞❡r t✇♦ s❛♠♣❧❡s✱ ❢r♦♥t s❛♠♣❧❡ sf ✇✐t❤ ❝♦❧♦✉r cf ❛♥❞
♦♣❛❝✐t② αf ❛♥❞ t❤❡ ❜❛❝❦ s❛♠♣❧❡ sb ✇✐t❤ ❝♦❧♦✉r cb ❛♥❞ ♦♣❛❝✐t② αb✳ ❙❛♠♣❧❡ ✐s ❝♦♥s✐❞❡r❡❞ ❢✉❧❧②
tr❛♥s♣❛r❡♥t ❢♦r α = 0 ❛♥❞ ❢✉❧❧② ♦♣❛q✉❡ ❢♦r α = 1✳ ▲❡t t❤❡ ❝♦❧♦✉r ♦❢ r❡s✉❧t✐♥❣ s❛♠♣❧❡ ❜❡
❞❡♥♦t❡❞ ❛s C ♦❢ ♦♣❛❝✐t② α✳

❋♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ✐s ✉s❡❞ ✐♥ t❡r♠s ♦❢ ❛❧♣❤❛ ❜❧❡♥❞✐♥❣❬✷✹❪ t♦ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ r❡♥❞❡r✐♥❣
s❡♠✐✲♦♣❛q✉❡ ♦❜❥❡❝ts ✐♥ ❜❛❝❦ t♦ ❢r♦♥t ♠❛♥♥❡r ✭❛s t❤❡ P❛✐♥t❡r✬s ❛❧❣♦r✐t❤♠ ❞♦❡s ✭s❡❝t✐♦♥ ✷✳✶✳✶✮✮✿

C = αfcf + (1− αf )[αbcb + (1− αb)cbackground] ✭✷✳✶✮

■♥ ❞❡✜♥✐t✐♦♥s ♦❢ ♦✈❡r ❛♥❞ ✉♥❞❡r ♦♣❡r❛t♦rs ✇❡ ♦♠✐t t❤❡ cbackground ♦♥ ♣✉r♣♦s❡ s✐♥❝❡ ✐t ❝❛♥
❛❧✇❛②s ❜❡ r❡♣❧❛❝❡❞ ❛s ❛❞❞✐t✐♦♥❛❧ ❧❛②❡r ♦❢ s❛♠♣❧❡s✳

✷✳✷✳✷✳✶ ❯♥❞❡r ❖♣❡r❛t♦r

❯♥❞❡r ♦♣❡r❛t♦r ✐s ✉s❡❞ ✇❤❡♥ ❝♦♠♣♦s✐t✐♥❣ s❛♠♣❧❡s ✐♥ ❢r♦♥t t♦ ❜❛❝❦ ♠❛♥♥❡r✳ ❊q✉❛t✐♦♥
✷✳✶ ♥❡❡❞s t♦ ❜❡ r❡❢♦r♠✉❧❛t❡❞ r❡❝✉rs✐✈❡❧② ❢♦r ❝♦♠♣♦s✐t✐♥❣ ✜♥❛❧ ❝♦❧♦✉r ❢r♦♠ t❤❡ s❛♠♣❧❡s
si, i ∈ {1, ..., n} ✇❤❡r❡ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ s❛♠♣❧❡s t♦ ❜❡ ❝♦♠♣♦s❡❞ ❛❧♦♥❣ t❤❡ r❛② ✐♥ ♦♣✲
♣♦s✐t❡ ❞✐r❡❝t✐♦♥✿
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C = α1c1 + (1− α1)(α2c2 + (1− α2) . . . (αi−1ci−1 + (1− αi−1)αncn) ✭✷✳✷✮

C = α1c1 + α2c2(1− α1) + . . .+ αici(1− α1) · . . . · (1− αn) ✭✷✳✸✮

❚❤❡ ✉♥❞❡r ♦♣❡r❛t♦r t❤❡♥ s✉❜st✐t✉t❡s ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s❤✐♣s ❢r♦♠ t❤❡ ❡q✉❛t✐♦♥ ✷✳✸✿

Cout = αincin + αici(1− αin) = αici ✉♥❞❡r αincin

αout = (1− αin) ∗ αi

✭✷✳✹✮

✇❤❡r❡ αi, ci ❛r❡ ♦♣❛❝✐t② ❛♥❞ ❝♦❧♦✉r ❛❝❝✉♠✉❧❛t❡❞ ❜② ♣r❡✈✐♦✉s ♦♣❡r❛t♦r ❛♣♣❧✐❝❛t✐♦♥s✳ ❲❤✐❧❡ ✇❡
❣❡t ❝♦❧♦✉r Cout ❢r♦♠ ❡q✉❛t✐♦♥ ✷✳✺✱ ✇❡ ♥❡❡❞ t❤❡ αout ❛s s❡♣❛r❛t❡ ✈❛❧✉❡ t♦ ❜❡ ❛❜❧❡ t♦ ❛❝❝✉♠✉❧❛t❡
♦♣❛❝✐t✐❡s t❤r♦✉❣❤ t❤❡ ❝♦♠♣♦s✐t✐♦♥✳ P❧❡❛s❡ ♥♦t❡ t❤❛t ❛♥♦t❤❡r ♥♦t❛t✐♦♥ ✐s s♦♠❡t✐♠❡s ✉s❡❞
❜② ✉s✐♥❣ tr❛♥s♣❛r❡♥❝② ❞❡✜♥❡❞ ❛s Ti = (1 − αi) ✇❤✐❝❤ ❝❤❛♥❣❡s t❤❡ αout r❡❧❛t✐♦♥s❤✐♣ t♦
Tout = (Ti−1)(1 − αi) ✇❤✐❝❤ ✐s ✐♥ ❢❛❝t t❤❡ s❛♠❡ ♦♥❧② ✉s✐♥❣ tr❛♥s♣❛r❡♥❝② ✐♥st❡❛❞ ♦❢ t❤❡
♦♣❛❝✐t②✳

✷✳✷✳✷✳✷ ❖✈❡r ❖♣❡r❛t♦r

■♥ s♦♠❡ ❝❛s❡s ✇❡ ♠❛② ♥❡❡❞ t♦ ❝♦♠♣♦s❡ s❛♠♣❧❡s ✐♥ ❜❛❝❦ t♦ ❢r♦♥t ♦r❞❡r✳ ❋♦r t❤❛t ✇❡ ♥❡❡❞
t♦ ❞❡✜♥❡ ♦✈❡r ♦♣❡r❛t♦r s✐♥❝❡ ✐♥ ❡q✉❛t✐♦♥ ✷✳✸ ✇❡ ❝❛♥♥♦t s✇❛♣ t❤❡ ❢r♦♥t ❛♥❞ ❜❛❝❦ ❝♦❧♦✉rs✱
✐t ✐s ♥♦t ❝♦♠♠✉t❛t✐✈❡ ♦♣❡r❛t✐♦♥✳ ■♥t✉✐t✐✈❡❧② ❢r♦♠ ❡q✉❛t✐♦♥ ✷✳✶✱ t❤❡ ♦✈❡r ♦♣❡r❛t♦r ✐s✿

Cout = αici + αincin(1− αi) = αici ♦✈❡r αincin

αout = (1− αin) ∗ αi

✭✷✳✺✮

✇❤❡r❡ αi, ci ❛r❡ ♦♣❛❝✐t② ❛♥❞ ❝♦❧♦✉r ❛❝❝✉♠✉❧❛t❡❞ ❢r♦♠ ♣r❡✈✐♦✉s ♦♣❡r❛t♦r ❛♣♣❧✐❝❛t✐♦♥s ❛❣❛✐♥✳

✷✳✸ ❖♣❛❝✐t② ▼♦❞✉❧❛t✐♦♥

❛✮ α = 1.0 ❜✮ α = 0.75 ❝✮ α = 0.5 ❞✮ α = 0.25

❋✐❣✉r❡ ✷✳✺✿ ❉❡❝r❡❛s✐♥❣ ♦♣❛❝✐t② ❣❧♦❜❛❧❧② ❢♦r t❤❡ ✇❤♦❧❡ ♠♦❞❡❧ ❝❛✉s❡s t❤❡ ✐♥t❡r♥❛❧ str✉❝t✉r❡s
t♦ ❛♣♣❡❛r ✐♥ ❡①❝❤❛♥❣❡ ❢♦r t❤❡ ❧♦ss ♦❢ s❤❛♣❡ ♣❡r❝❡♣t✐♦♥✳
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❖♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ ✐s t❤❡ ♠♦st ✐♠♣♦rt❛♥t ✇❛② ♦❢ ❛✛❡❝t✐♥❣ ❤♦✇ t❤❡ s✉❜❥❡❝t ♣❡r❝❡♣ts t❤❡ ✐♥✲
t❡r♥❛❧ str✉❝t✉r❡s ♦❢ ❝♦♠♣❧❡① ✸❉ ♦❜❥❡❝ts✳ ■t ✐s ❛❧s♦ ❛❝❝♦♠♣❛♥✐❡❞ ❜② t❤❡ ❝♦❧♦✉r ♠♦❞✉❧❛t✐♦♥
✇❤✐❝❤ ❝❛♥ ❤❡❧♣ ✇✐t❤ ❤✐❣❤❧✐❣❤t✐♥❣ s♣❡❝✐✜❝ s❡ts ♦❢ ♦❜❥❡❝t ❢❡❛t✉r❡s✱ ❛s ❞✐s❝✉ss❡❞ ❢✉rt❤❡r ✐♥ s❡❝✲
t✐♦♥ ✷✳✹✳ ❚❤✐s s❡❝t✐♦♥ ❡①♣❧❛✐♥s t❡❝❤♥✐q✉❡s ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♦❜❥❡❝t s❤❛♣❡ ✐♥ ❧♦❝❛❧ ❝♦♥t❡①t✱
✐♠♣♦rt❛♥t s❤❛♣❡ ❢❡❛t✉r❡s ✐♥ ❣❧♦❜❛❧ ❝♦♥t❡①t✱ t❤❡ ✐♠♣♦rt❛♥❝❡✱ ❣r♦✉♣✐♥❣ ❛♥❞ t❤❡ tr❛♥s❢❡r ❢✉♥❝✲
t✐♦♥s✳ P❧❡❛s❡ ♥♦t❡ t❤❛t t❤❡r❡ ❛r❡ ♠♦r❡ t❡❝❤♥✐q✉❡s t♦ ❛❝❤✐❡✈❡ ♣❡r❝❡♣t✐✈❡❧② ♣❧❡❛s❛♥t r❡s✉❧ts
✐♥ ✈♦❧✉♠❡tr✐❝ r❡♥❞❡r✐♥❣ ❜✉t ♦♥❧② s♦♠❡ ♦❢ t❤❡♠ ❛r❡ ♠❡♥t✐♦♥❡❞ ❢♦r t❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ✇♦r❦✳
❙♦♠❡ t❡❝❤♥✐q✉❡s ❢r♦♠ ✈♦❧✉♠❡tr✐❝ r❡♥❞❡r✐♥❣ t❤❛t ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✐♥ ♦✉r ❝❛s❡ ✇✐t❤ ❣❡♦♠❡tr②
✐♥♣✉t ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳

✷✳✸✳✶ ▼♦❞✉❧❛t✐♦♥ ❜② ❉✐✛❡r❡♥❝❡s ✐♥ ❙❤❛♣❡

❉✐✛❡r❡♥❝❡s ✐♥ s❤❛♣❡✱ ❛❧s♦ ❝❛❧❧❡❞ ♦❜❥❡❝t✬s ❝✉r✈❛t✉r❡✱ ❝❛♥ ❜❡ ❡❛s✐❧② ❢♦✉♥❞ ❜② ❢♦❧❧♦✇✐♥❣ t❡❝❤♥✐q✉❡
❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡s ✷✳✻ ❛♥❞ ✷✳✼✳ ❚❤❡ ❝✉r✈❛t✉r❡ ♦❢ ❝✉rr❡♥t s❛♠♣❧❡ ✭❢r❛❣♠❡♥t✮ ✇✐t❤ ♥♦r♠❛❧
~n ❞❡♣❡♥❞s ♦♥ ❞✐st❛♥❝❡s ❢r♦♠ ♥♦r♠❛❧s ♦❢ ✐ts ♥❡✐❣❤❜♦rs ❛s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✷✳✼✳ ❉✐st❛♥❝❡s
♦❢ ♥♦r♠❛❧✐③❡❞ ♥♦r♠❛❧s ❛r❡ t❤❛♥ s✉♠♠❡❞ t♦❣❡t❤❡r t♦ ❣❡t t❤❡ ❝✉r✈❛t✉r❡ ✈❛❧✉❡❬✶✻❪✳

Curvature = |~n− ~a|+ |~n−~b|+ |~n− ~c|+ |~n− ~d| ✭✷✳✻✮

❍♦✇❡✈❡r ✐t ✐s ❝❧❡❛r t❤❛t ♠❛①✐♠✉♠ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ♥♦r♠❛❧✐③❡❞ ♥♦r♠❛❧s ✐s ❜♦✉♥❞❡❞
❜② t♦♣ ✈❛❧✉❡ ♦❢ ✷✳ ❲❤✐❝❤ ❣✐✈❡s ✉s r❛♥❣❡ < 0, 2 > ❢♦r ❛❧❧ t❤❡ s✉♠♠❛♥❞s ❛♥❞ r❛♥❣❡ < 0, 8 >
❢♦r t❤❡ r❡s✉❧t✳ ■t ♠✐❣❤t ❜❡ ❝♦♥✈❡♥✐❡♥t t♦ ♥♦r♠❛❧✐③❡ t❤❡ ❝✉r✈❛t✉r❡ t♦ t❤❡ r❛♥❣❡ < 0, 1 >
❢♦r ♠♦st ❛♣♣❧✐❝❛t✐♦♥s✳ ◆✉♠❜❡r ♦❢ ♥❡✐❣❤❜♦r✐♥❣ ♥♦r♠❛❧s ✐s ❛❧s♦ ♥♦t ❧✐♠✐t❡❞ ❜② ❢♦✉r ❛s ✐t ✐s
✐♥ ❡q✉❛t✐♦♥ ✭✷✳✻✮ ❜✉t ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❣❡t ♠♦r❡ ♣r❡❝✐s❡ ❡st✐♠❛t✐♦♥✳

d

na

b

c

❋✐❣✉r❡ ✷✳✻✿ ◆♦r♠❛❧s ~a,~b,~c, ~d ❛s ♥❡✐❣❤❜♦rs
♦❢ ♥♦r♠❛❧ ~n

|n-a| |n-b|

|n-c|

|n-d|

❋✐❣✉r❡ ✷✳✼✿ ❚❤❡ ❝✉r✈❛t✉r❡ ❡st✐♠❛t✐♦♥ ✐s t❤❛♥ ❝♦♠✲
♣✉t❡❞ ❛s t❤❡ s✉♠ ♦❢ ❛❧❧ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ t❤❡ ~n ❛♥❞
♦t❤❡r ♥♦r♠❛❧s✳

✷✳✸✳✷ ▼♦❞✉❧❛t✐♦♥ ❜② ❉✐st❛♥❝❡ ❇❡t✇❡❡♥ ❙❛♠♣❧❡s ❆❧♦♥❣ t❤❡ ❱✐❡✇✐♥❣ ❘❛②

❲❡ s❤♦✇ t❤✐s ♣r✐♥❝✐♣❧❡ ♦♥ t❤❡ t❡r♠✐♥♦❧♦❣② ♦❢ r❛② ❝❛st✐♥❣✳ ▲❡t ✉s ❤❛✈❡ s❛♠♣❧❡s si, i ∈ {1, ..., n}
✇❤❡r❡ n ✐s t❤❡ ❝♦✉♥t ♦❢ s❛♠♣❧❡s ❛❧♦♥❣ t❤✐s r❛②✳ ❙❛♠♣❧❡s ❛r❡ s♦rt❡❞ ❜② ❞✐st❛♥❝❡ ❢r♦♠ t❤❡
❝❛♠❡r❛ ❛♥❞ ✐♥❞❡① i t❤❡r❡❢♦r❡ ♠❡❛♥s t❤❡ ♦r❞❡r ♦❢ s❛♠♣❧❡ ❛❧♦♥❣ t❤❡ r❛② ✭❝❧♦s❡st s❛♠♣❧❡ t♦ t❤❡
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❝❛♠❡r❛ ❤❛s i = 1✮✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ✇❡ ❝❤♦♦s❡ s❛♠♣❧❡ si t♦ ❜❡ t❤❡ ❝✉rr❡♥t s✉r❢❛❝❡
❛♥❞ sj ❛s t❤❡ ❝♦♥t❡①t s❛♠♣❧❡✳

Distance(i) = |si.depth− sj .depth| ✭✷✳✼✮

❋♦r t✇♦ s❛♠♣❧❡s ✇✐t❤ ✐♥❞✐❝❡s i, j ✇❤❡r❡ i < j ❛♥❞ t❤❡r❡❢♦r❡ si ❝❧♦s❡r t♦ t❤❡ ❝❛♠❡r❛✱ ✉s❡r
❞❡✜♥❡❞ ♣❛r❛♠❡t❡r focusRegion ✇❡ ❝♦♠♣✉t❡ ♦♣❛❝✐t② α ♦❢ s❛♠♣❧❡ si ❛s✿

α = saturate

(

Distance(i)

focusRegion

)

✭✷✳✽✮

❋✐❣✉r❡ ✷✳✽✿ α ❝♦♠♣✉t❡❞
✉s✐♥❣ ❡q✉❛t✐♦♥s ✭✷✳✽✮ ✭✷✳✽✮

❋✐❣✉r❡ ✷✳✾✿ α ❝♦♠♣✉t❡❞
✉s✐♥❣ ❡q✉❛t✐♦♥s ✭✷✳✾✮✱✭✷✳✽✮

❋✐❣✉r❡ ✷✳✶✵✿ α ❝♦♠♣✉t❡❞
✉s✐♥❣ ❡q✉❛t✐♦♥s ✭✷✳✾✮✱ ✭✷✳✶✵✮

✇❤❡r❡ saturate ♦♣❡r❛t✐♦♥ ❝❧❛♠♣s r❡s✉❧t t♦ r❛♥❣❡ ❁✵✱✶❃✳ ❚❤❡ r❡s✉❧t ♦❢ t❤✐s ♦♣❡r❛t✐♦♥ ❝❛♥
❜❡ s❡❡♥ ✐♥ ✜❣✉r❡ ✷✳✽✳ ■❢ ✇❡ st♦r❡ t❤❡ ✈❛❧✉❡ Distance ❢♦r ❡✈❡r② s❛♠♣❧❡ ❛❧♦♥❣ t❤❡ r❛② ❛♥❞
❝♦♠♣✉t❡ ✐t ❛s✿

Distance(i) = |si.depth− si+1.depth| ✭✷✳✾✮

✐♥ ❡❛❝❤ s❛♠♣❧❡ st♦r❡❞ ✇❡ t❤❡♥ ❣❡t t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ♥❡①t s❛♠♣❧❡ ♦♥ t❤❡ r❛②✳ ❚❤✐s ✇✐❧❧ r❡s✉❧t
✐♥ ❡✛❡❝t t❤❛t ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✉r❡ ✷✳✾✳ ■t ✐s ✈❡r② ✐♥t❡r❡st✐♥❣ t♦ ♦❜s❡r✈❡ t❤❛t ❡✈❡♥✲t❤♦✉❣❤
✜❣✉r❡s ✷✳✽✱✷✳✾ ❛♥❞ ✷✳✶✵ ✇❡r❡ r❡♥❞❡r❡❞ ✐♥ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✉s✐♥❣ ✈❡rt❡① ❞❡✜♥❡❞ ♦❜❥❡❝ts✱
t❤❡ r❡s✉❧ts s❡❡♠ t♦ ❜❡ ✈♦❧✉♠❡tr✐❝✳ ❚❤✐s ✐s ❝❛✉s❡❞ ❜② t❤❡ ❤✉♠❛♥ ♣❡r❝❡♣t✐♦♥ ♦❢ ❞❡♣t❤ ✐♥
♦♣t✐❝❛❧❧② ❛❝t✐✈❡ ❡♥✈✐r♦♥♠❡♥ts✳

❚❤❡ ♣r♦❜❧❡♠ ♦❢ t❤✐s t❡❝❤♥✐q✉❡ ✐s t❤❛t ✇❡ ❞♦ ♥♦t s❡❡ s❛♠♣❧❡s ✇✐t❤ ❤✐❣❤ ❝✉r✈❛t✉r❡s✳ ■❢ ✇❡
❝♦♠❜✐♥❡ t❤❛t ❦♥♦✇❧❡❞❣❡ ✇✐t❤ t❤❡ ❝✉r✈❛t✉r❡ t❡❝❤♥✐q✉❡ ❞✐s❝✉ss❡❞ ❜❡❢♦r❡✱ ✇❡ ❣❡t ❡q✉❛t✐♦♥ ✷✳✶✵✱
✇❤✐❝❤ ❞❡❝✐❞❡s ✇❤❛t ✐s ♠♦r❡ ✐♠♣♦rt❛♥t ❢♦r ❣✐✈❡♥ s❛♠♣❧❡✳ ❯s❡r ❞❡✜♥❡❞ ♣❛r❛♠❡t❡r δc ✐s ✉s❡❞
t♦ ♠♦❞✉❧❛t❡ t❤❡ ❝✉r✈❛t✉r❡ ❡✛❡❝t✳ ❚❤✐s ❡✛❡❝t ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✉r❡ ✷✳✶✵✱ ✇❤❡r❡ t❤❡ ❡✳❣✳ ❡❛r
❛♥❞ ❡②❡ ❛r❡ ♥♦✇ ❝❧❡❛r❧② ✈✐s✐❜❧❡✱ s✐♥❝❡ t❤❡ curvature ✈❛❧✉❡ ♦❢ t❤♦s❡ s❛♠♣❧❡s ✐s ❤✐❣❤✳

α = saturate

(

max

(

Distance(i)

focusRegion

)

, curvature(i) · δc

)

✭✷✳✶✵✮
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✷✳✸✳✸ ▼♦❞✉❧❛t✐♦♥ ❜② ❉✐st❛♥❝❡ ❢r♦♠ ■♠♣♦rt❛♥t ❙❤❛♣❡ ❋❡❛t✉r❡s ✐♥ t❤❡
▲❛②❡r

▼♦❞✉❧❛t✐♦♥ ❜② t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ ✐♠♣♦rt❛♥t s❤❛♣❡ ❢❡❛t✉r❡s ✐s ✈❡r② ✉s❡❢✉❧ ❛t ♣❧❛❝❡s ♦❢ ♠✐♥✐♠❛❧
✐♥t❡r❡st ♦❢ ❧♦❝❛❧ s❤❛♣❡✱ ❛♥❞ ❤✐❣❤❧② ❛♣♣r❡❝✐❛t❡❞ ✐♥ ♣❡r❝❡♣t✐♦♥ ♦❢ ❧❛②❡rs ❞❡♣t❤✱ ♦r❞❡r ❛♥❞
❝r♦ss✐♥❣s✳ ❲❡ ✉s❡ t❤❡ t❡r♠✐♥♦❧♦❣② ✉s❡❞ ❜② ❈❛r♥❡❝❦② ❡t ❛❧✳❬✶✷❪ t♦ ❞❡✜♥❡ ❢❡❛t✉r❡s ✇❡ ✇♦r❦
✇✐t❤✳ ❋♦r t❡r♠s ❝✮✱❞✮✱❡✮ ✇❡ s✉♣♣♦s❡ ❧❛②❡r❡❞ s✉r❢❛❝❡s ❛r❡ ✉s❡❞ ❛s ✐♥ ✜❣✉r❡ ✷✳✶✶✳

❛✮ ❈♦♥t♦✉r ✲ ✐s t❤❡ ❜♦r❞❡r ♦❢ s✉r❢❛❝❡ s✐❧❤♦✉❡tt❡✳
❜✮ ◆♦♥ ❧♦❝❛❧ tr❛♥s♣❛r❡♥❝② ✲ ✐s ❛ ✇❛② ♦❢ ♠♦❞✉❧❛t✐♥❣ t❤❡ tr❛♥s♣❛r❡♥❝② ✉s✐♥❣ t❤❡ ❞✐st❛♥❝❡

❢r♦♠ ✐♠♣♦rt❛♥t ❢❡❛t✉r❡s s✉❝❤ ❛s ❝♦♥t♦✉rs✳ ■♥ ❣❡♥❡r❛❧ t❤✐s t❡r♠ ✐♥❝❧✉❞❡s ❛❧❧ ♠❡t❤♦❞s
t❤❛t ✉s❡ t❤❡ ✇❤♦❧❡ ❝♦♥t❡①t t♦ ♠♦❞✉❧❛t❡ t❤❡ tr❛♥s♣❛r❡♥❝②✱ ♥♦t ♦♥❧② ❛ ❧♦❝❛❧ s❛♠♣❧❡
✐♥❢♦r♠❛t✐♦♥✳

❝✮ ❚✲❏✉♥❝t✐♦♥ ✲ ✐s ❛♥ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t✇♦ ♣❡r♣❡♥❞✐❝✉❧❛r ❝♦♥t♦✉rs✱ ❡❛❝❤ ♦❢ t❤❡♠ ❜❡❧♦♥❣✐♥❣
t♦ ♦♥❡ s✉r❢❛❝❡ ✐♥ t❤❡ ✜♥❛❧ ✐♠❛❣❡✳

❞✮ ❳❚✲❏✉♥❝t✐♦♥ ✲ ❳❚✲❏✉♥❝t✐♦♥ ✲ ✐s ❛♥ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t✇♦ ♣❡r♣❡♥❞✐❝✉❧❛r ❝♦♥t♦✉rs✱ ❡❛❝❤
♦❢ t❤❡♠ ❜❡❧♦♥❣✐♥❣ t♦ ♦♥❡ s✉r❢❛❝❡ ✐♥ t❤❡ ✜♥❛❧ ✐♠❛❣❡ ✇❤❡r❡ s♦♠❡ ♥♦♥ ❧♦❝❛❧ tr❛♥s♣❛r❡♥❝②
♠❡t❤♦❞ ✐s ✉s❡❞ ❛♥❞ t❤❡ ✉♣♣❡r ❧❛②❡r t❤❡r❡❢♦r❡ s❤♦✇s ❛❧s♦ t❤❡ ❳ ❥✉♥❝t✐♦♥ ♦❢ t❤❡ ❜♦tt♦♠
❧❛②❡r ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❚ ❥✉♥❝t✐♦♥✳

❡✮ ❙✐❧❤♦✉❡tt❡ ❡♥❤❛♥❝❡♠❡♥t ✲ ✐s ❛ ♠❡t❤♦❞ ✇❤❡r❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❝♦♥t♦✉r ✐s
❛❧s♦ ♣r♦♣❛❣❛t❡❞ t♦ t❤❡ ❧❛②❡r ❜❡❧♦✇ t♦ ❤✐❣❤❧✐❣❤t t❤❡ s✐❧❤♦✉❡tt❡ ♦❢ t❤❡ ✉♣♣❡r ❧❛②❡r✳

T-Junction XT-Junction

Non-local

transparency

Silhouette

enhancement

XT-Junction

Non-local

transparency

❋✐❣✉r❡ ✷✳✶✶✿ ❚✲❏✉♥❝t✐♦♥s

❲❡ ❝❛♥ s❡❡ t❤❡ ✉s❡ ♦❢ ♥♦♥ ❧♦❝❛❧ tr❛♥s✲

♣❛r❡♥❝② ♠❡t❤♦❞ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ s✐❧✲

❤♦✉❡tt❡ ❡♥❤❛♥❝❡♠❡♥t ✉s❡❞ ✐♥ ✜❣✉r❡ ✷✳✶✶✳
❚❤❡ ❚✲❏✉♥❝t✐♦♥ ❤❡❧♣ ✉s t♦ ♣❡r❝✐❡✈❡ t❤❡
♦r❞❡r ♦❢ ❧❛②❡rs ✐♥ ❞❡♣t❤✳ ❳❚✲❏✉♥❝t✐♦♥s
t❤❛♥ r❡✈❡❛❧ t❤❡ ❝♦♥t✐♥✉✐♥❣ ❡❞❣❡s ♦❢ t❤❡
❜♦tt♦♠ ❧❛②❡r✳ ❚❤❡ ❤✐❣❤❧✐❣❤t❡❞ s✐❧❤♦✉❡tt❡
❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❛s ❛♥ ♦♣❛❝✐t② ♠♦❞✉✲
❧❛t✐♦♥✱ ❜✉t ❛s ❞✐s❝✉ss❡❞ ❧❛t❡r ✐t ✐s ♠✉❝❤
♠♦r❡ ❝♦♥✈❡♥✐❡♥t t♦ ✉s❡ ❛ ❝♦❧♦✉r ♠♦❞✉✲
❧❛t✐♦♥ ✐♥st❡❛❞ t♦ ❛❝❤✐❡✈❡ ❝✉st♦♠ ❝♦❧♦✉r
♦❢ t❤❡ ❤✐❣❤❧✐❣❤t✳ ❋r♦♠ s✐♠♣❧✐st✐❝ ✜❣✉r❡
✷✳✶✶ ✇❡ ❝❛♥ ❛❧s♦ s❡❡ t❤❛t t❤❡ ♠❛✐♥ ❣♦❛❧
♦❢ ♥♦♥✲❧♦❝❛❧ tr❛♥s♣❛r❡♥❝② ✐s t♦ r❡✈❡❛❧ t❤❡
♠♦st ❞❡t❛✐❧s ♣♦ss✐❜❧❡ ✐❢ ❧❛②❡rs ❛❜♦✈❡ ❛r❡
♥♦t ✐♥t❡r❡st✐♥❣ ✐♥ s❤❛♣❡ ♦r ❢❡❛t✉r❡s✳

❚❤❡ ❞❡t❡❝t✐♦♥ ♦❢ ♣r❡s❡♥t❡❞ ❢❡❛t✉r❡s ❛s ✇❡❧❧ ❛s t❤❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡✐r ❞✐✛✉s✐♦♥ ✐s ♣r❡s❡♥t❡❞
✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r ✇❤❡r❡ t❤❡ ✉s❡ ✇✐t❤ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ✐s ❞❡s❝r✐❜❡❞✳

✷✳✸✳✹ ▼♦❞✉❧❛t✐♦♥ ❜② ●r♦✉♣s

❚❤✐s ✐s ❛ ✈❡r② ❜❛s✐❝ ♣r✐♥❝✐♣❧❡ r❡q✉✐r✐♥❣ t❤❡ ♠♦❞❡❧ t♦ ❜❡ ❞✐s❛ss❡♠❜❧❡❞ t♦ ♣❛rts✱ ✇❤✐❝❤ ❣✐✈❡
❢✉♥❝t✐♦♥❛❧✱ s♣❛❝✐♦✉s✱ ♦r s♦♠❡ ✉s❡r ❞❡✜♥❡❞ ♠❡❛♥✐♥❣✳ ❊❛❝❤ ♣❛rt pk ✇✐❧❧ t❤❛♥ ❤❛✈❡ ✐ts ♦✇♥
♦♣❛❝✐t② αk t♦ ❡♥t❡r t❤❡ s❛♠♣❧❡ ❝♦♠♣♦s✐t✐♥❣ ❡q✉❛t✐♦♥s✳
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✷✳✸✳✺ ▼♦❞✉❧❛t✐♦♥ ❜② ❉✐st❛♥❝❡ ❢r♦♠ ❉❡✜♥❡❞ P❧❛♥❡✴❆r❡❛ ✭❈✉t ▼♦t✐✈❛t❡❞✮

❚❤✐s ♠❡t❤♦❞ ✐s ♠♦t✐✈❛t❡❞ ❜② ❝✉tt✐♥❣ t❤r♦✉❣❤ t❤❡ ✈♦❧✉♠❡tr✐❝ ❞❛t❛❬✶✻❪✳■t ✐s✱ ✐♥ ❢❛❝t✱ ✈❡r②
s✐♠✐❧❛r t♦ t❤❡ ♠❡t❤♦❞ ✉s✐♥❣ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ s♣❡❝✐✜❝ s❛♠♣❧❡s ❛❧♦♥❣ t❤❡ r❛②✳ ■♥ t❤✐s ❝❛s❡
❤♦✇❡✈❡r t❤❡ ❞✐st❛♥❝❡ ✐s ❝♦♠♣✉t❡❞ ✇✳r✳t✳ ❛ ♣♦✐♥t✱ ♣❧❛♥❡✱ ❛r❡❛ ✭❝❛❧❧❡❞ ❧❛t❡r ✧t❤❡ ❢♦❝✉s ❡❧❡♠❡♥t✧✮
✐♥ ❣❡♥❡r❛❧ ✐♥ s♣❛❝❡ ✇❤✐❝❤ ✐s ♥♦t t❤❡ ♦r✐❣✐♥❛❧ ♣❛rt ♦❢ t❤❡ ♠♦❞❡❧✳ ❚❤❡ ✉s❡r ✐s ✉s✉❛❧❧② ✐♥ ❝❤❛r❣❡
♦❢ t❤❡ ♣♦s✐t✐♦♥ ❛♥❞ s✐③❡ ♦❢ s✉❝❤ ❢♦❝✉s ❡❧❡♠❡♥t ❡♥❛❜❧✐♥❣ t♦ s❡❡ ❥✉st t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ❛r❡❛
♦❢ ❢♦❝✉s✳

α = saturate

(

||si.pos− f.pos||

focusRegion

)

✭✷✳✶✶✮

❊q✉❛t✐♦♥ ✷✳✶✶ ❞❡♠♦♥str❛t❡s t❤❡ ❝❛s❡ ♦❢ ❛ ❢♦❝✉s ❛r❡❛ ♦❢ s✐③❡ focusRegion ❛♥❞ ❝❡♥t❡r
✐♥ ♣♦✐♥t f ✳ ❖t❤❡r ❝❛s❡s ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ♣♦✐♥t ❧♦❝❛t✐♦♥ s❡❛r❝❤ ♠❡t❤♦❞s ❢r♦♠ ❝♦♠♣✉t❛t✐♦♥❛❧

❣❡♦♠❡tr②✳ ■♥ ❝❛s❡ ♦❢ t❤❡ ❢♦❝✉s ❡❧❡♠❡♥t ❞❡✜♥❡❞ ❜② ♣❧❛♥❡ ✇❡ s❡❛r❝❤ t❤❡ s❤♦rt❡st ❞✐st❛♥❝❡
♦❢ si.pos t♦ t❤❡ ♣❧❛♥❡ ✭t❤❡ s✐③❡ ♦❢ ✈❡❝t♦r ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ♣❧❛♥❡ ♦r✐❣✐♥❛t✐♥❣ ✐♥ si.pos✮✳
❚❤❡ ❢♦❝✉s ❡❧❡♠❡♥t ❞❡✜♥❡❞ ❜② t❤❡ ❛r❡❛ ❝❛♥ ❜❡ t❤❛♥ s♦❧✈❡❞ ❜② ❞❡t❡r♠✐♥✐♥❣ ✐❢ si.pos ✐s ✐♥s✐❞❡
♦r ♦✉ts✐❞❡ ♦❢ t❤❡ ❢♦❝✉s ❛r❡❛ ❝♦♥✈❡① ❤✉❧❧✳

❋✐❣✉r❡ ✷✳✶✷✿ ❈♦✉rt❡s② ♦❢ ❑r✉❣❡r ❡t ❛❧✳❬✶✻❪ s❤♦✇s ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ♣♦✐♥t ❜❛s❡❞ ♠♦❞✉❧❛t✐♦♥ ♦♥
t❤❡ ❧❡❢t ❛♥❞ ❢♦❝✉s ❛r❡❛ ❞❡✜♥❡❞ ❜② ♦rt❤♦❣♦♥❛❧ ❜♦① ♦♥ t❤❡ r✐❣❤t✳

✷✳✸✳✻ ❆❞❞✐t✐♦♥❛❧ ◆♦t❡s t♦ ❖♣❛❝✐t② ▼♦❞✉❧❛t✐♦♥

Pr❡s❡♥t❡❞ ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ ♠❡t❤♦❞s ❛r❡ ♦❢t❡♥ ❛❧s♦ ❝❛❧❧❡❞ ✐♠♣♦rt❛♥❝❡✲❜❛s❡❞ ❬✶✹❪✱❬✶✻❪✳ ❊✈❡♥
t❤♦✉❣❤ t❤❡s❡ ♠❡t❤♦❞s r❡q✉✐r❡ ❞✐✛❡r❡♥t ♠❡tr✐❝s ❛♥❞ ❢❡❛t✉r❡s t♦ ❜❡ ❞❡t❡❝t❡❞✱ ❛❧❧ ♦❢ t❤❡♠ t❤❡♥
❛✛❡❝t t❤❡ s❛♠♣❧❡s ♦♣❛❝✐t② ❜② t❤❡ s❛♠♣❧❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❣✐✈❡♥ ♠❡tr✐❝✳

❚❤✐s ❝❤❛♣t❡r s❤♦✇s t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♠❡t❤♦❞s ❢♦r ♣❡r❝❡♣t✐♦♥ ♦❢ t❤❡ ✐♥t❡r♥❛❧ str✉❝t✉r❡
❤♦✇❡✈❡r s♦♠❡ ♦t❤❡r ❡①✐st✐♥❣ ❛♥❞ ♥♦t ♠❡♥t✐♦♥❡❞ ♠❡t❤♦❞s ❝❛♥ ❜❡ ✉s❡❞ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✉s❡
❞♦♠❛✐♥✳

●r❡❛t ❛❞✈❛♥❝❡♠❡♥t ❛♥❞ ✐♥s♣✐r❛t✐♦♥ ✐♥ t❤✐s ❛r❡❛ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ✈♦❧✉♠❡ r❡♥❞❡r✐♥❣ ✇❤❡r❡
t❤❡ s❛♠♣❧❡s ✉s✉❛❧❧② ❝♦♥t❛✐♥ ❛❞❞✐t✐♦♥❛❧ ❞❛t❛ ❛❜♦✉t t❤❡ ♠❛ss t❤❡② ❞❡s❝r✐❜❡ ❬✶✶❪✱❬✶✹❪✱❬✶✻❪✳ ▼❛♥②
♦❢ t❤❡ ♣r✐♥❝✐♣❧❡s ❢r♦♠ t❤❡ ✐❧❧✉str❛t✐✈❡ ❛♥❞ ✐♠♣♦rt❛♥❝❡✲❜❛s❡❞ ✈♦❧✉♠❡ r❡♥❞❡r✐♥❣ ✭✇❤✐❝❤ ✐s s♦❧✈✲
❛❜❧❡ ❜② r❛② ❝❛st✐♥❣✮ ♠❛② ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r✳



✶✷ ❈❍❆P❚❊❘ ✷✳ ❚❍❊❖❘❊❚■❈❆▲ ❇❆❈❑●❘❖❯◆❉

✷✳✹ ❈♦❧♦✉r ▼♦❞✉❧❛t✐♦♥

❊✈❡♥ t❤♦✉❣❤ t❤❡ ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ ❛♥❞ ✐ts ❛♣♣❧✐❝❛t✐♦♥ t♦ ❞✐✛❡r❡♥t ♠❡t❤♦❞s s♦❧✈✐♥❣ ❖■❚
♣r♦❜❧❡♠ ✐s t❤❡ ♠❛✐♥ t♦♣✐❝ ♦❢ t❤✐s ✇♦r❦✱ ❛ ❝♦❧♦✉r ♠♦❞✉❧❛t✐♦♥ s❤♦✉❧❞ ♥♦t ❜❡ ♦♠✐tt❡❞ s✐♥❝❡ ✐t ✐s
❛♥ ✐♠♣♦rt❛♥t ♣❛rt ♦❢ t❤❡ ✈✐s✉❛❧✐③❛t✐♦♥ ♣r♦❝❡ss✳

✷✳✹✳✶ ▲✐❣❤t✐♥❣ ❛♥❞ ❙❤❛❞✐♥❣

❙❤❛❞✐♥❣ ❛♥❞ ❧✐❣❤t✐♥❣ ❝♦♥s✐❞❡r❛❜❧② ❛✛❡❝ts t❤❡ ✜♥❛❧ ♣❡r❝❡♣t✐♦♥ ♦❢ ✇❤❛t ✇❡ ❝❛♥ s❡❡✳ ❊✈❡♥
✐❢ t❤❡ ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ ✇♦✉❧❞ ❛❧❧♦✇ ✉s t♦ s❡❡ ❡✈❡r②t❤✐♥❣ ✐♠♣♦rt❛♥t ✇❡ ✇❛♥t t♦ s❡❡✱ t❤✐s
♠✐❣❤t ♥♦t ❜❡ ❡♥♦✉❣❤ ❢♦r t❤❡ t♦t❛❧ ❝♦♠♣r❡❤❡♥s✐♦♥ ♦❢ t❤❡ ❝♦♥t❡①t✳ ❲❤✐❧❡✱ ✐♥ ♦✉r st✉❞②✱ ✇❡ ✉s❡
♦♥❧② t❤❡ ❞✐✛✉s❡ ❧✐❣❤t✐♥❣ ❛s✿

NdotL = (max(dot(normalize(normal), normalize(eyeDir)), 0.0))

Colour = sampleColour ∗NdotL
✭✷✳✶✷✮

❛♥❞ ✇❡ ❞♦ ♥♦t ✉s❡ ❛♥② s♣❡❝✉❧❛r ♣❛rt ♦❢ t❤❡ ❧✐❣❤t✐♥❣✱ ❛ ❧✐❣❤t✐♥❣ ♠♦❞❡❧ ❝❛♥ ❛✛❡❝t ♦✉r ♣❡r❝❡♣t✐♦♥
♦❢ t❤❡ ♠❛t❡r✐❛❧ ❛♥❞ ✐♥❝r❡❛s❡ t❤❡ ♦✈❡r❛❧❧ ✉♥❞❡rst❛t❡♠❡♥t ♦❢ t❤❡ ❝♦♥t❡①t✳ ❑r✉❣❡r ❡t ❛❧✳ s❤♦✇
r❡s✉❧ts ♦❢ ❝✉st♦♠ ❧✐❣❤t✐♥❣ ♠♦❞❡❧s ❢♦r t❤❡ ❤✉♠❛♥ s❦✐♥ ❛♥❞ ❜♦♥❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❝♦♥t❡①t
♣r❡s❡r✈✐♥❣ ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥❬✶✻❪✳ ■♥ ❣❡♥❡r❛❧ ✇❡ s❤♦✉❧❞ ❜❡ ✈❡r② ❝❛r❡❢✉❧ ✉s✐♥❣ t❤❡ s♣❡❝✉❧❛r
♣❛rt ♦❢ t❤❡ ❧✐❣❤t✐♥❣ ❝♦♠❜✐♥❡❞ ✇✐t❤ ♣r❡s❡♥t❡❞ ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ ♠❡t❤♦❞s✳ ❚❤❡ r❡❛s♦♥ ♦❢
s✉❝❤ ❝❛r❡ ✐s t❤❛t s♣❡❝✉❧❛r ❧✐❣❤t ♣❡❛❦ ❝♦✉❧❞ ❤✐❞❡ t❤❡ ❞❡t❛✐❧ ✇❡ ♥❡❡❞ ✐♥ ♣❧❛❝❡s ✇❤❡r❡ ✐t ✐s ❝r✉❝✐❛❧
❢♦r t❤❡ ✉s❡r t♦ ✉♥❞❡rst❛♥❞ t❤❡ ♦❜❥❡❝t s❤❛♣❡ ❛♥❞ str✉❝t✉r❡✳

❚❤❡ s❡❧❡❝t❡❞ s❤❛❞✐♥❣ ♠♦❞❡❧ ❛❧s♦ ❛✛❡❝ts t❤❡ ♣❡r❝❡♣t✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡ s♠♦♦t❤♥❡ss✳ ❲❤✐❧❡
✐♥ ♦✉r ❛♣♣❧✐❝❛t✐♦♥ t❤❡ P❤♦♥❣✬s s❤❛❞✐♥❣ ♠♦❞❡❧ ✐s ✉s❡❞✱ ✢❛t ♦r ●♦✉r❛✉❞ s❤❛❞✐♥❣ ♠✐❣❤t ❜❡
✐♠♣♦rt❛♥t t♦ ✉s❡ ✐♥ s♣❡❝✐✜❝✲✉s❡ ❝❛s❡s❬✷✹❪✳ ❚❤✐s ♠❛tt❡r ✐s ❤♦✇❡✈❡r ♥♦t ❝♦✈❡r❡❞ ✐♥ t❤✐s ✇♦r❦✳

✷✳✹✳✷ ❙✐❧❤♦✉❡tt❡ ❊♥❤❛♥❝❡♠❡♥t

❆s s❤♦✇♥ ✐♥ s❡❝t✐♦♥ ✭✷✳✸✳✸✮✱❛ s✐❧❤♦✉❡tt❡ ❡♥❤❛♥❝❡♠❡♥t ❝❛♥ ❤❛✈❡ ❣r❡❛t ✐♠♣❛❝t ✇❤❡♥ ✐t ✐s
❝♦♠❜✐♥❡❞ ✇✐t❤ ♠❡t❤♦❞s ♦❢ ♥♦♥ ❧♦❝❛❧ tr❛♥s♣❛r❡♥❝②✳ ❚❤✐s ✐s ❤♦✇❡✈❡r ❜❡st ❛❝❤✐❡✈❡❞ ❜② ❛ ❝♦❧♦✉r
♠♦❞✉❧❛t✐♦♥ ❛♥❞ ♥♦t ❜② ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ ❛s ✐♥ ❬✶✷❪✳ ❲❡ t❤❡r❡❢♦r❡ ✉s❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛
❢♦r t❤❡ s✐❧❤♦✉❡tt❡ ❡♥❤❛♥❝❡♠❡♥t✿

Colour = Colour + colourOfHallo ∗ saturate(distance) ✭✷✳✶✸✮

✇❤❡r❡ colourOfHallo ✐s t❤❡ ❞❡s✐r❡❞ ❝♦❧♦✉r ♦❢ t❤❡ ❤✐❣❤❧✐❣❤t ♠✉❧t✐♣❧✐❡❞ ❜② distance t♦ t❤❡
❝♦♥t♦✉r ♦❢ t❤❡ s✐❧❤♦✉❡tt❡ s❛t✉r❛t❡❞ t♦ < 0, 1 >✳ ❚❤✐s ✐s ❢✉rt❤❡r ❞✐s❝✉ss❡❞ ✐♥ ✸✳✸✳✶✳ P❧❡❛s❡ ✈✐s✐t
❛❧❣♦r✐t❤♠ ✾ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r t♦ s❡❡ ❤♦✇ t❤✐s ❝❛♥ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❝♦❧♦✉r ❝♦♠♣♦s✐t✐♦♥
♣r♦❝❡ss✳



✷✳✹✳ ❈❖▲❖❯❘ ▼❖❉❯▲❆❚■❖◆ ✶✸

✷✳✹✳✸ ❚r❛♥s❢❡r ❋✉♥❝t✐♦♥s

❚r❛♥s❢❡r ❢✉♥❝t✐♦♥s ❛r❡ ❛ ♣♦✇❡r❢✉❧ t♦♦❧ ❡s♣❡❝✐❛❧❧② ✐♥ ✈♦❧✉♠❡ r❡♥❞❡r✐♥❣ ✇❤❡r❡ ❡❛❝❤ s❛♠♣❧❡ ✐s
❞❡✜♥❡❞ ❜② ❛❞❞✐t✐♦♥❛❧ ❞❛t❛✱ ❡✳❣✳ ❞❡♥s✐t②✳ ❚❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s✿

❋✉♥❝t✐♦♥ f(x) ✐s ❛ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ f(x) = τd ✐❢ x ✐s ❛ s❝❛❧❛r ✈❛❧✉❡ ❛♥❞ τ ✐s ❛ ✈❛❧✉❡ ♦❢

❞✐♠❡♥s✐♦♥ d✳ ■♥ ✈✐s✉❛❧✐③❛t✐♦♥ t❤❡ τ4 ✐s ✉s✉❛❧❧② ✉s❡❞ t♦ ♠❛♣ t❤❡ s❝❛❧❛r ✈❛❧✉❡ t♦ ❘●❇❆ ❝♦❧♦✉r✳

❚❤✐s ❞❡✜♥✐t✐♦♥ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ♠✉❧t✐♣❧❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ♠❛♣♣❡❞ s❝❛❧❛r ✈❛❧✉❡ ❛s ✇❡❧❧
t♦ ❛❝❤✐❡✈❡ f(x0, ...., xn) = τd ✇❤❡r❡ ♠✉❧t✐♣❧❡ s❝❛❧❛r ✈❛❧✉❡s ✇✐❧❧ ❛✛❡❝t t❤❡ r❡s✉❧t✳ ❊✈❡♥ t❤♦✉❣❤
♦✉r ✇♦r❦ ❞♦❡s ♥♦t ❢♦❝✉s ♦♥ t❤❡ ✈♦❧✉♠❡tr✐❝ r❡♥❞❡r✐♥❣✱ t❤✐s ♠❡t❤♦❞ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❣❡♦♠❡tr②
❜❛s❡❞ ♠♦❞❡❧s ❛s ✇❡❧❧✳ ❋♦r ❡①❛♠♣❧❡ ✇❡ ❝❛♥ ✉s❡ ✐t t♦ ♠♦❞✉❧❛t❡ ❛♥ ♦♣❛❝✐t② ✐♥ ❛ ❝✉st♦♠ ✇❛②
❜❛s❡❞ ♦♥ t❤❡ ❞✐st❛♥❝❡✳ ❲❡ ✉s❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ❢♦r ❞❡❜✉❣❣✐♥❣ ♣✉r♣♦s❡s ❛♥❞ ✈✐s✉❛❧✐③❛t✐♦♥
♦❢ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❛s s❤♦✇♥ ✐♥ ❈❤❛♣t❡r ✹✳
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❈❤❛♣t❡r ✸

❆♥❛❧②s✐s ♦❢ ❈♦♠♣❛r❡❞ ▼❡t❤♦❞s

❚❤✐s ❝❤❛♣t❡r ♣r❡s❡♥ts ❛♥❛❧②s✐s ♦❢ t❤❡ ❖■❚ ♣r♦❜❧❡♠ ❛♥❞ ❖■❚ s♦❧✈✐♥❣ ❛❧❣♦r✐t❤♠s✳ ❋✉rt❤❡r✱
❝♦♠♣❛r✐s♦♥ ♦❢ ♣r❡s❡♥t❡❞ ❛❧❣♦r✐t❤♠s ✐s ❞✐s❝✉ss❡❞ ✇✳r✳t✳ ❡❛s❡ ♦❢ ✉s❡ ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♦♣❛❝✐t②
♠♦❞✉❧❛t✐♦♥ ♠❡t❤♦❞s ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✷✳

✸✳✶ ❖r❞❡r ■♥❞❡♣❡♥❞❡♥t ❚r❛♥s♣❛r❡♥❝②

Pr♦❜❧❡♠ ♦❢ t❤❡ ❖r❞❡r ■♥❞❡♣❡♥❞❡♥t ❚r❛♥s♣❛r❡♥❝② ✭❖■❚✮ ✐s ✇❡❧❧ ❦♥♦✇♥ ✐♥ s❝❡♥❡ r❡♥❞❡r✐♥❣
❛♥❞ t❤❡r❡ ✐s ♥♦ st❛♥❞❛r❞ ✕ ❛❧r❡❛❞② ✐♥❝❧✉❞❡❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥ ❡✐t❤❡r ❖♣❡♥●▲ ♦r ❉✐r❡❝t❳✳
■t ✐s ❛ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ❝♦♥s✐st✐♥❣ ♦❢ r❡♥❞❡r✐♥❣ ♦❜❥❡❝ts ✇✐t❤ ❛ ✉♥✐❢♦r♠ ♦r ♥♦♥✲✉♥✐❢♦r♠ ❛❧♣❤❛
❝❤❛♥♥❡❧✳ ❚♦ ❞✐s♣❧❛② s✉❝❤ ❣❡♦♠❡tr② ❝♦rr❡❝t❧② ❛❧❧ ❢r❛❣♠❡♥ts ♥❡❡❞ t♦ ❜❡ ❜❧❡♥❞❡❞ ✐♥ t❤❡ ❝♦rr❡❝t
♦r❞❡r✱ t❤✉s s♦rt✐♥❣ t❤❡ ❢r❛❣♠❡♥ts ✐s ♦❢t❡♥ t❤❡ ❦❡② r❡q✉✐r❡♠❡♥t ❢♦r t❡❝❤♥✐q✉❡s s♦❧✈✐♥❣ ❖■❚✳
❚❤✐s s❡❝t✐♦♥ ✐s ❛ s✉♠♠❛r② ♦❢ s❡✈❡r❛❧ ♠♦st ❝♦♠♠♦♥ t❡❝❤♥✐q✉❡s t♦ ❞❡❛❧ ✇✐t❤ t❤✐s ♣r♦❜❧❡♠✳

✸✳✶✳✶ ❉❡♣t❤ P❡❡❧✐♥❣

■♥ ✷✵✵✶ ♣r❡s❡♥t❡❞ ♠❡t❤♦❞ ❜② ❈✳❊✈❡r✐tt❬✶✺❪ ✐s ❜❛s❡❞ ♦♥ ♠✉❧t✐♣❧❡ ❣❡♦♠❡tr② ♣❛ss❡s✱ ♣❡❡❧✐♥❣ ❥✉st
♦♥❡ ❧❛②❡r ♦❢ ✈✐s✐❜❧❡ ❣❡♦♠❡tr② ♣❡r ♣❛ss✳ ■t ✐s ✐♥ ❢❛❝t ❜❛s❡❞ ♦♥ ❛ s❤❛❞♦✇ ♠❛♣♣✐♥❣ t❡❝❤♥✐q✉❡✱
✇❤✐❝❤ ❤❡❧♣s t♦ ❞❡t❡r♠✐♥❡ ✈✐s✐❜✐❧✐t② ❜❡t✇❡❡♥ s❝❡♥❡ ♣♦✐♥ts ❛♥❞ ❛ ❝❡rt❛✐♥ ❧✐❣❤t s♦✉r❝❡✳ ❙❤❛❞♦✇
♠❛♣♣✐♥❣ ✉s❡s ❛❞❞✐t✐♦♥❛❧ ❞❡♣t❤ ❜✉✛❡rs ❢♦r ❡✈❡r② ❧✐❣❤t s♦✉r❝❡ t♦ ❜❡ ❛❜❧❡ t♦ ❝♦♠♣❛r❡ t❤❡ ❞❡♣t❤
♦❢ r❡♥❞❡r❡❞ ❢r❛❣♠❡♥t ❛♥❞ t❤❡ ❞❡♣t❤ ❜✉✛❡r ❝r❡❛t❡❞ ❜② t❤❡ ❧✐❣❤t s♦✉r❝❡✳

❲❤✐❧❡ st❛♥❞❛r❞ ❞❡♣t❤ t❡st ♣r♦✈✐❞❡❞ ❜② ●P❯s ✇♦✉❧❞ ❣✐✈❡ ✉s ♦♥❧② t❤❡ ♥❡❛r❡st ❢r❛❣♠❡♥t✬s
❞❡♣t❤✱ ✐t ✐s ♥♦t ❛ s✉✣❝✐❡♥t t❡st ❢♦r ❖■❚ ♣r♦❜❧❡♠ s✐♥❝❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ❛❧❧ ❧❛②❡rs ❞❡♣t❤s ✐s
r❡q✉✐r❡❞✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ✇♦r❦s ❛s ❢♦❧❧♦✇s✿

✶✺
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❆❧❣♦r✐t❤♠ ✸✿ ❚❤❡ ❉❡♣t❤ P❡❡❧✐♥❣ ♦♥ ●P❯
❉❛t❛✿ ❉❡♣t❤ ❇✉✛❡r ❉✱ ❙❤❛❞♦✇ ❚❡①t✉r❡ ❙✱ ▲❛②❡r ❚❡①t✉r❡ ▲✱ ❘❡s✉❧t ❚❡①t✉r❡ ❘✱ ●❡♦♠❡tr②
❘❡s✉❧t✿ ❆❧❧ ❧❛②❡rs ❜❧❡♥❞❡❞ ✐♥t♦ ❘

✶ ❉❡♣t❤ ❚❡st ❖◆
✷ ❘❡♥❞❡r t❤❡ ❣❡♦♠❡tr②
✸ ❙t♦r❡ t❤❡ ✜rst ❧❛②❡r ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ ♥❡❛r❡st ❢r❛❣♠❡♥ts t♦ ❘✱ st♦r❡ t❤❡ ❞❡♣t❤ ♦❢ s✉❝❤ ❢r❛❣♠❡♥ts t♦ ❙✳
✹ ✇❤✐❧❡ ▲❛②❡rs t♦ ❜❡ ♣r♦❝❡ss❡❞ ❡①✐st ❞♦
✺ ❉❡♣t❤ ❚❡st ❖◆
✻ ❘❡♥❞❡r t❤❡ ❣❡♦♠❡tr②
✼ P❡❡❧ t❤❡ ♣r❡✈✐♦✉s❧② ❝❛♣t✉r❡❞ ❧❛②❡r ✉s✐♥❣ ❙✳
✽ ❙t♦r❡ r❡s✉❧t ✐♥ ▲
✾ ❙ ❂ ❝r❡❛t❡ s❤❛❞♦✇ ♠❛♣ ❢r♦♠ t❤❡ ❝❛♠❡r❛ ✈✐❡✇✳

✶✵ ❉❡♣t❤ ❚❡st ❖❋❋
✶✶ ❘❡♥❞❡r ❢✉❧❧✲s❝r❡❡♥ q✉❛❞
✶✷ ❇❧❡♥❞ t❤❡ ▲ t♦ ❘

✶✸ ❡♥❞
✶✹ ■♥ t❤❡ ✜♥❛❧ ♣❛ss r❡♥❞❡r t❡①t✉r❡ ❘ t♦ t❤❡ ❢r❛♠❡❜✉✛❡r✳

❋✐❣✉r❡ ✸✳✶✿ ❈r❡❛t✐♥❣ s❤❛❞♦✇ ♠❛♣ ❢r♦♠
t❤❡ ❝❛♠❡r❛ ♣♦✐♥t ♦❢ ✈✐❡✇ t♦ r❡tr✐❡✈❡ t❤❡
❞❡♣t❤ ♦❢ ♥❡❛r❡st ❢r❛❣♠❡♥ts✳

❙✐♥❝❡ ✇❡ ♥❡❡❞ t✇♦ ❞❡♣t❤ t❡sts ♣❡r ♣❛ss✱ ✜rst
t♦ ♣❡❡❧ ❛✇❛② t❤❡ ♣r❡✈✐♦✉s ❧❛②❡r ❛♥❞ t❤❡ s❡❝♦♥❞
t♦ r❡♥❞❡r ♦♥❧② t❤❡ ❝✉rr❡♥t❧② ♥❡❛r❡st ❢r❛❣♠❡♥ts✱
❖♣❡♥●▲ ❞❡♣t❤ ❜✉✛❡r ✐s ♥♦t ❡♥♦✉❣❤✳ ❋♦r t❤❡ s❡❝✲
♦♥❞ ❞❡♣t❤ t❡st ✇❡ ✉s❡ st❛♥❞❛r❞ ❖♣❡♥●▲ ❞❡♣t❤
❜✉✛❡r✱ s❤❛❞♦✇✲♠❛♣♣✐♥❣❬✷✹❪ ♣r✐♥❝✐♣❧❡ ✐s ✉s❡❞ t♦
❝r❡❛t❡ t❤❡ ❞❡♣t❤ ♠❛♣ ♦❢ ❧❛②❡r t♦ ❜❡ ♣❡❡❧❡❞✳ ❚❤✐s
s❤❛❞♦✇ ♠❛♣ ✐s ❤♦✇❡✈❡r r❡♥❞❡r❡❞ ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢
t❤❡ ❝❛♠❡r❛ ❛♥❞ ♥♦t t❤❡ ❧✐❣❤t✱ s❡❡ ✜❣✉r❡ ✸✳✶✳ ❇②
st♦r✐♥❣ ♦♥❧② ③ ❝♦♦r❞✐♥❛t❡s ✐♥st❡❛❞ ♦❢ t❤❡ ❝♦❧♦✉r ✇❡
❣❡t t❤❡ ❞❡♣t❤ ♠❛♣ ❢♦r t❤❡ ♥❡①t ❧❛②❡r t♦ ❜❡ ♣❡❡❧❡❞✳

❚❤✐s ❛❧❣♦r✐t❤♠ t❤❡r❡❢♦r❡ ♣❡r❢♦r♠s ♥ ❣❡♦♠❡tr②
♣❛ss❡s t♦ r❡tr✐❡✈❡ ♥ ❧❛②❡rs✳ ❲❤✐❧❡ ♠♦r❡ ❛❞✈❛♥❝❡❞
❛❧❣♦r✐t❤♠s s✉❝❤ ❛s ❉✉❛❧ ❉❡♣t❤ P❡❡❧✐♥❣❬✾❪ ❜❧❡♥❞
t❤❡s❡ ❧❛②❡rs ✏♦♥ t❤❡ ✢②✑ ❞✉r✐♥❣ t❤❡ ♣❡❡❧✐♥❣ ♣❛ss❡s✱
❞❡♣t❤ ♣❡❡❧✐♥❣ ❛❧❣♦r✐t❤♠❬✶✺❪ st♦r❡s ❝✉rr❡♥t❧② r❡tr✐❡✈❡❞ ❧❛②❡r ❛♥❞ ♣❡r❢♦r♠s ❛♥♦t❤❡r ❜❧❡♥❞✐♥❣
♣❛ss ✉s✐♥❣ ❢✉❧❧✲s❝r❡❡♥ q✉❛❞✱ ✉s✐♥❣ ❖♣❡♥●▲ ❜❧❡♥❞✐♥❣ ❢✉♥❝t✐♦♥s✳

❲✐t❤ ❣r❛♣❤✐❝❛❧ ❤❛r❞✇❛r❡ ❜❡✐♥❣ ♠♦r❡ ❛❞✈❛♥❝❡❞ s❡✈❡r❛❧ ❡①t❡♥s✐♦♥s ♦❢ ♦r✐❣✐♥❛❧ ❉❡♣t❤ P❡❡❧✲

✐♥❣ ❛❧❣♦r✐t❤♠ ❛r❡ ♣✉❜❧✐s❤❡❞✱ s✉❝❤ ❛s ❩✲✜❣❤t✐♥❣ ❆✇❛r❡ ❉❡♣t❤ P❡❡❧✐♥❣ ❬✷✷❪ ❛♥❞ ♠♦r❡ ✐♠♣♦r✲
t❛♥t❧② ❉✉❛❧ ❉❡♣t❤ P❡❡❧✐♥❣❬✾❪ ❞✐s❝✉ss❡❞ ❜❡❧♦✇ t❤✐s s❡❝t✐♦♥✳

✸✳✶✳✷ ❉✉❛❧ ❉❡♣t❤ P❡❡❧✐♥❣

❉✉❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣ ♠❡t❤♦❞❬✾❪✐s ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❉❡♣t❤ ♣❡❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ❞✐s✲
❝✉ss❡❞ ✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❛❧❧♦✇✐♥❣ t♦ ♣❡❡❧ t✇♦ ❧❛②❡rs ❛t ♦♥❝❡✳ ■♥ ♦♥❡ ♣❛ss ✐t ♣❡❡❧s ❜❛❝❦
❛♥❞ ❢r♦♥t ❧❛②❡rs s✐♠✉❧t❛♥❡♦✉s❧②✳ ❙✐♥❝❡ t❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❞♦ ✇✐t❤ ❞❡❢❛✉❧t ❞❡♣t❤ ❜✉✛❡r
❛♥❞ ●P❯ ❞♦❡s ♥♦t ❤❛✈❡ ♠✉❧t✐♣❧❡ ❞❡♣t❤ ❜✉✛❡rs t♦ ♣❡r❢♦r♠ ❢r♦♥t t♦ ❜❛❝❦ ❛♥❞ ❜❛❝❦ t♦ ❢r♦♥t
r❡♥❞❡r✐♥❣✱ ❝✉st♦♠ ♠✐♥✲♠❛① ❞❡♣t❤ ❜✉✛❡r ❤❛s t♦ ❜❡ ✉s❡❞✳
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❚♦ ♣r❡✈❡♥t ♣❡❡❧✐♥❣ ❛♥② ❢r❛❣♠❡♥ts ❜② ❜♦t❤ ❢r♦♥t t♦ ❜❛❝❦ ❛♥❞ ❜❛❝❦ t♦ ❢r♦♥t ❞✐r❡❝t✐♦♥s✱ t❤❡
❛❧❣♦r✐t❤♠ ✉s❡s ♠❡❝❤❛♥✐s♠ ♦❢ s❧✐❞✐♥❣ ✇✐♥❞♦✇ ❢♦r t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❧❛②❡rs✳ ❚❤❡ ♠✐♥✲♠❛① ❞❡♣t❤

❜✉✛❡r ✐s ✐♠♣❧❡♠❡♥t❡❞ ❛s ❘●✸✷❋ t✇♦ ❝❤❛♥♥❡❧ t❡①t✉r❡ ✇❤❡r❡ ❞❡♣t❤ ✈❛❧✉❡s ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞
❜② ▼■◆ ❜❧❡♥❞✐♥❣ ✐♥ ❡✈❡r② ♣❛ss✳ ❇② ✉s✐♥❣ t❤❡ s❧✐❞✐♥❣ ✇✐♥❞♦✇ ♠❡❝❤❛♥✐s♠ s✐♥❣❧❡ ❢r❛❣♠❡♥t
s❤❛❞❡r ❝❛♥ ❜❡ ✉s❡❞ ❢♦r t❤❡ ❞❡♣t❤ ❝♦♠♣❛r✐s♦♥ ❛♥❞ ❜❧❡♥❞✐♥❣✳ ❉❡❢❛✉❧t ❞❡♣t❤ ❜✉✛❡r ♦✛❡r❡❞ ❜②
❤❛r❞✇❛r❡ ✐s t✉r♥❡❞ ♦✛✳ ❚❤❡ ♠❡❝❤❛♥✐s♠ ♦❢ ✉s✐♥❣ ❛ s❧✐❞✐♥❣ ✇✐♥❞♦✇ ❢♦r t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❧❛②❡rs
✇♦r❦s ❛s ❢♦❧❧♦✇s✿

Distance from the camera

layers L1, Ln

layers L2, Ln-1

layers L n/2 , L n/2 +1

L  n/2

❋✐❣✉r❡ ✸✳✷✿ P❡❡❧✐♥❣ ❧❛②❡rs ✐♥ ❜♦t❤ ❢r♦♥t ❛♥❞ ❜❛❝❦ ❞✐r❡❝t✐♦♥✳ ■❢ ♥✉♠❜❡r ♦❢ ❧❛②❡rs n ✐s ♦❞❞✱ t❤❡ ❧❛st
❧❛②❡r ✇♦✉❧❞ ❜❡ ❜❧❡♥❞❡❞ t✇✐❝❡ ✐❢ t❤❡ s❧✐❞✐♥❣ ✇✐♥❞♦✇ ♠❡❝❤❛♥✐s♠ ✇❛s ♥♦t ✉s❡❞✳

❆❧❣♦r✐t❤♠ ✹✿ ❚❤❡ ❉✉❛❧ ❉❡♣t❤ P❡❡❧✐♥❣ ♦♥ ●P❯
❉❛t❛✿ ▼✐♥✲▼❛① ❜✉✛❡r✱ ▲❛②❡r ❚❡①t✉r❡ ❋✱▲❛②❡r ❚❡①t✉r❡ ❇✱ ●❡♦♠❡tr②
❘❡s✉❧t✿ ❆❧❧ ❧❛②❡rs ❜❧❡♥❞❡❞ t♦ ♦♥❡

✶ ❉❡♣t❤ ❚❡st ❖◆
✷ ❘❡♥❞❡r t❤❡ ❣❡♦♠❡tr②
✸ ❙t♦r❡ t❤❡ ✜rst ❧❛②❡r ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ ♥❡❛r❡st ❢r❛❣♠❡♥ts t♦ ❋ ❛♥❞ t❤❡ ❧❛st ❧❛②❡r ♦❢ ❢✉rt❤❡st ❢r❛❣♠❡♥ts
t♦ ❇✳

✹ ■♥ t❤❡ ✜rst ♣❛ss ♥♦ ❢r❛❣♠❡♥ts ❛r❡ ♣❡❡❧❡❞✳ ❚❤❡ ♠✐♥✲♠❛① ❜✉✛❡r ✈❛❧✉❡s ❛r❡ ✐♥✐t✐❛❧✐③❡❞ ❜② ❞❡♣t❤s ♦❢ t✇♦
♦✉ts✐❞❡ ❧❛②❡rs✳ ✇❤✐❧❡ ❜♦t❤ ❞✐r❡❝t✐♦♥s ❞✐❞ ♥♦t ♠❡❡t ❞♦

✺ ❘❡♥❞❡r t❤❡ ❣❡♦♠❡tr②
✻ ❆❧❧ ❢r❛❣♠❡♥ts ✇✐t❤ ❡q✉❛❧ ❞❡♣t❤s ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ♣❛ss ❛r❡ ♣❡❡❧❡❞ ❢r♦♠ t❤❡ ❢r♦♥t ❛♥❞ ❜❛❝❦✳
✼ ❯♣❞❛t❡ t❤❡ ♠✐♥✲♠❛① ❜✉✛❡r✳
✽ ❇❧❡♥❞ r❡s✉❧ts ♦❢ ❢r♦♥t ♣❡❡❧✐♥❣ ✇✐t❤ ❋ ❛♥❞ r❡s✉❧ts ♦❢ ❜❛❝❦ ♣❡❡❧✐♥❣ ✇✐t❤ ❇ ✐♥ t❤❡ s❛♠❡ ♣❛ss✳

✾ ❡♥❞
✶✵ ❚♦ ♣r♦❝❡ss t❤❡ ❧❛st ❢r❛❣♠❡♥ts ✭✐❢ ❡①✐sts✮ ♦♥❧② ♦♥❡ ❞✐r❡❝t✐♦♥ ♥❡❡❞s t♦ ❜❡ ✉s❡❞ t♦ ❛✈♦✐❞

❞♦✉❜❧❡✲♣r♦❝❡ss❡❞ ❢r❛❣♠❡♥ts✱ ✉s✐♥❣ t❤❡ s❧✐❞✐♥❣ ✇✐♥❞♦✇✳
✶✶ ❚❤❡ ❛❞❞✐t✐♦♥❛❧ ✜♥❛❧ st❡♣ ✐s ♥❡❡❞❡❞ t♦ ❜❧❡♥❞ ❜♦t❤ ❧❛②❡rs ❋✱❇ ❝r❡❛t❡❞ ❜② ❢r♦♥t t♦ ❜❛❝❦ ❛♥❞ ❜❛❝❦ t♦

❢r♦♥t ♣r♦❣r❡ss✳

■t ✐s ❛❧s♦ ✐♠♣♦rt❛♥t t♦ st❛t❡ t❤❛t ❢♦r t❤❡ ❢r♦♥t t♦ ❜❛❝❦ ❞✐r❡❝t✐♦♥ ✉♥❞❡r✲❜❧❡♥❞✐♥❣ ❡q✉❛t✐♦♥ ♥❡❡❞s
t♦ ❜❡ ✉s❡❞ ✇❤✐❧❡ ❢♦r ❛❧❧ ❢r❛❣♠❡♥ts ♣❡❡❧❡❞ ✐♥ t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥✱ ♦✈❡r✲❜❧❡♥❞✐♥❣ ❡q✉❛t✐♦♥ ✐s
♥❡❡❞❡❞✳ ❇♦t❤ ❡q✉❛t✐♦♥s ❛r❡ ❡①♣❧❛✐♥❡❞ ❢✉rt❤❡r ✐♥ ❈❤❛♣t❡r ✸✳

❲❤✐❧❡ ✐♥ ♦r✐❣✐♥❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣ ◆ ❣❡♦♠❡tr② ♣❛ss❡s ✇❡r❡ ♥❡❝❡ss❛r② t♦ ♣r♦❝❡ss t❤❡ s❝❡♥❡✱
✇❤❡r❡ ◆ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❧❛②❡rs ✐t ❝r❡❛t❡❞✱ ❉✉❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣ ♣❡r❢♦r♠s N/2 + 1 ❣❡♦♠❡tr②
♣❛ss❡s ♦♥❧②✱ ✇❤❡r❡ t❤❡ ❛❞❞✐t✐♦♥❛❧ +1 st❡♣ ✐s ❞❡s❝r✐❜❡❞ ❛s st❡♣ ✶✶ ✐♥ ❛❧❣♦r✐t❤♠ ❞❡s❝r✐♣t✐♦♥✳
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✸✳✶✳✸ ❆❧♣❤❛ ❇❧❡♥❞✐♥❣ ❆♣♣r♦①✐♠❛t✐♦♥s

❆s ♣✉❜❧✐s❤❡❞ ❜② ❍♦✉♠❛♥ ▼❡s❤❦✐♥❬✶✼❪ ❛t ●❉❈✶ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❛♣♣r♦①✐♠❛t❡ r❡♥❞❡r✐♥❣
♦❢ tr❛♥s♣❛r❡♥t ♦❜❥❡❝ts ✐♥ ❛ s✐♥❣❧❡ ❣❡♦♠❡tr② ♣❛ss✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ t❤❡ ❲❡✐❣❤t❡❞ ❙✉♠
❛❧❣♦r✐t❤♠ ✐s t♦ r❡♠♦✈❡ ❝♦♠♣❧❡t❡❧② ♦r❞❡r✲❞❡♣❡♥❞❡♥t t❡r♠s ♦❢ t❤❡ r❡♥❞❡r✐♥❣ ❡q✉❛t✐♦♥ ❛♥❞
s♣❧✐tt✐♥❣ ♦r❞❡r✲✐♥❞❡♣❡♥❞❡♥t t❡r♠s t♦ ♠✉❧t✐♣❧❡ r❡♥❞❡r t❛r❣❡ts✳ ❚❤✐s ♠❡t❤♦❞ ❤♦✇❡✈❡r ❞♦❡s ♥♦t
♣r♦❞✉❝❡ ♣❧❛✉s✐❜❧❡ r❡s✉❧ts ❢♦r ❤✐❣❤❡r ❛❧♣❤❛ ✈❛❧✉❡s✱ ♦♥❧② ❢♦r ❛❧♣❤❛ ✈❛❧✉❡s α < 0.3✳ ❍✐❣❤❡r ❛❧♣❤❛
✈❛❧✉❡s r❡s✉❧t ✐♥ t♦♦ ❞❛r❦ ♦r t♦♦ ❜r✐❣❤t ✐♠❛❣❡s ✭s✐♥❝❡ ✇❡ ❞♦ ♥♦t ❝♦♠♣❛r❡ t❤✐s ♠❡t❤♦❞ t♦ ♦t❤❡r
❛❧❣♦r✐t❤♠s ✐♥ ❣r❡❛t❡r ❞❡t❛✐❧✱ ♣❧❡❛s❡ ❤❡❛❞ t♦ ❝✐t❡❞ ♣❛♣❡r ❢♦r ❞❡t❛✐❧s ❛♥❞ ✐♠❛❣❡s✮✳

▼✉❝❤ ❜❡tt❡r r❡s✉❧ts ✇❡r❡ ❛❝❤✐❡✈❡❞ ✇✐t❤ ❆✈❡r❛❣❡ ❙✉♠ ❛❧❣♦r✐t❤♠ ♣✉❜❧✐s❤❡❞ ❜② ◆❱■❉■❆❬✾❪✳
❚❤❡✐r ✐❞❡❛ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢❛❝t✱ t❤❛t ✐❢ ❛❧❧ t❤❡ ❧❛②❡rs ❤❛❞ t❤❡ s❛♠❡ ❝♦❧♦✉r✱ r❡s✉❧t ✇♦✉❧❞ ♥♦t
❞❡♣❡♥❞ ♦♥ ❧❛②❡rs✬ ♦r❞❡r✳ ❚♦ ❢✉❧✜❧❧ s✉❝❤ ❝♦♥❞✐t✐♦♥ ❝♦❧♦✉rs ❛r❡ r❡♣❧❛❝❡❞ ❜② ❛✈❡r❛❣❡ ❝♦❧♦✉r
♣❡r ♣✐①❡❧ ❛♥❞ ✇❡✐❣❤t❡❞ ❜② ❢r❛❣♠❡♥ts✬ ❛❧♣❤❛ ✐❢ ♥♦t ✉♥✐❢♦r♠✳ ❊✈❡♥ t❤♦✉❣❤ t❤❡ ❛❧❣♦r✐t❤♠ ✐s
❝❛❧❧❡❞❬✾❪ ❙✐♥❣❧❡✲P❛ss ❆♣♣r♦①✐♠❛t✐♦♥✱ ❛t ❧❡❛st t✇♦ ♣❛ss❡s ❛r❡ ♥❡❡❞❡❞ t♦ ❛❝❝✉♠✉❧❛t❡ ❘●❇❆
❝♦❧♦✉rs ✜rst ❛♥❞ t❤❡♥ t♦ ❝♦♠♣✉t❡ ❛❧♣❤❛✲✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ❝♦❧♦✉r✳ ❆s t❤✐s ❛❧❣♦r✐t❤♠ ❞♦❡s ♥♦t
♦♠✐t ❛♥② ♦r❞❡r✲❞❡♣❡♥❞❡♥t t❡r♠s ♦❢ t❤❡ r❡♥❞❡r✐♥❣ ❡q✉❛t✐♦♥✱ r❡s✉❧ts ❛r❡ ♠✉❝❤ ♠♦r❡ ♣❧❛✉s✐❜❧❡
❡✈❡♥ ❢♦r ❤✐❣❤ ♦r ♥♦♥✲✉♥✐❢♦r♠ ❛❧♣❤❛s ❝♦♠♣❛r❡❞ t♦ ❉✉❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣ ❛♥❞ ❲❡✐❣❤t❡❞ s✉♠
❛❧❣♦r✐t❤♠s✳ ❙✉❝❤ ❝♦♠♣❛r✐s♦♥ ♦❢ ✐♠❛❣❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥❬✾❪✳

❊✈❡♥ t❤♦✉❣❤ t❤✐s ❛♣♣r♦❛❝❤ ✐s ✈❡r② ❢❛st✱ ✐t ❣✐✈❡s ♦♥❧② t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❖■❚
♣r♦❜❧❡♠ ✇❤✐❝❤ ✐s ♥♦t ❡①t❡♥❞❛❜❧❡ t♦ ❛♥② ♠❡t❤♦❞s ❝♦♥s✐❞❡r✐♥❣ ♥♦♥✲❧♦❝❛❧ tr❛♥s♣❛r❡♥❝② ❛♥❞
t❤❡r❡❢♦r❡ t❤✐s ♠❡t❤♦❞ ✐s ♥♦t ❢✉rt❤❡r ❡①❛♠✐♥❡❞ ✐♥ t❤✐s t❡①t✳

✸✳✶✳✹ ❈♦♥❝✉rr❡♥t ▲✐♥❦❡❞ ▲✐st ❈♦♥str✉❝t✐♦♥ ♦♥ t❤❡ ●P❯

❙♦ ❢❛r ❞❡s❝r✐❜❡❞ ♠❡t❤♦❞s ❛r❡ ❝♦♠♣❧❡① ❛♥❞ ✉♥✐♥t✉✐t✐✈❡ ❞✉❡ t♦ ❣r❛♣❤✐❝❛❧ ❤❛r❞✇❛r❡ ♦❢ t❤❡ t✐♠❡
t❤❡② ✇❡r❡ ♣✉❜❧✐s❤❡❞✳ ❆ ♠✉❝❤ ♠♦r❡ ✐♥t✉✐t✐✈❡ ♠❡t❤♦❞ ✐s t♦ st♦r❡ ❡✈❡r② ❢r❛❣♠❡♥t t❤❛t ❜❡❧♦♥❣s
t♦ ♦♥❡ ♣✐①❡❧ t♦ ❛ ❧✐♥❦❡❞ ❧✐st ♦r✐❣✐♥❛t✐♥❣ ✐♥ t❤❛t ♣✐①❡❧ ❛♥❞ s♦rt✐♥❣ ✐t ❜② ❢r❛❣♠❡♥t✬s ❞❡♣t❤ t♦
❛❝❤✐❡✈❡ ❝♦rr❡❝t ❜❡❤❛✈✐♦r ✐♥ t❤❡ ❝♦❧♦✉rs ❝♦♠♣♦s✐t✐♥❣ ❡q✉❛t✐♦♥✳ ▼❡t❤♦❞❬✷✸❪ ❞❡s❝r✐❜❡❞ ❜❡❧♦✇
✐s ✈❡r② s✐♠✐❧❛r t♦ ♦r✐❣✐♥❛❧ ❆✲❜✉✛❡r ♣✉❜❧✐s❤❡❞ ✐♥ ✶✾✽✹❬✶✸❪✱ ✐t ♦♥❧② ❛❝❤✐❡✈❡s ❖■❚ ❜② ✉s✐♥❣
❧✐♥❦❡❞ ❧✐sts ❝♦♥str✉❝t❡❞ ✐♥ ♠❡♠♦r② ♦❢ ●P❯✳ ❲❤✐❧❡ ✜rst ●P❯ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ ❆✲❜✉✛❡r
♣r❡s❡♥t❡❞ ❜② ▼❡②❡rs ❛♥❞ ❇❛✈♦✐❧ ❝❛❧❧❡❞ ❙t❡♥❝✐❧ r♦✉t❡❞ ❆✲❜✉✛❡r ❬✶✽❪ ❛♥❞ ❇❛✈♦✐❧ ❡t ❛❧✳❬✶✵❪ ❝❛❧❧❡❞
❑✲❜✉✛❡r ✇❛s ❛❜❧❡ t♦ st♦r❡ ✜①❡❞ ❛♠♦✉♥t ♦❢ ❢r❛❣♠❡♥ts ♣❡r ❧✐st✱ ♠❡t❤♦❞ ♣r❡s❡♥t❡❞ ❜② ❨❛♥❣❬✷✸❪
✐s ✉♥❜♦✉♥❞❡❞✳ ❙✐♥❝❡ t❤✐s ✇♦r❦ ✐s ❜❛s❡❞ ♦♥ ❝r❡❛t✐♥❣ ❧✐♥❦❡❞ ❧✐sts ♦♥ ●P❯✱ t❤✐s t♦♣✐❝ ✐s ❞✐s❝✉ss❡❞
❢✉rt❤❡r ✐♥ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs✳

❆ ●P❯ ✈❡rs✐♦♥ ♦❢ ❆✲❜✉✛❡r ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✐♥ t✇♦ ❣❡♦♠❡tr✐❝❛❧ ♣❛ss❡s✳ ■♥ t❤❡ ✜rst ♣❛ss
✇❡ ❝r❡❛t❡ ❛ ❧✐♥❦❡❞ ❧✐sts ♦❢ ❢r❛❣♠❡♥ts ♣❡r ♣✐①❡❧✳ ❚♦ ❞♦ t❤❛t ✇❡ ♥❡❡❞ t♦ st♦r❡ t❤❡ ❢r❛❣♠❡♥ts
❛❧♦♥❣ ✇✐t❤ t❤❡ ♣♦✐♥t❡rs t♦ t❤❡✐r ♥❡✐❣❤❜♦✉rs ❛❧♦♥❣ t❤❡ ✈✐❡✇✐♥❣ r❛②✱ ❛s ✇❡❧❧ ❛s t❤❡ ♣♦✐♥t❡r t♦
t❤❡ ✜rst ❢r❛❣♠❡♥t ♣❡r ♣✐①❡❧✱ ❝❛❧❧❡❞ ❛ ♣✐①❡❧ ❤❡❛❞✳ ❋✐rst ❢r❛❣♠❡♥ts t❤❛t ❛r❡ ♣r♦❝❡ss❡❞ ♣❡r ♣✐①❡❧
❛r❡ st♦r❡❞ ❛s ❧❛ ✐♥❦❡❞ ❧✐st ❤❡❛❞✳ ❲✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢r❛❣♠❡♥ts ✇❡ ❝♦♥t✐♥✉❡ t♦ ❜✉✐❧❞ t❤❡ ❧✐♥❦❡❞
❧✐sts ♣❡r ♣✐①❡❧ ✉♥t✐❧ ❛❧❧ ❢r❛❣♠❡♥ts ❛r❡ ♣r♦❝❡ss❡❞✳

✶●❛♠❡ ❉❡✈❡❧♦♣♠❡♥t ❈♦♥❢❡r❡♥❝❡
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VIEWPORT pixelHead fragData

index to fragData buffer 

is therefore:

color of

fragment 0

pointer to

next from

fragment 0

In the fragData buffer span = 2

is used, therefore each fragment ocupies 

exactly 2 fields.

index_fd = index*2 

Color is then stored at index_fd,

Next pointer is at index_fd + 1.

-1 -1

-1  0

-1 -1

-1 -1
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-1
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2

Head pointer needs to be updated

to index of new fragment. 

Previous index has to be stored as

the next pointer of the fragment witch

replaced it:

X

Y

X

Y

X

Y

X

Y

❋✐❣✉r❡ ✸✳✸✿ ❙❤♦✇s ❤♦✇ ❢r❛❣♠❡♥ts ❛r❡ st♦r❡❞ t♦ t❤❡ ❧✐♥❦❡❞ ❧✐sts str✉❝t✉r❡ ✇❤❡♥❡ ❡❧❡♠❡♥ts ❛r❡ r❡♥❞❡r❡❞
t♦ t❤❡ ✈✐❡✇♣♦rt✳

❆❧❣♦r✐t❤♠ ✺✿ ❝r❡❛t✐♥❣ t❤❡ ❝♦♥❝✉rr❡♥t ❧✐♥❦❡❞ ❧✐sts str✉❝t✉r❡
❉❛t❛✿ ●❡♦♠❡tr② t♦ ❜❡ r❡♥❞❡r❡❞✱ ❛t♦♠✐❝ ❝♦✉♥t❡r AC = 1
❘❡s✉❧t✿ ❯♥s♦rt❡❞ ❝♦♥❝✉rr❡♥t ❧✐♥❦❡❞ ❧✐sts

✶ ❉❡♣t❤ ❚❡st ❖❋❋
✷ ❘❡♥❞❡r t❤❡ ❣❡♦♠❡tr②
✸ ✇❤✐❧❡ ❢r❛❣♠❡♥t ♦❢ ❝♦♦r❞✐♥❛t❡s ✭❳✱❨✮ ✐♥ ✈✐❡✇ s♣❛❝❡ t♦ ❜❡ ♣r♦❝❡ss❡❞ ❡①✐sts ❞♦
✹ ✐♥❞❡① ❂ AC

✺ ❝♦♠♣✉t❡ ❢r❛❣♠❡♥t colour ❛❝❝♦r❞✐♥❣ t♦ s❡❧❡❝t❡❞ s❤❛❞✐♥❣ ❛♥❞ ❧✐❣❤t✐♥❣ ♠♦❞❡❧
✻ ✐❢ ♣✐①❡❧❍❡❛❞✭❳✱❨✮ ❂❂ ✲✶ t❤❡♥
✼ ♣✐①❡❧❍❡❛❞✭❳✱❨✮ ❂ ✐♥❞❡①
✽ ❢r❛❣❉❛t❛✭✐♥❞❡①✯✷✮ ❂ ❝♦❧♦✉r
✾ ❢r❛❣❉❛t❛✭✐♥❞❡①✯✷ ✰ ✶✮ ❂ ✲✶✴✴ s✐♥❝❡ ✇❡ ❛r❡ ✜rst ❢r❛❣♠❡♥t ♦❢ t❤✐s ❧✐sts ♥❡①t ♣♦✐♥t❡r ✐s ❡♠♣t②✳

✶✵ ❡❧s❡
✶✶ ♥❡①tP♦✐♥t■♥❞❡① ❂ ♣✐①❡❧❍❡❛❞✭❳✱❨✮
✶✷ ♣✐①❡❧❍❡❛❞✭❳✱❨✮ ❂ ✐♥❞❡①
✶✸ ❢r❛❣❉❛t❛✭✐♥❞❡①✯✷✮ ❂ ❝♦❧♦✉r
✶✹ ❢r❛❣❉❛t❛✭✐♥❞❡①✯✷ ✰ ✶✮ ❂ ♥❡①tP♦✐♥t■♥❞❡①

✶✺ ❡♥❞
✶✻ AC+ = 1 ✴✴ ✐♥❝r❡❛s❡ t❤❡ ❛t♦♠✐❝ ❝♦✉♥t❡r
✶✼ ❞✐s❝❛r❞ ❢r❛❣♠❡♥t ✴✴ ✇❡ ❞♦ ♥♦t ✇❛♥t ✐t t♦ ❜❡ s❡❡♥ ②❡t✳

✶✽ ❡♥❞
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❆s s♦♦♥ ❛s ✇❡ ❤❛✈❡ t❤❡ ❆✲❜✉✛❡r ❝♦♥str✉❝t❡❞ ✐♥ t❤❡ ●P❯✬s ♠❡♠♦r②✱ t❤❡ s❡❝♦♥❞ ♣❛ss ✐s
♥❡❡❞❡❞ t♦ s♦rt ♣✐①❡❧s✬ ❧✐♥❦❡❞ ❧✐sts✳ ❚❤❛t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ s✐♠♣❧② ❜② r❡♥❞❡r✐♥❣ ❛ ❢✉❧❧✲s❝r❡❡♥
q✉❛❞ ❛♥❞ s♦rt✐♥❣ ❧✐sts ✐♥ t❤❡ ❢r❛❣♠❡♥t s❤❛❞❡r✳ ❲❤✐❧❡ t❤❡ ♦r✐❣✐♥❛❧ ❆✲❜✉✛❡r❬✶✸❪ t♦r❡❞ ❞❡♣t❤✱
tr❛♥s♣❛r❡♥❝②✱ ♣✐①❡❧ ❝♦✈❡r❛❣❡ ❛♥❞ ❝♦❧♦✉r ♣❡r ❢r❛❣♠❡♥t✱ ✐t✬s ●P❯ ✈❡rs✐♦♥✷✸ st♦r❡s s✉❝❤ ❞❛t❛
t♦ s❡♣❛r❛t❡ ❜✉✛❡r ❛♥❞ t❤❛♥ ✉s❡s ♣♦✐♥t❡rs t♦ s♣❡❡❞ ✉♣ t❤❡ ✇♦r❦ ✇✐t❤ t❤❡ ❧✐♥❦❡❞ ❧✐st str✉❝t✉r❡✳

❋✐❣✉r❡ ✸✳✸ s❤♦✇s ❤♦✇ t♦ st♦r❡ t❤❡ ❢r❛❣♠❡♥ts ❞❛t❛ t♦ t❤❡ ♠❡♠♦r② ♦❢ t❤❡ ●P❯ t♦ ❢♦r♠
❝♦♥❝✉rr❡♥t ❧✐♥❦❡❞ ❧✐sts✳ ❚♦ ❞♦ s♦ ✇❡ ♥❡❡❞ ❛♥ ❛t♦♠✐❝ ❝♦✉♥t❡r t❤❛t ✇✐❧❧ ✐♥❝r❡❛s❡ ✇✐t❤ ❡❛❝❤ ♥❡✇
r❡♥❞❡r❡❞ ❢r❛❣♠❡♥t t♦ ❣✐✈❡ ✉s t❤❡ ❢r❛❣♠❡♥t ✐❞❡♥t✐✜❡r✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ❝r❡❛t✐♥❣ t❤❡ ❧✐♥❦❡❞
❧✐sts ✐s t❤❡♥ s❤♦✇❡❞ ✐♥ t❤❡ ❆❧❣♦r✐t❤♠ ✺✳

◆♦✇ ✇❡ ❤❛✈❡ ❛❧❧ s❛♠♣❧❡s ✭❢r❛❣♠❡♥ts✮ ❛❧♦♥❣ ❡❛❝❤ r❛② ❣♦✐♥❣ t❤r♦✉❣❤ t❤❡ ❝❡♥t❡r ♦❢ ❡❛❝❤
♣✐①❡❧ st♦r❡❞ ✐♥ t❤❡ ❝♦♥❝✉rr❡♥t ❧✐♥❦❡❞ ❧✐sts✳ ❚♦ ❜❡ ❛❜❧❡ t♦ ❝♦♠♣♦s❡ t❤❡ ✜♥❛❧ ✐♠❛❣❡ ✇❡ ❤❛✈❡
t♦ ♥♦✇ s♦rt t❤❡ s❛♠♣❧❡s ♦❢ ❡❛❝❤ ❧✐st✳ ❚♦ ❞♦ s♦ t❤❡ ❢✉❧❧✲s❝r❡❡♥ q✉❛❞ ✐s r❡♥❞❡r❡❞ ❛♥❞ ❢♦r ❡❛❝❤
♣✐①❡❧ t❤❡ ❍❊❆❉P❖■◆❚❊❘❙ ❜✉✛❡r ✐s q✉❡r✐❡❞ ❢♦r t❤❡ ✜rst ❢r❛❣♠❡♥t ♦❢ t❤❡ ❧✐st✳ ◆❡①t ♣♦✐♥t❡rs
✐♥ t❤❡ ❋❘❆●▼❊◆❚❉❆❚❆ ❜✉✛❡r ❛r❡ t❤❡♥ ✉s❡❞ t♦ tr❛✈❡rs❡ t❤❡ ❧✐st ✉♥t✐❧ s♣❡❝✐❛❧ ✈❛❧✉❡ ♦❢ ✲✶ ✐s
❢♦✉♥❞ ✇❤✐❝❤ ✐♥❞✐❝❛t❡s t❤❡ ❧❛st ❡❧❡♠❡♥t ✐♥ t❤❡ ❧✐st✳ ❋r❛❣♠❡♥ts ❛r❡ t❤❛♥ s♦rt❡❞ ✉s✐♥❣ ✐♥s❡rt✐♦♥
s♦rt ❛s ❨❛♥❣❬✷✸❪ ♦r s❡❧❡❝t✐♦♥ s♦rt ❛s ❈❛r♥❡❝❦②❬✶✷❪ ✭❊✈❡♥ t❤♦✉❣❤ s❡❧❡❝t✐♦♥ s♦rt s❤♦✉❧❞ ❜❡ ♠♦r❡
❡✣❝✐❡♥t ❞✉❡ t♦ ♥✉♠❜❡r ♦❢ ✇r✐t❡s ♦✈❡r t❤❡ ✐♥s❡rt✐♦♥ s♦rt✱ ♥♦ ♣❡r❢♦r♠❛♥❝❡ ❞✐✛❡r❡♥❝❡ ✇❛s ❢♦✉♥❞
♣r❡s✉♠❛❜❧② ❜❡❝❛✉s❡ ♦❢ ❝❛❝❤✐♥❣❬✶✷❪✮✳

❚❤❡ ❜✐❣❣❡st ❞✐✛❡r❡♥❝❡ ♦❢ t❤✐s ❛♣♣r♦❛❝❤ t♦ t❤❡ ♣❡❡❧✐♥❣ ♠❡❝❤❛♥✐s♠s ✐s t❤❛t ✇❡ ♦♥❧② ♥❡❡❞
t♦ r❡♥❞❡r t❤❡ ❣❡♦♠❡tr② ♦♥❝❡✳ ❲❤❡♥ s♦rt✐♥❣ ❛♥❞ ❜❧❡♥❞✐♥❣ t❤❡ ❝♦❧❧❡❝t❡❞ s❛♠♣❧❡s ❛❧♦♥❣ t❤❡
r❛②s ✇❡ ♦♥❧② ❛❝❝❡ss ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❧r❡❛❞② st♦r❡❞ ✐♥ ●P❯ ♠❡♠♦r②✳ ❯s❡❞ str✉❝t✉r❡s ❛r❡
♠❡♥t✐♦♥❡❞ ✐♥ ❣r❡❛t❡r ❞❡t❛✐❧ ✐♥ t❤❡ ❉❡s✐❣♥ ❛♥❞ ■♠♣❧❡♠❡♥t❛t✐♦♥ ❝❤❛♣t❡r

✸✳✶✳✺ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r

■♥s♣✐r❡❞ ❜② ❨❛♥❣❬✷✸❪✱ t❡❝❤♥✐q✉❡ ❝❛❧❧❡❞ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ✇❛s ♣r❡s❡♥t❡❞ ❜② ❈❛r♥❡❝❦② ❡t
❛❧✳❬✶✷❪✳ ■t ✐s t❤❡ ❝♦♥t❡①t t❤❛t ✐s ❞❡s✐r❛❜❧❡ ❦♥♦✇❧❡❞❣❡ ❢♦r ❛❧❧ ❢r❛❣♠❡♥ts t♦ ❤❛✈❡✳ ❲✐t❤ t❤❛t
❦♥♦✇❧❡❞❣❡ ✐t ✐s ❡❛s✐❡r t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❢r❛❣♠❡♥t r♦❧❡ ✐♥ t❤❡ ✐♠❛❣❡✱ s✉❝❤ ❛s ❜❡✐♥❣ ❛ ♣❛rt ♦❢
t❤❡ s✐❧❤♦✉❡tt❡✱ ❜❡✐♥❣ ♦❝❝❧✉❞❡❞ ❡t❝✳ ■❧❧✉str❛t✐♦♥ ❜✉✛❡r ❞❛t❛ str✉❝t✉r❡ ✐s ♠♦t✐✈❛t❡❞ ❜② s❡✈❡r❛❧
✐♠❛❣❡ ❡♥❤❛♥❝❡♠❡♥ts t❤❛t ♠♦❞✉❧❛t❡ ♦♣❛❝✐t② ❜❛s❡❞ ♦♥ s♣❡❝✐✜❝ ✐♠❛❣❡ ❢❡❛t✉r❡s t❤❛t ✐♥❝r❡❛s❡
✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ❝♦♠♣❧❡① tr❛♥s♣❛r❡♥t ♦❜❥❡❝ts ♥♦t❛❜❧②✳ ❙✉❝❤ ❢❡❛t✉r❡s ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡
❚❤❡♦r② s❡❝t✐♦♥ ✐♥ ❢✉rt❤❡r ❞❡t❛✐❧✳

❚♦ ♣r♦✈✐❞❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ s✉rr♦✉♥❞✐♥❣ s❤❛♣❡ ♦❢ ❛❧❧ ❢r❛❣♠❡♥ts✱ ❆✲❜✉✛❡r ❝♦♥✲
str✉❝t❡❞ ✐♥ t❤❡ ●P❯ ♠❡♠♦r②❬✷✸❪ ✐s ❡①t❡♥❞❡❞✳ ❲❤✐❧❡ ✐♥ ❆✲❜✉✛❡r ♠❡t❤♦❞ ❢r❛❣♠❡♥ts ❦♥♦✇
t❤❡✐r ♥❡✐❣❤❜♦rs ♦♥❧② ❛❧♦♥❣ t❤❡ ✈✐❡✇✐♥❣ r❛②✱ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ♣r❡s❡♥ts ♠❡t❤♦❞ ♦❢ ✜♥❞✐♥❣ ❛♥❞
❝♦♥♥❡❝t✐♥❣ ❛❧s♦ ♥❡✐❣❤❜♦rs t❤❛t ❜❡❧♦♥❣ t♦ t❤❡ s✉rr♦✉♥❞✐♥❣ ♣✐①❡❧s✳ ❋♦r ♣✐①❡❧ ✇✐t❤ ❝♦♦r❞✐♥❛t❡s
(x, y) ♥❡✇ ❢♦✉r ♥❡✐❣❤❜♦rs ❛r❡ ❢♦✉♥❞ ✐❢ ❡①✐sts ✐♥ ❧✐♥❦❡❞ ❧✐sts ♦❢ ♣✐①❡❧s (s + dx, y + dy) ✇❤❡r❡
(dx, dy) ∈ {(1, 0), (−1, 0), (0, 1), (0,−1)}✳

❆❢t❡r t❤❡ ♥❡✐❣❤❜♦✉rs ❜❡✐♥❣ ❢♦✉♥❞ t❤❡ ■❧❧✉str❛t✐♦♥ ❜✉✛❡r ❝❛♥ ❜❡ ✉s❡❞ t♦ tr❛✈❡rs❡ ♦❜❥❡❝t
s✉r❢❛❝❡s t♦ r❡tr✐❡✈❡ ❞❡s✐r❡❞ s❤❛♣❡ ❞❡s❝r✐❜✐♥❣ ✐♥❢♦r♠❛t✐♦♥ s✉❝❤ ❛s ❣r❛❞✐❡♥ts ♦r ❞✐st❛♥❝❡s t♦
✐♠♣♦rt❛♥t ❢❡❛t✉r❡s✳

❋✐❣✉r❡ ✸✳✹ s❤♦✇s ♥❡❝❡ss❛r② str✉❝t✉r❡s ❢♦r t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❛♥❞ ❤♦✇ t❤❡ ❞❛t❛ ❛r❡
st♦r❡❞ ✇❤❡♥ ♥❡✇ ❡❧❡♠❡♥t ✐s r❡♥❞❡r❡❞✳ ❚♦ r❡tr✐❡✈❡ t❤❡ ♥❡①t ❛✈❛✐❧❛❜❧❡ ❢r❡❡ ✐♥❞❡① ❢♦r ✐♥s❡rt❡❞
❢r❛❣♠❡♥t ✇❡ ♥❡❡❞ t♦ ✉s❡ ❣❧♦❜❛❧ ❛t♦♠✐❝ ❝♦✉♥t❡r✱ ♦r s❡✈❡r❛❧ ❛s ✐s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ✐♠♣❧❡✲
♠❡♥t❛t✐♦♥✳ ■♥ ❝♦♥tr❛st t♦ t❤❡ ♣r❡✈✐♦✉s ❝♦♥❝✉rr❡♥t ❧✐♥❦❡❞ ❧✐sts ✇❡ ♥❡❡❞ t♦ st♦r❡ ♠✉❝❤ ♠♦r❡



✸✳✶✳ ❖❘❉❊❘ ■◆❉❊P❊◆❉❊◆❚ ❚❘❆◆❙P❆❘❊◆❈❨ ✷✶

✐♥❢♦r♠❛t✐♦♥✳ ❚❤❡r❡❢♦r❡ ✇❡ r❡s❡r✈❡ s❡✈❡r❛❧ ❝❡❧❧s ✐♥ t❤❡ fragData ❜✉✛❡r ♣❡r ❢r❛❣♠❡♥t ❛♥❞ ✉s❡
t❤❡ s♣❛♥♥✐♥❣ ♠❡❝❤❛♥✐s♠ ❢♦r r❡tr✐❡✈✐♥❣ t❤❡ ✐♥❞❡① t♦ t❤✐s ❜✉✛❡r ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ✜❣✉r❡ ✸✳✸✳
❚❤✐s ✐s t❤❡ ❧✐st ♦❢ str✉❝t✉r❡s ✇❡ ✇✐❧❧ ♥❡❡❞ t♦ ❝♦♥str✉❝t ❛♥❞ ✇♦r❦ ✇✐t❤ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r✿

• ♣✐①❡❧❍❡❛❞ ♦❢ s✐③❡ X ×Y ✇❤❡r❡ X,Y ❛r❡ t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ✈✐❡✇♣♦rt✳ ■t st♦r❡s ■❉
♦❢ t❤❡ ✜rst ❢r❛❣♠❡♥t ✐♥ t❤❡ ❧✐st✳

• ♣✐①❡❧❈♦✉♥t ✐s ❛❧s♦ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ X × Y ❜✉✛❡r st♦r✐♥❣ ❧❡♥❣t❤s ♦❢ t❤❡ ❧✐sts ✐♥ ❡❛❝❤
♣✐①❡❧✳ ❚❤✐s ❜✉✛❡r ✐s ❤♦✇❡✈❡r ♦♣t✐♦♥❛❧ s✐♥❝❡ ✇❡ ❝❛♥ ❝♦♥tr♦❧ t❤❡ ❡♥❞ ♦❢ t❤❡ ❧✐st ❜② s♣❡❝✐❛❧
✈❛❧✉❡ ♦❢ t❤❡ ❧❛st ♥❡①t ♣♦✐♥t❡r✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❡ ❝❛♥ ✉s❡ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐♥ t❤❡
♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ ❛s s❤♦✇♥ ❢✉rt❤❡r✳

• ❢r❛❣◆❡①t ✐s ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❜✉✛❡r ✇❤❡r❡ ❛t ❢r❛❣❴♥❡①t✭✐♥❞❡①✮ ✐s st♦r❡❞ ✐❞ ♦❢ t❤❡
♥❡①t ❢r❛❣♠❡♥t ♦❢ ✐❞❂✐♥❞❡①✳

• ❢r❛❣❉❛t❛ st♦r❡s ❛❧❧ ❞❛t❛ ✇❡ ♥❡❡❞ t♦ ✇♦r❦ ✇✐t❤ t❤❡ ❜✉✛❡r✳ ■t st♦r❡s ❢♦r ❡❛❝❤ ❢r❛❣♠❡♥t
t❤❡ ❝♦❧♦✉r✱ ✐♥❞✐❝❡s ♦❢ ✐ts ❢♦✉r ❣❡♦❞❡s✐❝ ♥❡✐❣❤❜♦rs ❛♥❞ ♦♣t✐♦♥❛❧❧② ♦t❤❡r ❞❛t❛ ✇❡ ♥❡❡❞ ❢♦r
♥♦♥ ❧♦❝❛❧ tr❛♥s♣❛r❡♥❝② ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✐♥tr♦❞✉❝❡❞ ❢✉rt❤❡r✳

• ❢r❛❣❉❛t❛✷ ✐s ♦❢ t❤❡ s❛♠❡ ❧❛②♦✉t ❛s fragData ❛♥❞ ✐t ✐s ✉s❡❞ ❢♦r ♣✐♥❣ ♣♦♥❣ ❝♦♠♣✉t❛✲
t✐♦♥❛❧ s❝❤❡♠❡s✳

✸✳✶✳✺✳✶ ◆❡✐❣❤❜♦rs ▲♦❝❛t✐♦♥ ❜② ❈❛r♥❡❝❦②

◆♦✇ ✇❡ ❛ss✉♠❡ ✇❡ ❤❛✈❡ ❛❧r❡❛❞② ❝r❡❛t❡❞ t❤❡ ❝♦♥❝✉rr❡♥t ❧✐♥❦❡❞ ❧✐sts ❜② ❆❧❣♦r✐t❤♠ ✺ ❛♥❞ t❤❛t
s❛♠♣❧❡s ❛r❡ ❛❧r❡❛❞② s♦rt❡❞ ❛❧♦♥❣ t❤❡ ✈✐❡✇✐♥❣ r❛②✳ ❚❤✐s ✇✐❧❧ ❜❡ ❡ss❡♥t✐❛❧ t♦ ❧♦❝❛t✐♦♥ ♦❢ t❤❡
♥❡✐❣❤❜♦rs✳

P

P

P

a)

b)

c)

❋✐❣✉r❡ ✸✳✺✿ ❯s✐♥❣ ❛ ♣❡rs♣❡❝t✐✈❡ ✇❡ s❤♦✇ t✇♦
❝r♦ss✐♥❣ ♣❧❛♥❡s ❛✮✳ ❲❤❡♥ ♣❡❡❧✐♥❣ t❤❡ ✜rst ❧❛②❡r
❛♥❞ q✉❡r②✐♥❣ t❤❡ ♥❡✐❣❤❜♦r✐♥❣ ♣✐①❡❧s ♦❢ P ✐♥ s✉❝❤
❧❛②❡r✱ ✇❡ r❡tr✐❡✈❡ ❜✮✳ ❲❤❡♥ s❡❛r❝❤✐♥❣ ❢♦r ♥❡✐❣❤✲
❜♦rs ♦❢ P ✐♥ ■❧❧✉str❛t✐✈❡ ❜✉✛❡r ✇❡ ✇❛♥t t♦ ✜♥❞ ❝✮✳

❚❤❡s❡ ♥❡✐❣❤❜♦rs ❤♦✇❡✈❡r ❞✐✛❡r ❣r❡❛t❧②
❢r♦♠ t❤❡ ♥❡✐❣❤❜♦rs ✐♥ t❤❡ ❧❛②❡rs✳ ❈♦♥s✐❞❡r
s✐t✉❛t✐♦♥ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✸✳✺ ✇❤❡r❡ ✇❡ s❡❡
❢♦✉♥❞ ♥❡✐❣❤❜♦rs ❛♥❞ ♣❡❡❧❡❞ ❧❛②❡rs✳ ■t s❤♦✇s
❤♦✇ ❣r❡❛t❧② ❝❛♥ ❞✐✛❡r t❡r♠s ♥❡✐❣❤❜♦rs ♦❢ P

✐♥ ♣❡❡❧❡❞ ❧❛②❡r ❛♥❞ ♥❡✐❣❤❜♦rs ♦❢ P ♦♥ t❤❡ s✉r✲

❢❛❝❡✳ ❚❤✐s ♠❛❥♦r ❞✐✛❡r❡♥❝❡ ✇✐❧❧ s❤♦✇ ✈✐t❛❧
❢♦r ❢✉t✉r❡ ✉s❡ ❛s s❤♦✇♥ ❧❛t❡r ✐♥ t❤✐s ❈❤❛♣t❡r✳

❆s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✺ t❤❡ ❣♦❛❧ ✐s t♦ ✜♥❞
❣❡♦❞❡s✐❝ ♥❡✐❣❤❜♦rs ♦♥ t❤❡ s❛♠❡ s✉r❢❛❝❡ ❛♥❞
♥♦t ♦❢ t❤❡ s❛♠❡ ❧❛②❡r ✐♥ t❤❡ ♣❡❡❧✐♥❣ ♣♦✐♥t ♦❢
✈✐❡✇✳ ❲❡ ❞❡♥♦t❡ ❢r❛❣♠❡♥ts ♦❢ ❝✉rr❡♥t ❧✐♥❦❡❞
❧✐st L ❛s li, i ∈ {1, ..., n} ✇❤❡r❡ n ✐s t❤❡ ♥✉♠✲
❜❡r ♦❢ ❢r❛❣♠❡♥ts ✐♥ L ❛♥❞ ♥❡✐❣❤❜♦r✐♥❣ ❧✐st K
✇✐t❤ ❢r❛❣♠❡♥ts kj , j ∈ {1, ...,m} ✇❤❡r❡ m
✐s t❤❡ ♥✉♠❜❡r ♦❢ ❢r❛❣♠❡♥ts ✐♥ K✳ ❲❤✐❧❡ ✐♥
♣❡❡❧❡❞ ❧❛②❡rs ♥❡✐❣❤❜♦r✐♥❣ ♣✐①❡❧s ✇✐❧❧ ❜❡ ❜♦t❤
✐♥ ✐✲t❤ ❧❛②❡r✱ ❢♦r ✐♥❞✐❝❡s ♦❢ ❣❡♦❞❡s✐❝ ♥❡✐❣❤❜♦rs
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❋✐❣✉r❡ ✸✳✹✿ Pr✐♥❝✐♣❧❡ ♦❢ t❤❡ ❝♦♥❝✉rr❡♥t ❧✐sts ✐s t❤❡ s❛♠❡ ❛s ✐♥ ✜❣✉r❡ ✸✳✸✳ ❍❡r❡ ❤♦✇❡✈❡r ❛r❡ ♥❡①t
♣♦✐♥t❡rs st♦r❡❞ s❡♣❛r❛t❡❧② ❢r♦♠ t❤❡ ❞❛t❛✳ ❉❛t❛ ❛r❡ s♣❛♥♥❡❞ ❜② s✐③❡ ♦❢ ❢♦✉r ❤❡r❡✱ ❣✐✈✐♥❣ s♣❛❝❡ ❢♦r
❝♦❧♦✉r✱ ❢♦✉r s✉rr♦✉♥❞✐♥❣ ♥❡✐❣❤❜♦✉rs ✭◆❇✮✱ ♥♦r♠❛❧ ✭◆✮ ❛♥❞ s♦♠❡ ♦t❤❡r ❞❛t❛✱ ✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥ t❤❡
t❛r❣❡t ✉s❡ ♦❢ t❤❡ ❜✉✛❡r✳ ❇✉✛❡r ♣✐①❡❧❍❡❛❞ ✐❢ ♦❢ ❛ s❛♠❡ s✐③❡ ❛s t❤❡ ✈✐❡✇♣♦rt ✭X×Y ✮✳ ❚❤✐s ✜❣✉r❡ ❞♦❡s
♥♦t ❝♦♥s✐❞❡r t❤❡ s♦rt✐♥❣ ♦❢ s❛♠♣❧❡s ❛❧♦♥❣ t❤❡ r❛②✳

❞♦❡s ♥♦t ❛❧✇❛②s ❛♣♣❧② t❤❛t i == j✳ ❚❤❛t ♠❡❛♥s t❤❛t t♦ ✜♥❞ t❤❡ ♥❡✐❣❤❜♦r ✇❡ ♥❡❡❞ t♦ tr❛✲
✈❡rs❡ ❡♥t✐r❡ ♥❡✐❣❤❜♦r✐♥❣ ❧✐st✳ ❈❛r♥❡❝❦② ❡t ❛❧✳ ✉s❡ ❛ s✐♠♣❧❡ ❤❡✉r✐st✐❝ ♠❡❛s✉r❡ ǫ ♦❢ t❤❡ s✉r❢❛❝❡
❝♦♥t✐♥✉✐t② ❢♦r t✇♦ ❢r❛❣♠❡♥ts ❛s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✻✳ ❚❤❡② ❝♦♠♣✉t❡ t❤❡ ǫn ❛s ❞✐✛❡r❡♥❝❡ ♦❢
❢r❛❣♠❡♥ts i, j ♥♦r♠❛❧s ni, nj ❛s✿

εn 

εz 

❋✐❣✉r❡ ✸✳✻✿ ▼❡❛♥✐♥❣ ♦❢ ǫn ❛♥❞ ǫz ♦♥ t❤❡
s✉r❢❛❝❡ s❛♠♣❧❡s✳

ǫn(i, j) = 1− ni + nj

❚❤❡ ❡②❡ ❞✐st❛♥❝❡ ǫz ✐s ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ r❛✲
❞✐✉s ♦❢ ❛ r❡♥❞❡r❡❞ ♦❜❥❡❝t ❜♦✉♥❞✐♥❣ s♣❤❡r❡robj ✱ ♥♦r✲
♠❛❧ ni✱ ♣✐①❡❧ ❝♦♦r❞✐♥❛t❡s xi✱ ❡②❡ ❞✐st❛♥❝❡ z ❝♦♦r✲
❞✐♥❛t❡ ❛♥❞ ✜♥❛❧❧② t❤❡ zi ❣r❛❞✐❡♥t

(

zi
dxi

)

✿

ǫz(i, j) =
1

robj

[

zi + (xj − xi) ·

(

dzi
dxi

)

− zj

]

ǫ(i, j) = wz · ǫz(i, j) + wn · ǫn(i, j)
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❋✐❣✉r❡ ✸✳✼✿ ❛✮ ✐♥❞❡①❡❞ ❣❡♦♠❡tr② t♦ ♣r❡✈❡♥t ❞✉♣❧✐❝❛t❡ ❣❡♦♠❡tr② t♦ ❜❡ s❡♥t t♦ ❣♣✉✳ ❜✮ ❊✈❡r② ✈❡rt❡①
❦♥♦✇s ✐♥❞✐❝❡s ♦❢ ❛❧❧ ✈❡rt✐❝❡s ✐♥ ❣✐✈❡♥ tr✐❛♥❣❧❡✳ ❝✮ ❊✈❡r② tr✐❛♥❣❧❡ ❤❛s ✐ts ♦✇♥ ✐❞✳ ❞✮ t❛❜❧❡ ♠❛♣s ■❉s
♦❢ t❤❡ tr✐❛♥❣❧❡s ✭❜❧✉❡✮ t♦ ❜✮ ✇❤❡r❡ ❡✈❡r② ✈❡rt❡① ❦♥♦✇s ❛❧❧ ✐♥❞✐❝❡s ✐♥ ✐ts tr✐❛♥❣❧❡✳

●✐✈❡♥ t❤✐s ❤❡✉r✐st✐❝ ♠❡❛s✉r❡ ǫ ✇✐❧❧ ❜❡ s♠❛❧❧ ❢♦r ♣r♦❜❛❜❧② ♥❡✐❣❤❜♦r✐♥❣ ❢r❛❣♠❡♥ts ♦❢ t❤❡
s❛♠❡ s✉r❢❛❝❡ ❛♥❞ ❧❛r❣❡ ❢♦r ❢r❛❣♠❡♥ts ♦❢ ❞✐✛❡r❡♥t s✉r❢❛❝❡s✳ ❋♦r t✇♦ ♥❡✐❣❤❜♦r✐♥❣ ❧✐sts A,B
❛♥❞ ❢r❛❣♠❡♥t fi ∈ A t❤❡② ✜rst tr② t♦ ✜♥❞ t❤❡ ❜❡st ♥❡✐❣❤❜♦r ❝❛♥❞✐❞❛t❡ ci ❢♦r fi ✐♥ B ❛♥❞
t❤❛♥ t❤❡② tr❛✈❡rs❡ A t♦ ✜♥❞ ✐❢ t❤❡r❡ ✐s ❜❡tt❡r ♥❡✐❣❤❜♦r ❢♦r ci t❤❡♥ fi ✐♥ A✳ ❊✈❡♥ t❤♦✉❣❤
t❤❡② ✉s❡ ❝♦♠♣♦♥❡♥t ■❉ ❝❤❡❝❦ t♦ s❡t ǫ = ∞ t♦ ❡①❝❧✉❞❡ ❢r❛❣♠❡♥ts ♦❢ ❞✐✛❡r❡♥t ❝♦♠♣♦♥❡♥ts
✭❛♥❞ t❤❡r❡❢♦r❡ s✉r❢❛❝❡s✮✱ t❤✐s ✐s r❛t❤❡r ✐♥❡✣❝✐❡♥t s✐♥❝❡ ❢♦r ❧♦❝❛t✐♦♥ ♦❢ ♦♥❡ ♥❡✐❣❤❜♦r ✇❡ ❤❛✈❡
t♦ tr❛✈❡rs❡ ❜♦t❤ ♥❡✐❣❤❜♦r✐♥❣ ❛♥❞ ♦r✐❣✐♥❛❧ ❧✐sts✳

✸✳✶✳✺✳✷ Pr♦♣♦s❡❞ ◆❡✐❣❤❜♦rs ❧♦❝❛t✐♦♥

❚♦ ♦✈❡r❝♦♠❡ t❤❡ ✐♥❡✣❝✐❡♥❝② ♦❢ ♠❡t❤♦❞❬✶✷❪ ♣r❡s❡♥t❡❞ ❜② ❈❛r♥❡❝❦② ❡t ❛❧✳ ✇❡ ♣r♦♣♦s❡ ♥❡✇
♠❡t❤♦❞ ♠♦t✐✈❛t❡❞ ❜② ✐♥❞❡①❡❞ ❣❡♦♠❡tr②✳ ●✐✈❡♥ t✇♦ ♥❡✐❣❤❜♦r✐♥❣ ❧✐sts A,B ✇❤❡r❡ ❧✐st A ✐s
t❤❡ ❝✉rr❡♥t ❧✐st ❛♥❞ B ✐s t❤❡ ❧✐st ✇❤❡r❡ ♥❡✐❣❤❜♦r ✐s t♦ ❜❡ ✜♥❞✱ ✇❡ ♣r♦♣♦s❡ ❛✉①✐❧✐❛r② str✉❝t✉r❡
❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✸✳✼✳

❲❡ ❛r❡ ✉s✐♥❣ ✐♥❞❡①❡❞ ❣❡♦♠❡tr② t♦ ❧♦✇❡r t❤❡ ❧♦❛❞ ♦❢ ✐♥❢♦r♠❛t✐♦♥s ♠❛♣♣❡❞ t♦ ●P❯ ♠❡✲
♠♦r②✳ ❲❡ ❤♦✇❡✈❡r ❡①t❡♥❞ t❤❡ ✐♥❞✐❝❡s ✐♥❢♦r♠❛t✐♦♥ s♦ t❤❛t ❡✈❡r② ✈❡rt❡① ❦♥♦✇s ✐♥❞✐❝❡s ♦❢
❛❧❧ ✈❡rt✐❝❡s ♦❢ t❤❡ s❛♠❡ tr✐❛♥❣❧❡✳ ❚❤✐s ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✼ ❜✮✳ ❚❤✐s ✇♦✉❧❞ ❤♦✇❡✈❡r ❜❡
❛❣❛✐♥st t❤❡ ✈❡r② ♣r✐♥❝✐♣❧❡ ♦❢ ✐♥❞❡①❡❞ ❣❡♦♠❡tr② s✐♥❝❡ ✇❡ ✇♦✉❧❞ r❡♣❧✐❝❛t❡ ❛ ❧♦t ♦❢ ❞❛t❛✳ ❚❤✐s
❝❛♥ ❜❡ s♦❧✈❡❞ ❛s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✼ ❝✮ ✇❤❡r❡ ❡✈❡r② tr✐❛♥❣❧❡ ❤❛s ✐ts ✉♥✐q✉❡ ID ❛tt❛❝❤❡❞ ❛♥❞
❛✉①✐❧✐❛r② t❛❜❧❡ t♦ ♠❛♣ IDs t♦ tr✐❛♥❣❧❡ ✐♥❞✐❝❡s ❛s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✼ ❞✮✳

❋♦r ❢r❛❣♠❡♥ts f ∈ A ♦❢ ❝♦♦r❞✐♥❛t❡s xf , yf ❛♥❞ g ∈ B ♦❢ ❝♦♦r❞✐♥❛t❡s xg, yg t❤❡♥ ❛♣♣❧②
❢♦❧❧♦✇✐♥❣ r✉❧❡s✿

✶✳ f ❛♥❞ g ❛r❡ ♥♦t ♥❡✐❣❤❜♦rs ✐❢ f ❛♥❞ g ❞♦ ♥♦t s❤❛r❡ ❛♥② ✐♥❞✐❝❡s ♦❢ t❤❡ tr✐❛♥❣❧❡ t❤❡② ❛r❡
♣❛rt ♦❢✳

✷✳ f ❛♥❞ g ❛r❡ ♥❡✐❣❤❜♦rs ❛♥❞ ❢r❛❣♠❡♥ts ♦❢ t❤❡ s❛♠❡ tr✐❛♥❣❧❡ ✐❢ f ❛♥❞ g s❤❛r❡ ❡①❛❝t❧② ✸
✐♥❞✐❝❡s✳

✸✳ f ❛♥❞ g ❛r❡ ♥❡✐❣❤❜♦rs ❛♥❞ ❢r❛❣♠❡♥ts ♦❢ t✇♦ ♥❡✐❣❤❜♦r✐♥❣ tr✐❛♥❣❧❡s ✐❢ f ❛♥❞ g s❤❛r❡
❡①❛❝t❧② ✷ ✐♥❞✐❝❡s✳
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✹✳ f ❛♥❞ g ❛r❡ ♥❡✐❣❤❜♦rs ❛♥❞ ❢r❛❣♠❡♥ts ♦❢ t✇♦ ♥❡✐❣❤❜♦r✐♥❣ tr✐❛♥❣❧❡s ✐❢ f ❛♥❞ g s❤❛r❡
❡①❛❝t❧② ✶ ✐♥❞✐❝❡s✳ ❚❤✐s s✐t✉❛t✐♦♥ ❝❛♥ ❤❛♣♣❡♥ ❡✳❣✳ ❢♦r tr✐❛♥❣❧❡s ✇✐t❤ ID = 1, ID = 4
✐♥ ✜❣✉r❡ ✸✳✼✳

❆❧❣♦r✐t❤♠ ✻✿ ♣r♦♣♦s❡❞ ♥❡✐❣❤❜♦r s❡❛r❝❤
❉❛t❛✿ t✇♦ ♥❡✐❣❤❜♦r✐♥❣ ❧✐sts A,B✱ ❝✉rr❡♥t ❢r❛❣♠❡♥t fi ∈ A✱ ✐♥❞✐❝❡s ♦❢ fi indicesOfF ✳
❘❡s✉❧t✿ ■♥❞❡① t♦ t❤❡ ❧✐♥❦❡❞ ❧✐st str✉❝t✉r❡ ♦❢ fi ♥❡✐❣❤❜♦r✳

✶ ❢♦r ❜ ❂ ✵❀ ❜ ❁ ❝♦✉♥t✭❇✮❀ ❜✰✰ ❞♦
✷ ❢r❛❣❇ ❂ ❇✭❜✮❀ ✐♥❞✐❝❡s❖❢❇ ❂ ❢r❛❣❇✳tr✐❛♥❣❧❡■♥❞✐❝❡s❀
✸ ❢♦r ❦ ❂ ✵❀ ❦ ❁ ✸❀ ❦✰✰ ❞♦
✹ ❢♦r ❧ ❂ ✵❀ ❧ ❁ ✸❀ ❧✰✰ ❞♦
✺ ✐❢ ✐♥❞✐❝❡s❖❢❇❬❦❪ ❂❂ ✐♥❞✐❝❡s❖❢❆❬▲❪ t❤❡♥
✻ r❡t✉r♥ ❢r❛❣❇✳■❉❀ ✴✴ ◆❡✐❣❤❜♦r ❤❛s ❜❡❡♥ ❢♦✉♥❞ s✐♥❝❡ ✐t s❤❛r❡s ❛t ❧❡❛st ♦♥❡ tr✐❛♥❣❧❡

✐♥❞❡① ✇✐t❤ fi✳
✼ ❡♥❞

✽ ❡♥❞

✾ ❡♥❞

✶✵ ❡♥❞

❚❤❡ ❛❧❣♦r✐t❤♠ ❢♦r ♥❡✐❣❤❜♦r s❡❛r❝❤ ✐s t❤❡♥ s✐♠♣❧✐✜❡❞ t♦ ♦♥❧② ♦♥❡ ❝②❝❧❡ t❤r♦✉❣❤ t❤❡ ♥❡✐❣❤✲
❜♦r✐♥❣ ❧✐st B ❛♥❞ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ ❢♦r t❤❡ ❝②❝❧❡ t❤r♦✉❣❤ A ❛❢t❡r✇❛r❞s✳

❞r❛✇❜❛❝❦s

❊✈❡♥✲t❤♦✉❣❤ t❤✐s ♠❡t❤♦❞ ✐s ❣❡♦♠❡tr② ♠♦t✐✈❛t❡❞ t❤❡r❡ ❝❛♥ ❜❡ ❛rt✐❢❛❝ts ❝❛✉s❡❞ ❜② t❤❡
r❛st❡r✐③❛t✐♦♥ ♣r♦❝❡ss✳ ❙✉❝❤ ❛rt✐❢❛❝ts ♦❝❝✉r ✇❤❡♥ r❡♥❞❡r❡❞ tr✐❛♥❣❧❡s ❛r❡ s♠❛❧❧❡r t❤❛♥ ♣✐①❡❧
❛♥❞ ♥❡✐❣❤❜♦r✐♥❣ ❢r❛❣♠❡♥ts s❦✐♣ tr✐❛♥❣❧❡✭s✮ ✐♥ t❤❡ ✐s◆❡✐❣❤❜♦r q✉❡r②✳ ❚❤✐s ❡rr♦r ✐s s❤♦✇♥
✐♥ ✜❣✉r❡ ✸✳✾✳ ❲✐t❤ t❤❛t ❦♥♦✇❧❡❞❣❡ ✇❡ ❝❛♥ ❤✐❣❤❡r t❤❡ ✈✐❡✇♣♦rt r❡s♦❧✉t✐♦♥ ♦r ❧♦✇❡r t❤❡ ❞❡t❛✐❧
♦❢ t❤❡ ♠♦❞❡❧ t♦ ♦✈❡r❝♦♠❡ t❤✐s ❞r❛✇❜❛❝❦ ✐♥ ❡①❝❤❛♥❣❡ ❢♦r s♣❡❡❞✳

✸✳✷ ❈♦♠♣❛r✐s♦♥ ♦❢ ❖■❚ ❙♦❧✈✐♥❣ ▼❡t❤♦❞s

❲❡ ❤❛✈❡ s❤♦✇♥ s❡✈❡r❛❧ ❛❧❣♦r✐t❤♠s t♦ s♦❧✈❡ t❤❡ ❖■❚ ♣r♦❜❧❡♠ ❛s ✇❡❧❧ ♠❡t❤♦❞s t♦ ♠♦❞✉❧❛t❡
♦♣❛❝✐t② ❜❛s❡❞ ♦♥ s❡✈❡r❛❧ s❤❛♣❡ ♣r♦♣❡rt✐❡s✳ ◆♦t ❛❧❧ ♦❢ t❤♦s❡ ♠❡t❤♦❞s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❛❧❧
♣r❡s❡♥t❡❞ ❛❧❣♦r✐t❤♠s s♦❧✈✐♥❣ ❖■❚ ✇✐t❤ t❤❡ s❛♠❡ ❡✛♦rt ♦r ❝❛♥♥♦t ❜❡ ❛♣♣❧✐❡❞ ❛t ❛❧❧✳ ❚❤✐s
s❡❝t✐♦♥ s✉♠♠❛r✐❡s s✉❝❤ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♣❡❡❧✐♥❣ ♠❡t❤♦❞s✱ ♣❡r ♣✐①❡❧ ❧✐♥❦❡❞ ❧✐sts ❛♥❞ t❤❡
■❧❧✉str❛t✐♦♥ ❇✉✛❡r✳

✸✳✷✳✶ ▼♦❞✉❧❛t✐♦♥ ❜② ●r♦✉♣s

❖♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ ❜❛s❡❞ ♦♥ ❣r♦✉♣s ✐s tr✐✈✐❛❧ ✐♥ ❛❧❧ ♣r❡s❡♥t❡❞ ♠❡t❤♦❞s s♦❧✈✐♥❣ t❤❡ ❖■❚ ❛♥❞
t❤❡r❡❢♦r❡ ✐s ♣r❡s❡♥t❡❞ s❡♣❛r❛t❡❧②✳ ❚♦ ❛❧❧ ❛❧❣♦r✐t❤♠s ✇❡ s✐♠♣❧② ♣❛ss t❤❡ ❣r♦✉♣ ✐❞ ❛❧♦♥❣ ✇✐t❤
❝♦❧♦✉r ❛♥❞ ♥♦r♠❛❧ t♦ ❛❧❧ ❢r❛❣♠❡♥ts✳ ❚❤❛♥ ✇❡ ♣r❡s❡♥t t❤❡ ❧♦♦❦✉♣ t❡①t✉r❡ ✇✐t❤ ❞❡✜♥✐t✐♦♥s
♦❢ ❞❡s✐r❡❞ ♦♣❛❝✐t② ❢♦r ❡❛❝❤ ❣r♦✉♣✳
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❋✐❣✉r❡ ✸✳✽✿ ❊✈❡r② ❢r❛❣♠❡♥t ❤❛s
❡q✉❛❧ ♦♣❛❝✐t②✳

❋✐❣✉r❡ ✸✳✾✿ ❋r❛❣♠❡♥t ✐s ❢✉❧❧② ♦♣❛q✉❡ ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡✐❣❤✲
❜♦rs ✐s ❧❡ss t❤❛♥ ❢♦✉r ♠❡❛♥✐♥❣ ✐t ✐s ♣❛rt ♦❢ t❤❡ ❡❞❣❡✳

✸✳✷✳✷ ▼♦❞✉❧❛t✐♦♥ ❜② ❉✐st❛♥❝❡ ❢r♦♠ ❉❡✜♥❡❞ P❧❛♥❡✴❆r❡❛ ✭❈✉t ▼♦t✐✈❛t❡❞✮

▼♦❞✉❧❛t✐♦♥ ♦❢ ♦♣❛❝✐t② ❜② ❞✐st❛♥❝❡ ❢r♦♠ ❞❡✜♥❡❞ ❛r❡❛ ♦r ♣❧❛♥❡ ✐s r❛t❤❡r ❡❛s② s✐♥❝❡ t❤❡ ♣r✐♥❝✐♣❧❡
✐s ❡❛s✐❧② ❛♣♣❧✐❝❛❜❧❡ t♦ ❛❧❧ ♠❡♥t✐♦♥❡❞ ❛❧❣♦r✐t❤♠s ✐t ✐s ♣r❡s❡♥t❡❞ s❡♣❛r❛t❡❧② ❛s ✇❡❧❧✳

■♥ ❛❧❧ ♠❡♥t✐♦♥❡❞ ❛❧❣♦r✐t❤♠s ✇❡ ❛r❡ ❛❜❧❡ t♦ ♣❛ss t♦ ❡❛❝❤ ❢r❛❣♠❡♥t ✐ts ♣♦s✐t✐♦♥ ✐♥ ❝❛♠❡r❛
s♣❛❝❡ t♦ ♣r❡✈❡♥t ♥♦♥ ❧✐♥❡❛r ❝♦♦r❞✐♥❛t❡s s❝❛❧❡ ❣✐✈❡♥ ❜② t❤❡ ♣r♦❥❡❝t✐♦♥ t♦ ✈✐❡✇ s♣❛❝❡✳ ❲✐t❤
t❤✐s ❦♥♦✇❧❡❞❣❡ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ❞✐st❛♥❝❡ t♦ ❛ ❢♦❝✉s ❛r❡❛ ✐♥❞❡♣❡♥❞❡♥t❧② ♦♥ t❤❡ ❝❤♦s❡♥
❖■❚ s♦❧✈✐♥❣ ❛❧❣♦r✐t❤♠✳

✸✳✷✳✸ ❉❡♣t❤ P❡❡❧✐♥❣ ❛♥❞ ❉✉❛❧ ❉❡♣t❤ P❡❡❧✐♥❣

❚❤❡ ❞❡♣t❤ ♣❡❡❧✐♥❣ ♠❡❝❤❛♥✐s♠ ✐s r❡❛❧❧② str❛✐❣❤t❢♦r✇❛r❞ t♦ ✐♠♣❧❡♠❡♥t ❛s ✇❡❧❧ ❛s ✐ts ❡①t❡♥s✐♦♥
t❤❡ ❞✉❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣✳ ■t ✐s ♥♦t ❤♦✇❡✈❡r ❛s ♠♦❞✐✜❛❜❧❡ ❛s ✇❡ ✇♦✉❧❞ ✇❛♥t t♦ ❛s ❞❡s❝r✐❜❡❞
✐♥ ❢♦❧❧♦✇✐♥❣ t❡①t ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥✳

▼♦❞✉❧❛t✐♦♥ ❜② ❉✐✛❡r❡♥❝❡s ✐♥ ❙❤❛♣❡

P❧❡❛s❡ r❡❝❛❧❧ t❤❡ ✜❣✉r❡s ✷✳✻ ❛♥❞ ✷✳✼ ❛s ✇❡❧❧ ❛s t❤❡ curvature ❝♦♠♣✉t❛t✐♦♥ ✜rst✳ ❋♦r t❤✐s
♣r♦❜❧❡♠ t♦ s♦❧✈❡ ✐t ✐s ❛❧s♦ ✐♠♣♦rt❛♥t t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♥❡✐❣❤❜♦rs ✐♥ t❤❡
♣❡❡❧❡❞ ❧❛②❡r ❛♥❞ ♥❡✐❣❤❜♦rs ♦❢ t❤❡ s❛♠❡ s✉r❢❛❝❡✳ ❚❤✐s ❞✐✛❡r❡♥❝❡ ✐s ✈✐t❛❧ ❢♦r ✉♥❞❡rst❛♥❞✐♥❣
❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✳

●✐✈❡♥ t❤❡ s✐t✉❛t✐♦♥ ✐♥ ✜❣✉r❡ ✸✳✶✶ ✇❡ ✜rst ♥❡❡❞ t♦ ✜♥❞ t❤❡ ♥❡✐❣❤❜♦rs ✐♥ ❝✉rr❡♥t ❧❛②❡r✳
❍♦✇❡✈❡r s✐♥❝❡ t❤❡ ✜rst ❧❛②❡r ✇✐❧❧ ❝♦♥s✐st ♦❢ ❜♦t❤ t❡rr❛✐♥ ❛♥❞ t❤❡ ❣r✐❞✱ ✇❡ ❝❛♥✬t s✐♠♣❧② r❡t✉r♥
s✉rr♦✉♥❞✐♥❣ ♣✐①❡❧s ♦❢ t❤❡ t❡①t✉r❡ st♦r✐♥❣ s✉❝❤ ❧❛②❡r✳ ❚♦ s♦❧✈❡ t❤✐s ♣❛rt✐❛❧❧② ✇❡ ❝❛♥ ♣❛ss
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a) b) c)

❋✐❣✉r❡ ✸✳✶✵✿ ❛✮ s♣❛❝❡ ❛rr❛♥❣❡♠❡♥t ♦❢ s❤❛❞❡❞ ✸❉ t❡rr❛✐♥ ✭r❡❞✮ ✇✐t❤ ❣r❡❡♥ ❣r✐❞ ♦♥ t❤❡ t♦♣✳ ❜✮ Pr♦✲
❥❡❝t✐♦♥ ♦❢ ♦❜❥❡❝ts ✐♥ ❛✮✳ ❝✮ ❚❖❉❖✿

t❤❡ componentID ❛❧♦♥❣ ✇✐t❤ t❤❡ ❝♦❧♦✉r ❛♥❞ ♥♦r♠❛❧ t♦ t❤❡ s❤❛❞❡r✳ ❚❤✐s ✇✐❧❧ s♦❧✈❡ t❤❡ ❝❛s❡s
✇❤❡r❡ ❛❧❧ t❤❡ ♥❡✐❣❤❜♦r✐♥❣ ♣✐①❡❧s ❤❛✈❡ t❤❡ s❛♠❡ ❝♦♠♣♦♥❡♥t ■❉✳ ■♥ ❝❛s❡ ♦❢ ❞✐✛❡r❡♥t ❝♦♠♣♦♥❡♥t
■❉ ✇❡ ❝❛♥✬t ❢❡t❝❤ t❤❡ tr✉❡ ♥❡✐❣❤❜♦r ♦♥ t❤❡ s✉r❢❛❝❡ s✐♥❝❡ ✇❡ ❤❛✈❡ ♥♦ ✇❛② ❤♦✇ t♦ tr❛✈❡rs❡ ❛❧❧
t❤❡ ❧❛②❡rs✳ ❲❡ ❝❛♥ tr② t♦ ❣✉❡ss t❤❡ ❝✉r✈❛t✉r❡ ❜❛s❡❞ ♦♥ t❤❡ ♦t❤❡r ♥❡✐❣❤❜♦rs ❜✉t ✇❡ ❞♦ ♥♦t
❦♥♦✇ ✐❢ t❤❡ s✉r❢❛❝❡ r❡❛❧❧② ❝♦♥t✐♥✉❡s ✐♥ t❤❛t ❞✐r❡❝t✐♦♥✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✇✐❧❧ t❤❡r❡❢♦r❡ ♣r♦❞✉❝❡
❛rt✐❢❛❝ts ❛❧♦♥❣ t❤❡ ❡❞❣❡s ✐❢ ❝✉r✈❛t✉r❡ ✐s ✉s❡❞✳

❲❡ ❝♦✉❧❞ ♠♦❞✐❢② t❤❡ ❛❧❣♦r✐t❤♠ t♦ r❡♥❞❡r t♦ ❞✐✛❡r❡♥t t❡①t✉r❡ ❢♦r ❡✈❡r② ♣❡❡❧✐♥❣ ♣❛ss ❜✉t
t❤✐s ✇♦✉❧❞ ♥♦t ❤❡❧♣ ✉s ✐♥ ❝❛s❡s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✸✳✶✶ ❝✮ s✐♥❝❡ ✇❡ ✇♦✉❧❞ st✐❧❧ ♥❡❡❞ t♦ ❝❤♦♦s❡
❜❡t✇❡❡♥ s❡✈❡r❛❧ ❢r❛❣♠❡♥ts ✇✐t❤ t❤❡ s❛♠❡ componentID✳ ❚❤✐s ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ❛♣♣❧②✐♥❣
s♦♠❡ ❡②❡✲❞❡♣t❤ ❜❛s❡❞ ❤❡✉r✐st✐❝ ✇✐t❤ ✉s❡ ♦❢ ❞②♥❛♠✐❝ ♥✉♠❜❡r ♦❢ ❛❧❧♦❝❛t❡❞ t❡①t✉r❡s ❣✐✈❡♥ ❜②
♥✉♠❜❡r ♦❢ ❧❛②❡rs✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ♥♦t r❡❛❧❧② ✐♥t✉✐t✐✈❡ t♦ ✐♠♣❧❡♠❡♥t ❛♥❞ ✇♦✉❧❞ r❡q✉✐r❡ ♠❛❥♦r
❝❤❛♥❣❡ ✐♥ t❤❡ ❛❧❣♦r✐t❤♠ ✲ st♦r✐♥❣ ❡✈❡r② ❧❛②❡r s❡♣❛r❛t❡❧②✳

▼♦❞✉❧❛t✐♦♥ ❜② ❉✐st❛♥❝❡ ❇❡t✇❡❡♥ ❙❛♠♣❧❡s ❛❧♦♥❣ t❤❡ ❱✐❡✇✐♥❣ ❘❛②

❲❤✐❧❡ ✐♥ ❛❧❧ ♦t❤❡r ♣r❡s❡♥t❡❞ ❝❛s❡s t❤❡ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s t❤❡ s❛♠❡ ❢♦r t❤❡
♦r✐❣✐♥❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣ ❛♥❞ ❞✉❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣✱ ✇❡ ♥❡❡❞ t♦ ✉s❡ t❤❡ ♦r✐❣✐♥❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣ t♦
❛❝❤✐❡✈❡ t❤❡ ♠♦❞✉❧❛t✐♦♥ ❜② ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❧❛②❡r s❛♠♣❧❡s✳

❲❤❡♥ ♣❡❡❧✐♥❣ t❤❡ ❧❛②❡rs ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣ ✇❡ ❞♦ ✐t ✐♥ ❢r♦♥t t♦ ❜❛❝❦ ♠❛♥♥❡r✳
❚❤❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❧❛st ❧❛②❡r ✐s ❝♦♠♣✉t❡❞ ❛s✿

Distance(i) = |si.depth− sj .depth|

✇❤❡r❡ si ✐s t❤❡ ❝✉rr❡♥t s❛♠♣❧❡ ❛♥❞ sj ✐s t❤❡ s❛♠♣❧❡ ♦❢ ♣r❡✈✐♦✉s❧② ♣❡❡❧❡❞ ❧❛②❡r✳ ❲❡ ❞♦ ♥♦t
❡✈❡♥ st♦r❡ t❤❛t ✐♥❢♦r♠❛t✐♦♥ ❡①♣❧✐❝✐t❧② ❛❧♦♥❣ ✇✐t❤ t❤❡ ❝♦❧♦✉r s✐♥❝❡ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐s st♦r❡❞
✐♥ t❤❡ ❞❡♣t❤ ❜✉✛❡r t❤❛t ✇❡ ✉s❡❞ t♦ ♣❡❡❧ ❛✇❛② ♣r❡✈✐♦✉s❧② ♣r♦❝❡ss❡❞ ❧❛②❡rs✳

❊✈❡♥ t❤♦✉❣❤ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤✐s ✐s ✈❡r② s✐♠♣❧❡ ❛♥❞ str❛✐❣❤t❢♦r✇❛r❞ t❤❡r❡ ✐s ❛ ♣r♦❜❧❡♠
♦❢ ♥♦r♠❛❧✐③❛t✐♦♥ t❤❡ Distance ✈❛❧✉❡✳ ❚♦ ❞♦ t❤❛t ✇❡ ✇♦✉❧❞ ♥❡❡❞ t❤❡ ♠❛①✐♠✉♠ ❞✐st❛♥❝❡ ♦❢
t❤❡ ✇❤♦❧❡ ♣❡❡❧✐♥❣ ♣r♦❝❡ss ❜✉t s✐♥❝❡ ❞❡♣t❤ ♣❡❡❧✐♥❣ ❛❧❣♦r✐t❤♠s ❜❧❡♥❞ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ r❡s✉❧ts
❧❛②❡r ❜② ❧❛②❡r ✇❡ ❞♦ ♥♦t ❤❛✈❡ t❤❛t ✐♥❢♦r♠❛t✐♦♥ ✉♥t✐❧ t❤❡ ❛❧❣♦r✐t❤♠ ✜♥✐s❤❡s ✇❤✐❝❤ ✐s t♦♦ ❧❛t❡✳
❚❤❡ s✐♠♣❧❡st s♦❧✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜❧❡♠ ♠✐❣❤t ❜❡ ✉s❡r ❞❡✜♥❡❞ ❛♥❞ ❝♦♥tr♦❧❧❡❞ ✈❛❧✉❡ ✇❤✐❝❤ ✇♦✉❧❞
❤❛✈❡ t♦ ❜❡ ❛❞❥✉st❡❞ ❢♦r ❡❛❝❤ ♠♦❞❡❧ s❡♣❛r❛t❡❧②✳
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❚❤❡ ❞✉❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣ ❛❧❣♦r✐t❤♠ ✇♦✉❧❞ ❤❛✈❡ t♦ ❜❡ ♠♦❞✐✜❡❞ t♦ ♥♦t t♦ ❜❧❡♥❞ t❤❡ ❧❛②❡rs
♦♥ t❤❡ ✢② ✐♥ t❤❡ s❛♠❡ ♣❛ss ❛s t❤❡ ♣❡❡❧✐♥❣ ♦❝❝✉rs ❜✉t t♦ ✉s❡ ♦♥❡ ♠♦r❡ t❡①t✉r❡ t♦ st♦r❡ t❤❡
r❡s✉❧t✳ ■❢ ❧❛②❡rs ❛r❡ ✐♥❞❡①❡❞ ✐♥ ❢r♦♥t t♦ ❜❛❝❦ ♠❛♥♥❡r✱ r❡s✉❧ts ♦❢ ❧❛②❡r li ✇♦✉❧❞ ❤❛✈❡ t♦ ❜❧❡♥❞❡❞
t♦ ♣r❡✈✐♦✉s❧② ♣r♦❝❡ss❡❞ ❧❛②❡rs ✐♥ t❤❡ ♣❡❡❧✐♥❣ ♦❢ t❤❡ ♥❡①t ❧❛②❡r li−1✱ ✇❤❡♥ Distance ❜❡t✇❡❡♥
li ❛♥❞ li−1 ✐s ❦♥♦✇♥✳

▼♦❞✉❧❛t✐♦♥ ❜② ❉✐st❛♥❝❡ ❢r♦♠ ■♠♣♦rt❛♥t ❙❤❛♣❡ ❋❡❛t✉r❡s ✐♥ t❤❡ ▲❛②❡r

❚❤✐s ✐s t❤❡ ♠♦st ♣r♦❜❧❡♠❛t✐❝ ❝❛s❡ ♦❢ t❤❡ ♣❡❡❧✐♥❣ ♠❡t❤♦❞s ❢✉♥❝t✐♦♥❛❧✐t② ❡①t❡♥s✐♦♥✳ ❆s
✇❡ ❤❛✈❡ s❡❡♥ ✐♥ ❝❛s❡ ♦❢ ♠♦❞✉❧❛t✐♦♥ ❜② ❞✐✛❡r❡♥❝❡s ✐♥ s❤❛♣❡ ✜♥❞✐♥❣ t❤❡ ❝♦rr❡❝t ♥❡✐❣❤❜♦rs ♦❢
t❤❡ s❛♠❡ s✉r❢❛❝❡ ✐s ❞✐✣❝✉❧t ❛♥❞ ♥♦♥✲✐♥t✉✐t✐✈❡ t❛s❦ r❡q✉✐r✐♥❣ ♠❛❥♦r ❝❤❛♥❣❡s ♦❢ t❤❡ ♦r✐❣✐♥❛❧
❛❧❣♦r✐t❤♠✳ ❘❡❛s♦♥ ❢♦r t❤❛t ✐s t❤❛t ❢♦r s✉❝❝❡ss❢✉❧ ❞✐✛✉s✐♦♥ ♦❢ t❤❡ ❞✐st❛♥❝❡ ✐♥❢♦r♠❛t✐♦♥ ✇❡ ❞♦
♥❡❡❞ t♦ ❦♥♦✇ t❤❡ r❡❛❧ ♥❡✐❣❤❜♦rs ♦♥ t❤❡ s✉r❢❛❝❡✱ ♥♦t t❤❡ ♥❡✐❣❤❜♦rs ✐♥ t❤❡ ♣❡❡❧❡❞ ❧❛②❡r✳

❙❡❝♦♥❞ ♣r♦❜❧❡♠ ✐s t♦ s✉❝❝❡ss❢✉❧❧② ❞❡t❡❝t ❞❡s✐r❡❞ ✐♠❛❣❡ ❢❡❛t✉r❡s✱ t❤❡ s✐❧❤♦✉❡tt❡ ✐♥ t❤✐s
❝❛s❡✳ ❚❤✐s ♣r♦❜❧❡♠ ✇❛s ❛❞❞r❡ss❡❞ ❜② ◆✐❡♥❤❛✉s ❛♥❞ ❉ö❧❧♥❡r ✐♥ s❡❛r❝❤ ❢♦r ❛ ♠❡t❤♦❞ t♦
✜♥❞ ♦❜❥❡❝t ❜❧✉❡♣r✐♥ts ✉s✐♥❣ ❞❡♣t❤ ♣❡❡❧✐♥❣❬✷✵❪✳ ❚❤❡② ❤❛✈❡ ❝♦♠❜✐♥❡❞ t❤❡ ❞❡♣t❤ ♥♦r♠❛❧ ✇✐t❤
♥♦r♠❛❧ ❜✉✛❡r t♦ ❝r❡❛t❡ t❤❡ ❡❞❣❡ ♠❛♣ ✉s✐♥❣ ❞✐s❝♦♥t✐♥✉✐t✐❡s ✐♥ t❤❡ ❞❡♣t❤ ❛♥❞ ♥♦r♠❛❧s t♦ ✜♥❞
t❤❡ ✈✐s✐❜❧❡ ❡❞❣❡s✳ ❚❤❡ ♥♦♥✲✈✐s✐❜❧❡ ❡❞❣❡s ❜❡❝♦♠❡ ✈✐s✐❜❧❡ ❛❢t❡r ♦❝❝❧✉❞✐♥❣ ❣❡♦♠❡tr② ✐s ♣❡❡❧❡❞
✉s✐♥❣ t❤❡ ❞❡♣t❤ ♣❡❡❧✐♥❣ ♠❡❝❤❛♥✐s♠✳

■♥ ❝❛s❡ ♦❢ t❤❡ ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ ❜② t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❝❧♦s❡st s✐❧❤♦✉❡tt❡ ♦❢ t❤❡ s❛♠❡
s✉r❢❛❝❡✱ ✇❡ ♥❡❡❞ t♦ s♣r❡❛❞ t❤❡ ❞✐st❛♥❝❡ ✐♥❢♦r♠❛t✐♦♥ ♦✈❡r t❤❡ ❧❛②❡r ✜rst✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡
♣r♦❜❧❡♠ ✇✐t❤ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ tr✉❡ ♥❡✐❣❤❜♦rs ♦♥ t❤❡ s✉r❢❛❝❡✱ t❤✐s ♣r♦❜❧❡♠ ❜❡❝♦♠❡s ✐♥❤❡r❡♥t❧②
❞✐✣❝✉❧t✳ ■❢ ✇❡ ❢♦r ♥♦✇ t❤✐♥❦ ♦❢ t❤❡ ♥❡✐❣❤❜♦rs ❧♦❝❛t✐♦♥ ✐ss✉❡ ❛s s♦❧✈❡❞ ✇❡ ❝♦✉❧❞ s♣r❡❛❞ t❤❡
❞✐st❛♥❝❡ ✐♥❢♦r♠❛t✐♦♥ ✉s✐♥❣ ♠❡t❤♦❞ ♣r❡s❡♥t❡❞ ❜② ❘♦♥❣ ❛♥❞ ❚❛♥ ❝❛❧❧❡❞ t❤❡ ❥✉♠♣ ✢♦♦❞✐♥❣ ❬✷✶❪✳
❏✉♠♣ ✢♦♦❞✐♥❣ ❛❧❧♦✇s t♦ s♣r❡❛❞ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ s❡❡❞s ✭t❤❡ s✐❧❤♦✉❡tt❡ ✐♥ ♦✉r
❝❛s❡✮ ✐♥ logn st❡♣s ❣✐✈❡♥ t❤❡ n× n ❣r✐❞ s✐③❡✳

❆s ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r✱ t❤✐s ❦✐♥❞ ♦❢ ♠♦❞✉❧❛t✐♦♥ ✐s ♠✉❝❤
♠♦r❡ ❡❛s✐❡r t♦ ✐♠♣❧❡♠❡♥t ❛♥❞ ❝♦♠♣r❡❤❡♥❞ t❤❛♥ ✐♥ ❝❛s❡ ♦❢ ♣❡❡❧✐♥❣ ❛❧❣♦r✐t❤♠s✳ ❚❤❡r❡❢♦r❡ ✇❡
❞♦ ♥♦t ❛❞✈✐s❡ ✉s✐♥❣ t❤❡ ❞❡♣t❤ ♣❡❡❧✐♥❣ ✐♥ t❤✐s ❝❛s❡✳

❲❡ ❤❛✈❡ ❛❧s♦ ❞✐s❝✉ss❡❞ t❤❡ s✐❧❤♦✉❡tt❡ ❡♥❤❛♥❝❡♠❡♥t t❡❝❤♥✐q✉❡✱ ✇❤✐❝❤ r❡q✉✐r❡s ❦♥♦✇❧❡❞❣❡
♦❢ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ s✐❧❤♦✉❡tt❡ ♦❢ ♦❝❝❧✉❞✐♥❣ ❧❛②❡r ❛❜♦✈❡ t❤❡ ❝✉rr❡♥t ❧❛②❡r ✭♣❧❡❛s❡ s❡❡ t❤❡
❈❤❛♣t❡r ✷ t♦ r❡❝❛❧❧ t❤❡ s✐❧❤♦✉❡tt❡ ❡♥❤❛♥❝❡♠❡♥t✮✳ ❚r②✐♥❣ t♦ ✐♠♣❧❡♠❡♥t s✉❝❤ ❢❡❛t✉r❡ ✇✐t❤
❞❡♣t❤ ♣❡❡❧✐♥❣ ✐s ❛❧s♦ ♥♦t ❛❞✈✐s❡❞ ❢♦r t❤❡ s❛♠❡ r❡❛s♦♥s✳

✸✳✸ P❡r P✐①❡❧ ▲✐♥❦❡❞ ▲✐sts

P❡r ♣✐①❡❧ ❧✐♥❦❡❞ ❧✐sts ❛r❡ ❢❛st ❛♥❞ ✐♥t✉✐t✐✈❡ ♠❡t❤♦❞ t♦ s♦❧✈❡ t❤❡ ❖■❚✳ ■t ✐s ❤♦✇❡✈❡r ❝❧❡❛r t❤❛t
✇✐t❤♦✉t ❡①t❡♥❞✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ t♦ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ✐t ✐s ♥♦t ❛♣♣❧✐❝❛❜❧❡ ❢♦r ❛♥② ❦✐♥❞
♦❢ ♠♦❞✉❧❛t✐♦♥ t❤❛t r❡q✉✐r❡s t❤❡ ❢r❛❣♠❡♥t ♥❡✐❣❤❜♦rs t♦ ♠♦❞✉❧❛t❡ t❤❡ ♦♣❛❝✐t②✳

▼♦❞✉❧❛t✐♦♥ ❜② ❉✐✛❡r❡♥❝❡s ✐♥ ❙❤❛♣❡



✷✽ ❈❍❆P❚❊❘ ✸✳ ❆◆❆▲❨❙■❙ ❖❋ ❈❖▼P❆❘❊❉ ▼❊❚❍❖❉❙

pj s0 si si+1 si+2 sn

Distance(i)

SkipDistance(0,i+2)

❋✐❣✉r❡ ✸✳✶✶✿ ❙❛♠♣❧❡s ❛❧♦♥❣ t❤❡ ✈✐❡✇ r❛② ❛♥❞ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ t❤❡♠ ✐♥ ❝❛♠❡r❛ s♣❛❝❡✳ ❉✐st❛♥❝❡✭✐✮
s❤♦✇s ❛ ❞✐st❛♥❝❡ t♦ t❤❡ ♥❡①t ❧❛②❡r ✐♥ ❢r♦♥t t♦ ❜❛❝❦ ♠❛♥♥❡r ❛♥❞ ❙❦✐♣❉✐st❛♥❝❡✭✐✱❦✮ ✐s ❛ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥
s❛♠♣❧❡s si, sk✳

❚❤✐s ✐s t❤❡ ✜rst ❝❛s❡ ✇❤✐❝❤ ♣❡r ♣✐①❡❧ ❧✐♥❦❡❞ ❧✐sts ❛r❡ t♦ s✐♠♣❧❡ t♦ ❝♦✈❡r✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡
♥♦ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ♥❡✐❣❤❜♦r✐♥❣ ❢r❛❣♠❡♥ts ♦❢ t❤❡ s❛♠❡ s✉r❢❛❝❡✱ ✇❡ ❝❛♥♥♦t ❞✐✛❡r❡♥t✐❛t❡
s✉rr♦✉♥❞✐♥❣ ♥♦r♠❛❧s t♦ ❝♦♠♣✉t❡ t❤❡ ❝✉r✈❛t✉r❡ ✈❛❧✉❡✳

❍♦✇❡✈❡r t❤❡ ❝❛s❡ ♠✐❣❤t ♥♦t ❜❡ ❧♦st ❡♥t✐r❡❧②✳ ❲❡ st✐❧❧ ❝♦✉❧❞ ✉s❡ t❤❡ ✐❧❧✉♠✐♥❛t✐♦♥✲❜❛s❡❞

✐♠♣♦rt❛♥❝❡ t♦ ♠♦❞✉❧❛t❡ ♦♣❛❝✐t② ❜② t❤❡ s❤❛♣❡ ❞✐✛❡r❡♥❝❡s❬✶✹❪✳ ❊✈❡♥ ✇❡ ✇✐❧❧ ♥♦t ❣❡t ✐❞❡♥t✐❝❛❧
r❡s✉❧ts✱ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦ s❡❡ t❤❡ s❤❛♣❡ ❞✐✛❡r❡♥❝❡s t❤❛♥❦s t♦ ✐ts s❤❛❞✐♥❣ ❝♦♠♣✉t❡❞ ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ❡②❡ ✈❡❝t♦r✳ P❧❛❝❡s ♦❢ ❤✐❣❤❡st ❧✐❣❤t✐♥❣ ✐♥t❡♥s✐t✐❡s ✇✐❧❧ ❤❛✈❡ t❤❡ ❤✐❣❤❡st ♦♣❛❝✐t②✳

❋♦r ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ♣❡r ♣✐①❡❧ ❧✐♥❦❡❞ ❧✐sts ❝❛♣❛❜❧❡ ♦❢ t❤✐s ❦✐♥❞ ♦❢ ♠♦❞✉❧❛t✐♦♥ ♣r♦♣❡r❧②
♣❧❡❛s❡ r❡❢❡r t♦ t❤❡ ♥❡①t s❡❝t✐♦♥ ✇❤❡r❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ✐s ❞✐s❝✉ss❡❞✳

▼♦❞✉❧❛t✐♦♥ ❜② ❉✐st❛♥❝❡ ❇❡t✇❡❡♥ ❙❛♠♣❧❡s ❛❧♦♥❣ t❤❡ ❱✐❡✇✐♥❣ ❘❛②

●r❡❛t ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❧✐♥❦❡❞ ❧✐sts str✉❝t✉r❡ ✐s t❤❛t ✇❡ ❝❛♥ tr❛✈❡rs❡ t❤❡ ❧✐st ❛♥②t✐♠❡ ✇❡
♥❡❡❞ t♦ ❛❢t❡r ✐t ✐s ❝r❡❛t❡❞✳ ❚❤✐s ❞♦❡s ♥♦t ❛♣♣❧② ❢♦r t❤❡ ❞❡♣t❤ ♣❡❡❧✐♥❣ ♠❡t❤♦❞s✳ ❚❤✐s ❢❛❝t
❜❡❝♦♠❡s ✐♠♣♦rt❛♥t ✇❤❡♥ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❧❛②❡rs t❤❛t ❛r❡ ♥♦t s✉❝❝❡ss✐✈❡✳

Distance(i) = |si.depth− si−1.depth|

SkipDistance(i, j) = |si.depth− sj .depth|

❲❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ❉✐st❛♥❝❡✭✐✮ ✈❛❧✉❡ ✐♥ t❤❡ s♦rt✐♥❣ ♣❛ss s✐♥❝❡ ✇❡ ❛❧r❡❛❞② ❤❛✈❡ ❧♦❛❞❡❞
♣♦✐♥t❡rs t♦ ♠❡♠♦r② t♦ ❡❛❝❤ s❛♠♣❧❡ ❛❧♦♥❣ t❤❡ r❛② ❛♥❞ ✐t ✇✐❧❧ ❜❡ ♠♦r❡ ❡✛❡❝t✐✈❡ ❞✉❡ t♦ ❝❛s❤✐♥❣✳
❙❛♠♣❧❡s ♥❡❡❞ t♦ ❜❡ s♦rt❡❞ ✜rst ♦❢ ❝♦✉rs❡✳ ❍♦✇❡✈❡r ✐♥ ❣❡♥❡r❛❧ ❝❛s❡ r❡♣r❡s❡♥t❡❞ ❜② ❙❦✐♣❉✐s✲

t❛♥❝❡✭✐✱❥✮ ✇❤❡r❡ ❢♦r si, sj ❛♣♣❧✐❡s t❤❛t |i − j| > 1 t❤✐s ❝♦✉❧❞♥✬t ❜❡ s♦❧✈❡❞ ❜② ♦r✐❣✐♥❛❧ ❞❡♣t❤
♣❡❡❧✐♥❣ ♥♦r t❤❡ ❞✉❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣✳ ■♥ ❝❛s❡ ♦❢ t❤❡ ❧✐♥❦❡❞ ❧✐st ✇❡ ♥❡❡❞ ❥✉st ♦♥❡ tr❛✈❡rs❡ ♦❢ t❤❡
❧✐st t♦ ❣❡t ❞✐st❛♥❝❡s ♦r✐❣✐♥❛t✐♥❣ ✐♥ si t♦ ❛❧❧ s❛♠♣❧❡s sj ✇❤❡r❡ j > i✳
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▼♦❞✉❧❛t✐♦♥ ❜② ❉✐st❛♥❝❡ ❢r♦♠ ■♠♣♦rt❛♥t ❙❤❛♣❡ ❋❡❛t✉r❡s ✐♥ t❤❡ ▲❛②❡r

❚❤✐s ❢❡❛t✉r❡ ❝❛♥♥♦t ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣ ♦♥❧② ❝♦♥❝✉rr❡♥t ❧✐♥❦❡❞ ❧✐sts✳ P❧❡❛s❡ r❡❢❡r t♦
t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ✇❤✐❝❤ ❡♥❛❜❧❡s tr❛✈❡rs✐♥❣ ♥♦t ♦♥❧② t❤❡ ❧✐st ❛❧♦♥❣ t❤❡ ✈✐❡✇ r❛② ❜✉t ❛❧s♦
t♦ t❤❡ ♥❡✐❣❤❜♦r✐♥❣ ❢r❛❣♠❡♥ts ♦❢ t❤❡ s❛♠❡ s✉r❢❛❝❡ ❛s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✸✳✶✷✳

✸✳✸✳✶ ❚❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r

nbLi

nbRi

nbTi

nbBi

Si

❋✐❣✉r❡ ✸✳✶✷✿ ❊✈❡r② ❢r❛❣♠❡♥t si ❤❛s ❢♦✉r ♣♦✐♥t❡rs nbTi, nbRi, nbBi, nbLi t♦ ✐ts ❣❡♦❞❡s✐❝ ♥❡✐❣❤❜♦r ✐♥
t❤❡ t♦♣✱ r✐❣❤t✱ ❜♦tt♦♠ ❛♥❞ ❧❡❢t ❞✐r❡❝t✐♦♥✱ ✐❢ s✉❝❤ ♥❡✐❣❤❜♦r ❡①✐sts✳ ❋r❛❣♠❡♥t si st✐❧❧ ❤❛s t❤❡ ♣♦✐♥t❡r t♦
♥❡①t ❢r❛❣♠❡♥t ❛❧♦♥❣ t❤❡ ✈✐❡✇ r❛②✱ ✐t ✐s ♥♦t ✈✐s✉❛❧✐③❡❞ ❤❡r❡ ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✳

■♥ s♦❧✈✐♥❣ ❖■❚ ♣r♦❜❧❡♠ ✇✐t❤ ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ ❜❛s❡❞ ♦♥ ♥♦♥ ❧♦❝❛❧ tr❛♥s♣❛r❡♥❝② ♠❡t❤♦❞s
✇❡ ✜♥❞ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r t♦ ❜❡ t❤❡ ❜❡st ♦❢ ♣r❡s❡♥t❡❞ ♠❡t❤♦❞s✳ ❚❤✐s s❡❝t✐♦♥ ❡①♣❧❛✐♥s
❤♦✇ ✇❡ ❝❛♥ ✉s❡ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r t♦ ❡①♣❧♦r❡ ✇❤❛t ❤❛♣♣❡♥s ♥♦t ♦♥❧② ✐♥ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
❝✉rr❡♥t ❢r❛❣♠❡♥t ❜✉t ❛❧s♦ ✐♥ ♣r♦♣❡rt✐❡s ♦❢ ✐ts s✉rr♦✉♥❞✐♥❣s ❛❧♦♥❣ t❤❡ s✉r❢❛❝❡✳

▼♦❞✉❧❛t✐♦♥ ❜② ❉✐✛❡r❡♥❝❡s ✐♥ ❙❤❛♣❡

●✐✈❡♥ t❤❡ ❝♦♥str✉❝t❡❞ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ✐t ✐s ❡❛s② t♦ ❛❝❤✐❡✈❡ t❤✐s ❦✐♥❞ ♦❢ ♠♦❞✉❧❛t✐♦♥✳
❆❧❧ ✇❡ ❤❛✈❡ t♦ ❞♦ ✐s t♦ ❢❡t❝❤ ♥❡✐❣❤❜♦rs ✐♥❞✐❝❡s ♦❢ t❤❡ ❝✉rr❡♥t ❢r❛❣♠❡♥t ❛♥❞ ❢❡t❝❤ t❤❡✐r ♥♦r♠❛❧s
❢r♦♠ t❤❡ ❢r❛❣❉❛t❛ ❜✉✛❡r ❛s ✇❡❧❧✱ ❛s s❤♦✇♥ ✐♥ ❛❧❣♦r✐t❤♠ ✼✳

▼♦❞✉❧❛t✐♦♥ ❜② ❉✐st❛♥❝❡ ❇❡t✇❡❡♥ ❙❛♠♣❧❡s ❛❧♦♥❣ t❤❡ ❱✐❡✇✐♥❣ ❘❛②

❙✐♥❝❡ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ✐s ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♣❡r ♣✐①❡❧ ❧✐♥❦❡❞ ❧✐sts ❛❧❣♦r✐t❤♠ ✇❤✐❝❤
❛❧r❡❛❞② s♦❧✈❡❞ t❤✐s ✐ss✉❡ ♣❧❡❛s❡ r❡❢❡r t♦ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❞❡s❝r✐❜✐♥❣ t❤❡ ♠❡❝❤❛♥✐s♠ ✐♥❤❡r✐t❡❞
❜② ■❧❧✉str❛t✐♦♥ ❇✉✛❡r✳
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❆❧❣♦r✐t❤♠ ✼✿ ❈♦♠♣✉t✐♥❣ ❝✉r✈❛t✉r❡ ❢r♦♠ ❣❡♦❞❡s✐❝ ♥❡✐❣❤❜♦rs ♥♦r♠❛❧s ♦❢ ❢r❛❣♠❡♥t fi
❉❛t❛✿ ❝✉rr❡♥t ❢r❛❣♠❡♥t fi ❛♥❞ ✐ts ♥♦r♠❛❧ n
❘❡s✉❧t✿ Curvature = |~n− ~a|+ |~n−~b|+ |~n− ~c|+ |~n− ~d|

✶ ✈❡❝✹ ♥❡✐❣❤❜♦rs ❂ ❣❡t◆❡✐❣❤❜♦rs✭❢r❛❣❉❛t❛✱ ✐✮❀
✷ ✢♦❛t ❈✉r✈❛t✉r❡ ❂ ✵❀
✸ ❢♦r ✐♥t ❥ ❂ ✵❀ ❥ ❁ ✹❀ ❥✰✰ ❞♦
✹ ✐❢ ❡①✐sts✭♥❡✐❣❤❜♦rs❬❥❪✮ t❤❡♥
✺ ♥❡✐❣❤❜♦r❉❛t❛ ❂ ❣❡t❉❛t❛✭❢r❛❣❉❛t❛✱ ♥❡✐❣❤❜♦rs❬❥❪✮❀
✻ ✈❡❝✸ ♥❡✐❣❤❜♦r◆♦r♠❛❧ ❂ ❣❡t◆♦r♠❛❧✭♥❡✐❣❤❜♦r❉❛t❛✮❀

✼ ❈✉r✈❛t✉r❡ ✰❂ ⑤~n− ~neighborNormal⑤❀

✽ ❡♥❞

✾ ❡♥❞
✶✵ r❡t✉r♥ s❛t✉r❛t❡✭❈✉r✈❛t✉r❡✮❀ ✴✴P❧❡❛s❡ r❡❢❡r t♦ t❤❡ ❚❤❡♦r❡t✐❝❛❧ ❇❛❝❦❣r♦✉♥❞ ❈❤❛♣t❡r ❢♦r

❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ s❛t✉r❛t❡ ❢✉♥❝t✐♦♥✳

▼♦❞✉❧❛t✐♦♥ ❜② ❉✐st❛♥❝❡ ❢r♦♠ ■♠♣♦rt❛♥t ❙❤❛♣❡ ❋❡❛t✉r❡s ✐♥ t❤❡ ▲❛②❡r

❋✐❣✉r❡ ✸✳✶✸✿ ❋r❛❣♠❡♥t ♦❢ t❤❡ s✐❧❤♦✉❡tt❡ ✭r❡❞✮✱ ❢r❛❣♠❡♥t ♦❝❝❧✉❞❡❞ ❜② s✐❧❤♦✉❡tt❡ ✭❣r❡❡♥✮ ❛♥❞ ✐ts
♥❡✐❣❤❜♦r✐♥❣ ❢r❛❣♠❡♥t ♥♦t ♦❝❝❧✉❞❡❞ ❜② ❛❜♦✈❡ s✉r❢❛❝❡ ✭❜❧✉❡✮✳

▼❡t❤♦❞ ❞❡s❝r✐❜❡❞ ❜② ❈❛r♥❡❝❦② t♦ ♠♦❞✉❧❛t❡ t❤❡ ♦♣❛❝✐t② ❜② t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ s✉r✲
❢❛❝❡ s✐❧❤♦✉❡tt❡s❬✶✷❪ ✉s❡s t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r str✉❝t✉r❡✳ ❚r❛♥s♣❛r❡♥❝② ✜❡❧❞ β ✐s ✐♥tr♦❞✉❝❡❞
t♦ ❤❛✈❡ ❤✐❣❤ ✈❛❧✉❡s ❛t s✉r❢❛❝❡ s✐❧❤♦✉❡tt❡s ❢❛❧❧✐♥❣ ♦✛ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ s✐❧❤♦✉✲
❡tt❡✳ ❇✐♥❛r② ✈❛❧✉❡ bβ ✐s t❤❡♥ ✉s❡❞ t♦ ✐❞❡♥t✐❢② t❤❡ ❜♦✉♥❞❛r② ❢r❛❣♠❡♥ts ❛♥❞ ✐s t❤❡r❡❢♦r❡ s❡t
t♦ ✵ ❢♦r t❤❡ ❜♦✉♥❞❛r② ❢r❛❣♠❡♥ts ❛♥❞ ✶ ❡❧s❡✇❤❡r❡✳ ❆s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✇❡ s❡t β = 1 ❛♥❞
bβ ❢♦r ❢r❛❣♠❡♥ts ✇✐t❤ ❧❡ss t❤❛♥ ❢♦✉r ♥❡✐❣❤❜♦rs ✭r❡❞ ❢r❛❣♠❡♥t ✐♥ ✜❣✉r❡ ✸✳✶✸✮✳ ■❢ ❢r❛❣♠❡♥t ✐s
♦❝❝❧✉❞❡❞ ❜② ❛ s✐❧❤♦✉❡tt❡ ✇❡ s❡t β = 0 ❛♥❞ bβ = 0 ❛♥❞ ✇❡ s❡t β = 0, bβ = 1 ❢♦r ❛❧❧ ♦t❤❡r
♣✐①❡❧s✳ ❚❤♦s❡ ✈❛❧✉❡s ❛r❡ st♦r❡❞ ❛s ❝✉st♦♠ ❢r❛❣♠❡♥t ♣r♦♣❡rt✐❡s ✐♥ ❢r❛❣❉❛t❛ ❜✉✛❡r✳ ❚♦ s♣r❡❛❞
t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s ♦❢ β ❛♥❞ bβ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s ❛r❡ ♣r❡s❡♥t❡❞❬✶✷❪ ✲ ♣❤②s✐❝❛❧ ❛♥❞ ♥♦♥✲♣❤②s✐❝❛❧
❛♣♣r♦①✐♠❛t✐♦♥✿

∂

∂t
β = λβ∆β ✭✸✳✶✮

❋✐rst ✐s ♣❤②s✐❝❛❧❧② ♠♦t✐✈❛t❡❞ ♣r♦❝❡ss ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❞✐✛✉s✐♦♥ ❞❡✜♥❡❞ ❛s ✭✸✳✶✮ ✇✐t❤ ❛ ❞✐❢✲
❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t λα✳ ▲♦❝❛❧ ♦♣❡r❛t♦r ✭✸✳✷✮ ✉s✐♥❣ ❛ ❢♦r✇❛r❞ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ✭✸✳✶✮ ✐s ✉s❡❞ t♦
✐♠♣❧❡♠❡♥t t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss✳ ❚❤❡ st❡❛❞② st❛t❡ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ✐s ♥♦t ♠❡t✱ ❢♦r✇❛r❞ ❞✐s✲
❝r❡t✐③❛t✐♦♥ ♣r♦❝❡ss ✐s st♦♣♣❡❞ ❛❢t❡r s♣❡❝✐✜❡❞ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✳
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βk+1 = βk + bβλβ∆βk ✭✸✳✷✮

■♥ ❡q✉❛t✐♦♥ ✭✸✳✷✮ s❡❝♦♥❞ ♦r❞❡r ❝❡♥tr❛❧ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ∆β ✐s ✉s❡❞✳
❙✐♥❝❡ ✇✐t❤♦✉t ❝♦♠♣✉t✐♥❣ t❤❡ ❡rr♦r ❡st✐♠❛t✐♦♥ t❤❡ ❝❡♥tr❛❧ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ♣r♦❞✉❝❡s ❡rr♦rs
t❤❛t ❛r❡ ♥♦t ✈✐s✉❛❧❧② ♣❧❛✉s✐❜❧❡ ✇❡ ✉s❡ ❞✐s❝r❡t❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ❢♦r ∆αk ❡st✐♠❛t✐♦♥ ❢r♦♠ ✽
s✉rr♦✉♥❞✐♥❣ ♥❡✐❣❤❜♦rs✳ P❧❡❛s❡ r❡❢❡r t♦ t❤❡ ❉❡s✐❣♥ ❛♥❞ ■♠♣❧❡♠❡♥t❛t✐♦♥ ❈❤❛♣t❡r ❢♦r ❞❡t❛✐❧s✳

❚❤✐s ♣r♦❝❡ss ✐s ❤♦✇❡✈❡r ♥♦t ✈❡r② ❡✛❡❝t✐✈❡ ❢♦r t❤❡ ❞✐✛✉s✐♦♥ ♦❢ α ♠♦❞✉❧❛t❡❞ ❜② ❞✐st❛♥❝❡
❢r♦♠ t❤❡ s✐❧❤♦✉❡tt❡s✳ P❧❡❛s❡ s❡❡ t❤❡ ❘❡s✉❧ts ❛♥❞ ❉✐s❝✉ss✐♦♥ ❈❤❛♣t❡r ❢♦r ❝♦♠♣❛r✐s♦♥ ✇✐t❤
❢♦❧❧♦✇✐♥❣ ♥♦♥✲♣❤②s✐❝❛❧ ♣r♦❝❡ss✿

βk+1 = max(βk,max(βk
neighbor)− λβ) ✭✸✳✸✮

nbRi

nbTi

nbBi

SiSj

❋✐❣✉r❡ ✸✳✶✹✿ ❈❛♥ ✇❡ s✐♠♣❧② ❛♥s✇❡r t❤❡
q✉❡st✐♦♥ ✬✐s si ❛♥❞ sj ♦♥ t❤❡ s❛♠❡ s✉r✲
❢❛❝❡❄✬ ❆♥s✇❡r ✐s ✉♥❢♦rt✉♥❛t❡❧② ♥❡❣❛t✐✈❡ ❛s
❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ t❡①t✳

❲❡ ❤❛✈❡ ❜❡❡♥ ❛❧s♦ ❡①❛♠✐♥✐♥❣ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢
✉s✐♥❣ ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ❏✉♠♣ ✢♦♦❞✐♥❣ ❛❧❣♦r✐t❤♠
✇❤✐❝❤ ✇♦✉❧❞ ❢♦r n× n ❣r✐❞ s✐③❡ ❞✐str✐❜✉t❡ t❤❡ ❞✐s✲
t❛♥❝❡ ✐♥ logn st❡♣s❬✷✶❪✳ ❚❤✐s ✐❞❡❛ ✐s ✉♥❢♦rt✉♥❛t❡❧②
♥♦t ❛♣♣❧✐❝❛❜❧❡ s✐♥❝❡ ✇❡ ❝❛♥♥♦t s✐♠♣❧② s♦❧✈❡ t❤❡
q✉❡r②✿ ✬✐s fi ♦❢ s❝r❡❡♥ ❝♦♦r❞✐♥❛t❡s ❦✱❧ ♥❡✐❣❤❜♦r
♦❢ fj ♦❢ s❝r❡❡♥ ❝♦♦r❞✐♥❛t❡s ♠✱♥❄✬✱ ✇❤✐❝❤ ✐s ✈✐t❛❧
q✉❡r② ❛s❦❡❞ ✐♥ ❡✈❡r② st❡♣ ♦❢ t❤❡ ❥✉♠♣ ✢♦♦❞✐♥❣ ❛❧❣♦✲
r✐t❤♠✳ ❙✐t✉❛t✐♦♥ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✶✹✳ Pr♦❜❧❡♠
✐s t❤❛t ✇❡ ✇♦✉❧❞ ❤❛✈❡ t♦ ❡♠♣❧♦② s♦♠❡ ♣❛t❤✜♥❞✐♥❣✷

t❡❝❤♥✐q✉❡ t♦ ❛♥s✇❡r t❤❛t q✉❡st✐♦♥ ✇❤✐❝❤ ✇♦✉❧❞ ❜❡
♠✉❝❤ ♠♦r❡ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡①♣❡♥s✐✈❡ t❤❛♥ ♣r❡✲
s❡♥t❡❞ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✳

❚❤❡ s✐❧❤♦✉❡tt❡ ❡♥❤❛♥❝❡♠❡♥t ❝❛♥ ❜❡ ✐♠♣❧❡✲
♠❡♥t❡❞ ✐♥ ✈❡r② s❛♠❡ ♠❛♥♥❡r ❛s t❤❡ β ✜❡❧❞✳ ❚❤❡
✜❡❧❞ γ ✭❝❛❧❧❡❞ t❤❡ ❤❛❧♦ ❤✐❣❤❧✐❣❤t ✜❡❧❞❬✶✷❪✮ ✐s t❤❡r❡✲
❢♦r❡ ✐♥tr♦❞✉❝❡❞ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❜✐♥❛r② ✈❛❧✉❡ bγ ✳ ❱❛❧✉❡ ♦❢ γ ✇✐❧❧ ❜❡ ❤✐❣❤ ♥❡❛r t❤❡ ♦❝❝❧✉❞✐♥❣
❡❞❣❡s ❛♥❞ ❢❛❧❧ ♦❢ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❞✐st❛♥❝❡ ❢r♦♠ s✉❝❤ ❡❞❣❡✳ γ = 0, bγ = 1 ❢♦r ❡✈❡r② ♦t❤❡r
❢r❛❣♠❡♥t✳ ❲❡ ❝❛♥ ✉s❡ t❤❡ ✈❡r② s❛♠❡ ❞✐✛✉s✐♦♥ ❛s ✇✐t❤ t❤❡ β ✜❡❧❞✿

γk+1 = max(γk,max(γkneighbor)− λγ) ✭✸✳✹✮

❯s❡r ❞❡✜♥❡❞ ✈❛r✐❛❜❧❡s λβ ❛♥❞ λγ ✐♥ ❡q✉❛t✐♦♥s ✸✳✸✱✸✳✹ ❛✛❡❝t t❤❡ ❢❛❧❧♦✛ ♦❢ t❤❡ β, γ ✈❛❧✉❡s
❛♥❞ r❡s✉❧ts ♦❢ s✉❝❤ ❛✛❡❝t✐♥❣ ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✺✳

❚♦ ✉s❡ t❤❡ ✈❛❧✉❡s ✇❡ ❤❛✈❡ s♣r❡❛❞ ♦✈❡r t❤❡ s✉r❢❛❝❡s ✇❡ ♥❡❡❞ t♦ ♠♦❞✐❢② t❤❡ ✐♠❛❣❡ ❝♦♠♣♦s✐✲
t✐♦♥ ❡q✉❛t✐♦♥s✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ❢r♦♥t t♦ ❜❛❝❦ ❜❧❡♥❞✐♥❣ ♣r♦❝❡❞✉r❡✱ ❝♦❧♦✉r c ❛s t❤❡ ✜♥❛❧ ♣✐①❡❧
❝♦❧♦✉r✱ ❝♦❧♦✉r ci ♦❢ ❝✉rr❡♥t ❢r❛❣♠❡♥t ❛♥❞ αi ✐s ❢r❛❣♠❡♥t ✐♥✐t✐❛❧ tr❛♥s♣❛r❡♥❝② ✭♥♦t ♦♣❛❝✐t②✮✱
t❤❡ ❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ♠♦❞✐✜❡❞ t♦ ❆❧❣♦r✐t❤♠ ✽✳

✷P❛t❤✜♥❞✐♥❣ ✐s ❛ ♠❡t❤♦❞ ♦❢ ✜♥❞✐♥❣ ❛ ♣❛t❤ ❢r♦♠ ❆ t♦ ❇ ✐♥ ❛ ❣r❛♣❤✳
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❋✐❣✉r❡ ✸✳✶✺✿ ❍❛❧❧♦ ❤✐❣❤❧✐❣❤t
✉s✐♥❣ ❛❧❣♦r✐t❤♠ ✽ ♣r♦❞✉❝❡s
❞❛r❦ ❤❛❧❧♦✳

❋✐❣✉r❡ ✸✳✶✻✿ ❍❛❧❧♦ ❤✐❣❤❧✐❣❤t
♣r♦❞✉❝❡❞ ❜② ❛❧❣♦r✐t❤♠ ✾
✇✐t❤ colourOfHaloHighlight
= white✳

❋✐❣✉r❡ ✸✳✶✼✿ ❙❛♠❡ ❛s ✐♥ ✜❣✉r❡
✸✳✶✻ ✇✐t❤ ❧❛st ❧❛②❡r ♦♣❛q✉❡✳

❆❧❣♦r✐t❤♠ ✽✿ ❈♦♠♣♦s✐t✐♦♥ ♦❢ ✜♥❛❧ ♣✐①❡❧ ❝♦❧♦✉r ✉s✐♥❣ ✜❡❧❞s β, γ
❉❛t❛✿ ❧✐♥❦❡❞ ❧✐st ❆
❘❡s✉❧t✿ ❈♦❧♦✉r ❝ ♦❢ ❛ ♣✐①❡❧

✶ c = 0
✷ α = 1
✸ ❢♦r ✐♥t ✐ ❂ ✵❀ ✐ ❁ s✐③❡✭❆✮❀ ✐✰✰ ❞♦
✹ α̂i = (1− γi)(αi + (1− αi)βi)
✺ c = c+ αα̂ici
✻ α = α(1− αi)

✼ ❡♥❞
✽ c = αcbackground

P❧❡❛s❡ ♥♦t❡ t❤❛t ❛❧❣♦r✐t❤♠ ✽ ♣r❡s❡♥t❡❞ ❜② ❈❛r♥❡❝❦②❬✶✷❪ ✐s ♥♦t ❝♦♠♣❧❡t❡ ❛♥❞ t❤❡ γ ✜❡❧❞
✇✐❧❧ ♥♦t ✇♦r❦ ♥♦t ♣r♦❞✉❝❡ ✐♠❛❣❡ t❤❛t ✇❛s ♣r❡s❡♥t❡❞ ✐♥ ❬✶✷❪✳ ❚❤❡ α̂i ✇✐❧❧ ❜❡ ❣♦✐♥❣ t♦ ③❡r♦ ❢♦r
❤✐❣❤ ❣❛♠♠❛ ✈❛❧✉❡s ❛♥❞ ♦♥ t❤❡ ❧✐♥❡ ✺ ✐t ✇✐❧❧ t❤❡r❡❢♦r❡ ♣r♦❞✉❝❡ ❞❛r❦ ❤❛❧♦ ❤✐❣❤❧✐❣❤t✱ ♥♦t ✇❤✐t❡
❛s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♣❛♣❡r✳ ❲❡ t❤❡r❡❢♦r❡ s✉❣❣❡st ❢♦❧❧♦✇✐♥❣ ❝❤❛♥❣❡ ✐♥ t❤❡ ❛❧❣♦r✐t❤♠ ✾✳ ❘❡s✉❧ts
♦❢ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ✉s✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ✽ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✶✺✱ ✇❤✐❧❡ r❡s✉❧t ♦❢ ❛❧❣♦r✐t❤♠
✾ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✶✻✳ ❚♦ ♣r♦❞✉❝❡ t❤❡ s❛♠❡ r❡s✉❧t ❛s ✐♥ ✜❣✉r❡ ✷✳✶✶ ✇❡ ❛❧s♦ s❡t t❤❡ ❧❛st
❧❛②❡r t♦ ❜❡ ❛❧✇❛②s ♦♣❛q✉❡ ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✉r❡ ✸✳✶✼✳

❆❧❣♦r✐t❤♠ ✾✿ ❈♦♠♣♦s✐t✐♦♥ ♦❢ ✜♥❛❧ ♣✐①❡❧ ❝♦❧♦✉r ✉s✐♥❣ ✜❡❧❞s β, γ
❉❛t❛✿ ❧✐♥❦❡❞ ❧✐st ❆
❘❡s✉❧t✿ ❈♦❧♦✉r ❝ ♦❢ ❛ ♣✐①❡❧

✶ c = 0
✷ α = 1
✸ ❢♦r ✐♥t ✐ ❂ ✵❀ ✐ ❁ s✐③❡✭❆✮❀ ✐✰✰ ❞♦
✹ c+ = γ ∗ colourOfHaloHighlight

✺ α̂i = (αi + (1− αi)βi)
✻ c = c+ αα̂ici
✼ α = α(1− αi)

✽ ❡♥❞
✾ c = αcbackground



✸✳✹✳ ❙❯▼▼❆❘❨ ✸✸

✸✳✹ ❙✉♠♠❛r②

■♥ t❤✐s ❈❤❛♣t❡r ❛❧❣♦r✐t❤♠s ❜❛s❡❞ ♦♥ ♣❡❡❧✐♥❣ ❛s ✇❡❧❧ ❛s ♦♥ ❧✐♥❦❡❞ ❧✐sts ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ❛♥❞
❝♦♠♣❛r❡❞ ❜❛s❡❞ ♦♥ t❤❡ ❡❛s❡ ♦❢ ✉s❡ ❛♥❞ ♠♦st ✐♠♣♦rt❛♥t❧② ♦♥ ❡①t❡♥❞❛❜✐❧✐t② ❜② ♦t❤❡r ♦♣❛❝✐t②
♠♦❞✉❧❛t✐♦♥ t❡❝❤♥✐q✉❡s✳ ❆❧❣♦r✐t❤♠s ❞✉❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣ ❛♥❞ ♦r✐❣✐♥❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣ ❛r❡ ✐♥✲
t✉✐t✐✈❡ t♦ ✉s❡ ✐♥ ❝❛s❡ ♦❢ ♠♦❞✉❧❛t✐♦♥ ❜② ❞❡♣t❤ ❜❡t✇❡❡♥ s❛♠♣❧❡s ❛❧♦♥❣ t❤❡ r❛②✱ ❡✈❡♥ ✐♥ ❝❛s❡
♦❢ ♠♦❞✉❧❛t✐♦♥ ❜② ❞✐st❛♥❝❡ t♦ ❞❡✜♥❡❞ ❢♦❝✉s ❛r❡❛✳ ■t ✐s ❤♦✇❡✈❡r ❤❛r❞ ❛♥❞ ♥♦t ✇♦rt❤ t❤❡ ❡✛♦rt
t♦ s♦❧✈❡ ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ ❝♦♥s✐❞❡r✐♥❣ ❛♥② ♥♦♥✲❧♦❝❛❧ ✐♥❢♦r♠❛t✐♦♥✳ ❚❤❡r❡❢♦r❡ ✉s❡ ♦❢ ♣❡❡❧✐♥❣
❛❧❣♦r✐t❤♠s ♦♥ s✉❝❤ t❡❝❤♥✐q✉❡s ✐s ♥♦t ❛❞✈✐s❡❞✳

❲❡ ❤❛✈❡ ❢♦✉♥❞ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r t♦ ❜❡ r❡❛❧❧② ♣♦✇❡r❢✉❧ t♦♦❧ ♦✛❡r✐♥❣ ✐♥t✉✐t✐✈❡ tr❛✈❡rs❡
♦❢ t❤❡ ♦❜❥❡❝t s✉r❢❛❝❡s ❛♥❞ t❤❡r❡❢♦r❡ r❡tr✐❡✈✐♥❣ ❛♥② ♥♦♥✲❧♦❝❛❧ ✐♥❢♦r♠❛t✐♦♥ ❡❛s✐❧②✳
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❈❤❛♣t❡r ✹

❉❡s✐❣♥ ❛♥❞ ■♠♣❧❡♠❡♥t❛t✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ✐s ♣r❡s❡♥t❡❞ ❛s ✇❡❧❧ ❛s ✉s❡❞ t❡❝❤✲
♥♦❧♦❣✐❡s ❛♥❞ ♦✈❡r❛❧❧ str✉❝t✉r❡ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥✳

✹✳✶ ❯s❡❞ ❚❡❝❤♥♦❧♦❣✐❡s

■♥ t❤✐s s❡❝t✐♦♥ ✉s❡❞ t❡❝❤♥♦❧♦❣✐❡s ❛r❡ ❞❡s❝r✐❜❡❞ ❛s ✐s t❤❡✐r ♣✉r♣♦s❡ ✐♥ ♦✉r ❛♣♣❧✐❝❛t✐♦♥✳ ❲❡ ✉s❡
❆◆❙■ ❈✰✰ ❛♥❞ ❝♦♠♣❧② t❤❡ ❈✰✰✶✶ st❛♥❞❛r❞ ❛s ❛ ❜♦tt♦♠ ❧❛②❡r t❡❝❤♥♦❧♦❣②✳

✹✳✶✳✶ ❖♣❡♥●▲ ❛♥❞ ●▲❙▲

❖♣❡♥●▲❬✹❪ ✐s ❛♥ ❡♥✈✐r♦♥♠❡♥t ❢♦r ❞❡✈❡❧♦♣♠❡♥t ♦❢ ✐♥t❡r❛❝t✐✈❡ ✷❉ ❛♥❞ ✸❉ ❣r❛♣❤✐❝s ❛♣♣❧✐❝❛t✐♦♥s✳
■t ♦✛❡rs ♣♦✇❡r❢✉❧ ❆P■ ❢♦r ❝♦♠♠✉♥✐❝❛t✐♦♥ ✇✐t❤ t❤❡ ●P❯✱ ♠❛♥❛❣✐♥❣ ❜✉✛❡rs✱ t❡①t✉r❡s ❛♥❞
♠✉❝❤ ♠♦r❡✳ ❲❡ ✉s❡ ❖♣❡♥●▲ t♦ ✐♠♣❧❡♠❡♥t ❛❧❧ t❤❡ str✉❝t✉r❡s ✇❡ ♥❡❡❞ ❜② t❤❡ ■❧❧✉str❛t✐♦♥
❇✉✛❡r ❛s ✇❡❧❧ ❛s t❤❡ s❦❡❧❡t♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐ts❡❧❢✳

●▲❙▲❬✸❪ ✐s ❛ s❤❛❞✐♥❣ ❧❛♥❣✉❛❣❡ ✇✐t❤ ❞✐r❡❝t s✉♣♣♦rt ♦❢ ❖♣❡♥●▲ ❡♥❛❜❧✐♥❣ ♠❛♥❛❣❡♠❡♥t
♦❢ ❛❧❧ ♦♣❡r❛t✐♦♥s t❤❛t ♦❝❝✉rs ❛t ♣r♦❣r❛♠♠❛❜❧❡ ♣♦✐♥ts ✐♥ ❖♣❡♥●▲ r❡♥❞❡r✐♥❣ ♣✐♣❡❧✐♥❡✳ ❲❡ ✉s❡
●▲❙▲ t♦ ✐♠♣❧❡♠❡♥t ♦✉r s❤❛❞❡rs t❤❛t ✐♠♣❧❡♠❡♥t ♠♦st ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❧♦❣✐❝✳ ❖♣❡♥❣❧ ✈❡rs✐♦♥
✹✳✹✳✵ ◆❱■❉■❆ ✸✸✶✳✶✶✸ ✐s ✉s❡❞ ❛❧♦♥❣ ✇✐t❤ ●▲❙▲ ✈❡rs✐♦♥✿ ✹✳✹✵ ◆❱■❉■❆ ✈✐❛ ❈❣ ❝♦♠♣✐❧❡r✳

✹✳✶✳✷ ●▲▼

●▲▼❬✷❪ ✐s ❛ ❤❡❛❞❡r ♦♥❧② ❧✐❜r❛r② ❢♦r ✇♦r❦✐♥❣ ✇✐t❤ ✈❡❝t♦r ❛♥❞ ♠❛tr✐① ♠❛t❤❡♠❛t✐❝s ✐♥ ❣r❛♣❤✐❝s
❛♣♣❧✐❝❛t✐♦♥s ♠♦st❧②✳ ❲❡ ❝❛♥ ✜♥❞ ❞❡✜♥✐t✐♦♥s ♦❢ ♥❡✇ t②♣❡s ✇✐t❤ st❛♥❞❛r❞ ✈❡❝t♦r ❛♥❞ ♠❛tr✐①
♦♣❡r❛t✐♦♥s ✇✐t❤ ♦✈❡r❧♦❛❞❡❞ ♦♣❡r❛t♦rs ❢♦r ❡❛s❡ ♦❢ ✉s❡✳ ❲❡ ✉s❡ t❤✐s ❧✐❜r❛r② t♦ st♦r❡ ✈❡❝t♦r ❛♥❞
♠❛tr✐❝❡s ❞❛t❛ t♦ ♣❛ss t♦ t❤❡ ●▲❙▲ s❤❛❞✐♥❣ ❧❛♥❣✉❛♥❣❡✳

✹✳✶✳✸ ❘❛♣✐❞❏❙❖◆

❆ ❢❛st ❏❙❖◆ ♣❛rs❡r✴❣❡♥❡r❛t♦r ❢♦r ❈✰✰ ✇✐t❤ ❜♦t❤ ❙❆❳✴❉❖▼ st②❧❡ ❆P■❬✼❪ ✐s ✉s❡❞ t♦ ♣❛rs❡
♦✉r ❝♦♥✜❣✉r❛t✐♦♥ ✜❧❡s st♦r❡❞ ✐♥ t❤❡ ❏❙❖◆ ❢♦r♠❛t✳

✸✺
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✹✳✶✳✹ ◗❚ ❋r❛♠❡✇♦r❦

◗❚ ❋r❛♠❡✇♦r❦❬✺❪ ✐s ❛ ❢r❛♠❡✇♦r❦ ❢♦r ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❝r♦ss✲♣❧❛t❢♦r♠ ❛♣♣❧✐❝❛t✐♦♥s ❛s ✇❡❧❧ ❛s
t❤❡✐r ✉s❡r ✐♥t❡r❢❛❝❡ ✭❯■✮✳ ■t ✐s ❞✐✈✐❞❡❞ ✐♥t♦ s❡✈❡r❛❧ ♠♦❞✉❧❡s t♦ ♠✐♥✐♠✐③❡ t❤❡ ✉♥♥❡❝❡ss❛r②
❝♦❞❡ ❢♦r s♣❡❝✐✜❝ ❛♣♣❧✐❝❛t✐♦♥✳ ■♥ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇❡ ✉s❡ ♦♥❧② ❢♦✉r ♠♦❞✉❧❡s ♦❢ ✺✳✸✳✵ ◗❚
❋r❛♠❡✇♦r❦ ✈❡rs✐♦♥✿

• ❈♦r❡ ✐s ❛ ❜❛s❡ ♦❢ t❤❡ ◗❚ ❢r❛♠❡✇♦r❦ ♦✛❡r✐♥❣ ♠❛♥② ❡①t❡♥s✐♦♥s ♦❢ ❝✰✰✶✶ ❝♦♥t❛✐♥❡rs✱
❢✉♥❝t✐♦♥❛❧✐t② ❛♥❞ ✐t ✐s ♥❡❝❡ss❛r② ❢♦r ❞❡✈❡❧♦♣♠❡♥t ✇✐t❤ ◗❚✳

• ●✉✐ ♠♦❞✉❧❡ ❝❛r❡s ❛❜♦✉t ♠♦st ♦❢ t❤❡ ●❯■ ❡❧❡♠❡♥ts✳

• ❲✐❞❣❡ts ♠♦❞✉❧❡ ❡①t❡♥❞s t❤❡ ●✉✐ ♠♦❞✉❧❡ ❜② ❛❞❞✐♥❣ ✇✐❞❣❡ts t❤❛t ✇❡ ✉s❡ ❢♦r ♠♦❞❛❧
✇✐♥❞♦✇s ❛♥❞ ❜❡tt❡r ❧❛②♦✉t ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥✳

• ❖♣❡♥❣❧ ♠♦❞✉❧❡ ♦✛❡rs ❜❛s✐❝ ♦♣❡♥❣❧ ✐♥t❡❣r❛t✐♦♥ ✇✐t❤ ❖♣❡♥●▲ ❝♦♥t❡①t ♠❛♥❛❣❡♠❡♥t✳
■t ❛❧s♦ ♦✛❡rs ❛ ✇r❛♣♣❡r ❢♦r ❛❧❧ ❖♣❡♥●▲ ❝♦♠♠❛♥❞s s✐♥❝❡ ✈❡rs✐♦♥ ◗❚✺ ❜✉t t❤❛t ♦✛❡rs
♦♥❧② ❧✐♠✐t❡❞ ❢✉♥❝t✐♦♥❛❧✐t② ♦❢ ❖♣❡♥●▲ ❊❙ ✷✳✵✳ ❲❡ t❤❡r❡❢♦r❡ ✉s❡ ❛ ●▲❊❲ ❧✐❜r❛r② ❢♦r
t❤❛t ♣✉r♣♦s❡✳

✹✳✶✳✺ ❚❤❡ ❖♣❡♥●▲ ❊①t❡♥s✐♦♥ ❲r❛♥❣❧❡r ▲✐❜r❛r②

❚❤❡ ❖♣❡♥●▲ ❊①t❡♥s✐♦♥ ❲r❛♥❣❧❡r ▲✐❜r❛r② ✭●▲❊❲✮❬✶❪ ✐s ✉s❡❞ t♦ ♠❛♥❛❣❡ ❖♣❡♥●▲ ❡①t❡♥s✐♦♥s
❛s ✇❡❧❧ ❛s t♦ ♣r♦✈✐❞❡ ❛❝❝❡ss t♦ ❖♣❡♥●▲ ❢✉♥❝t✐♦♥❛❧✐t② ✇❡ r❡q✉✐r❡✳ ❲❡ ✉s❡ ✈❡rs✐♦♥ ✶✳✶✶✳✵ ✐♥ ♦✉r
❛♣♣❧✐❝❛t✐♦♥✳

✹✳✷ ❆♣♣❧✐❝❛t✐♦♥ ❙tr✉❝t✉r❡

❋✐rst ✇❡ ❞❡s❝r✐❜❡ ❝❧❛ss❡s t❤❛t ❛r❡ ♠♦st ✐♠♣♦rt❛♥t ❢♦r t❤❡ ❛❧❣♦r✐t❤♠✳ ❙✐♥❝❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥
❝♦♥s✐sts ♦❢ ♠❛♥② ❝❧❛ss❡s ✇❡ s❤♦✇ r❡❧❛t✐♦♥ ❞✐❛❣r❛♠s ✐♥ ♣❛rts✳ ❲❡ ❞♦ ♥♦t ❞❡s❝r✐❜❡ s❤❛❞❡rs
♦r ♣r♦❝❡ss✐♥❣ ✇♦r❦✢♦✇ ✐♥ t❤✐s s❡❝t✐♦♥✳
IllustrationBufferAlgorithm ❝❧❛ss ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r ❝r❡❛t✐♦♥ ♦❢ ❛❧❧ ❜✉✛❡rs✱ t❡①t✉r❡s
❛♥❞ ❛✉①✐❧✐❛r② str✉❝t✉r❡s ❜❡❢♦r❡ t❤❡ ❛❧❣♦r✐t❤♠ st❛rts✳ ❚❤❡♥ ✐t ❝♦♥s✐sts ♦❢ s❡✈❡r❛❧ ♠❡t❤♦❞s
❡❛❝❤ ❞❡s❝r✐❜✐♥❣ ♦♥❡ st❛❣❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ❚❤❡s❡ ❛r❡ ❞✐s❝✉ss❡❞ ❢✉rt❤❡r ✐♥ t❤✐s s❡❝t✐♦♥✳
AlgTemplateObject ❝❧❛ss s❡r✈❡s ❛s ❛ r❡♥❞❡r❡r ♦❢ t❤❡ ♦❜❥❡❝t✳ ■t ❛❧s♦ ✐♥✐t✐❛❧✐③❡s ❛tt❛❝❤❡❞
❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡♥ ❝❛❧❧s ♠❡t❤♦❞s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✇❤❡♥ ❡♥❛❜❧❡❞✳
Context ✐s ❝❧❛ss ♣❛ss❡❞ t♦ ❜♦t❤ IllustrationBufferAlgorithm ❛♥❞ AlgTemplate-
Object ❛♥❞ ✐s ✉s❡❞ ❛s ❝♦♥✜❣✉r❛t✐♦♥ ❝♦♥t❛✐♥❡r✳ ■t ♦✛❡rs ✐♥♥❡r ❝♦♥✜❣✉r❛t✐♦♥ ❛s ✇❡❧❧ ❛s ✉s❡r
♣❛r❛♠❡t❡rs ❝♦♥tr♦❧❧❡❞ ❜② ❯■ t♦ ♦t❤❡r ❝❧❛ss❡s✳ ❙✐♥❝❡ t❤❡r❡ ❛r❡ ✹✷ ✜❡❧❞ ♠❡♠❜❡rs ♦❢ t❤❡ ❈♦♥t❡①t
❝❧❛ss ✇❡ ♦♠✐t t❤❛t ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛❧❧ ❞✐❛❣r❛♠s✳
Object ✐s ❛ ♣❛r❡♥t ♦❢ AlgTemplateObject ❛♥❞ ✐s ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ❣❡♦♠❡tr② ❛♥❞
♠❡♠♦r② ♠❛♥❛❣❡♠❡♥t ❢♦r ♦❜❥❡❝t ❣❡♦♠❡tr②✱ ♠❛t❡r✐❛❧s ❛♥❞ s✉❝❤✳
ObjMtlLoader ❝❧❛ss ✐♠♣❧❡♠❡♥ts s✐♠♣❧❡ ♣❛rs✐♥❣ ♦❢ ❖❇❏ ❢♦r♠❛t ❛♥❞ ✐t ❛❧s♦ s✉♣♣♦rts ♠❛✲
t❡r✐❛❧s ❛♥❞ ❧♦❛❞✐♥❣ ♦❜❥❡❝t ❣r♦✉♣s✳ ■t ❧♦❛❞s ✐♥❢♦r♠❛t✐♦♥s ❛❜♦✉t ♠♦❞❡❧ ♥❛♠❡ ❛♥❞ ♣❛t❤ ❢♦r♠
❏❙❖◆ ✜❧❡ ♣r♦✈✐❞✐♥❣ s✐♠♣❧❡ ✇❛② ♦❢ ✐♠♣♦rt✐♥❣ ❖❇❏ ♠♦❞❡❧s ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ t❤❡ s♦✉r❝❡ ❝♦❞❡✳
ShaderProgramLoader ❝❧❛ss ❧♦❛❞s t❤❡ s❤❛❞❡rs ❝♦♥✜❣✉r❛t✐♦♥ ❢r♦♠ ❛tt❛❝❤❡❞ ❏❙❖◆ ✜❧❡✳
❚❤✐s ❛❧❧♦✇s ✉s t♦ ❛❞❞ ❛♥❞ r❡♠♦✈❡ s❤❛❞❡r ♣r♦❣r❛♠s ❞②♥❛♠✐❝❛❧❧② ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ t❤❡ ❝♦❞❡✳
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+alg

Context

+ Context(width : int, height : int)

+ ~ Context()

+ windowSizeChanged(width : int, height : int)

+ updateCameraViewMatrix()

+ update()

+ loadModelsInfo(filename : const char*)

+ getModelNames(names : std::vector< std :: string >&)

+ addProgramDefinition(key : const char*, program : GLuint)

+ getProgram(source : const char*) : GLuint

+ updateFpsValue()

+ getWindowHeight() : GLint

+ getWindowWidth() : GLint

+ setWindowHeight(windowHeight : GLint)

+ setWindowWidth(windowWidth : GLint)

+ updateAlphaValue(alpha : float)

«enum»

Context::PeelingMode

OFF

WITH_LIMIT

LAYER_BY_LAYER

Object

+ vertices : std::vector< glm :: vec4 >

+ normals : std::vector< glm :: vec3 >

+ elements : std::vector< GLuint >

+ componentIDs : std::vector< GLint >

+ materials : std::vector< MtlMaterial >

+ modelMatrix : glm::mat4

+ alg : IllustrationBufferAlgorithm*

+ componentNames : std::vector< std :: string >

+ componentOpacities : GLfloat

+ origVerticesCount : GLint

+ renderIndexedGeometry : bool

+ Object()

+ ~ Object()

+ update(g : Context&)

+ draw(g : Context&)

+ loadWavefrontOBJ(filename : const char*)

+ upload()

+ drawVBO()

«enum»

Context::ComponentOpacityMode

ONE_FOR_ALL

INDIVIDUAL

«enum»

Context::ActivePass

OIT_ONLY

SORTING

NEIGHBOURS_SEARCH

ALPHA_DIFFUSION

BETA_DIFFUSION

GAMMA_DIFFUSION

VIEW_DISTANCE

«enum»

Context::AlphaMode

CONSTANT

MODULATED_BY_NUMBER_OF_FRAGMENTS

AlgTemplateObject

+ AlgTemplateObject(alg : IllustrationBufferAlgorithm&, g : Context&, filename : const char*)

+ ~ AlgTemplateObject()

+ draw(g : Context&)

+ drawHeatMap(g : Context&)

+ update(g : Context&)

+ fillWithMaterials(colors : GLfloat*)

+ resetTimer()

IllustrationBufferAlgorithm

+ IllustrationBufferAlgorithm()

+ ~ IllustrationBufferAlgorithm()

+ prepareBuffers(width : int, height : int)

+ fillPassBefore(g : Context&) : GLint

+ fillPassAfter(g : Context&)

+ sortPass(g : Context&)

+ findNeighboursPass(g : Context&)

+ fieldsDiffusionPass(g : Context&)

+ fieldsDiffusionSeparablePass(g : Context&)

+ curvaturePass(g : Context&)

+ renderOITPass(g : Context&, fieldsUsed : bool)

+ getMaxLayersCount(g : Context&) : GLint

+ windowResize(width : int, height : int)

+ getBufferIdOf(name : bufferNames) : GLuint

❉✐❛❣r❛♠ ✶✿ ❉✐❛❣r❛♠ s❤♦✇ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❆❧❣❚❡♠♣❧❛t❡❖❜❥❡❝t✱ ■❧❧✉str❛t✐♦♥❇✉✛❡r❆❧❣♦r✐t❤♠✱ ❖❜✲
❥❡❝t ❛♥❞ ❈♦♥t❡①t ❛❧♦♥❣ ✇✐t❤ ✐ts ❡♥✉♠❡r❛t✐♦♥s✳

-loader

ShaderProgramLoader

+ ShaderProgramLoader()

+ loadShaderPrograms(g : Context&, configFileName : const char*)

+spLoader

Object

+ vertices : std::vector< glm :: vec4 >

+ normals : std::vector< glm :: vec3 >

+ elements : std::vector< GLuint >

+ componentIDs : std::vector< GLint >

+ materials : std::vector< MtlMaterial >

+ modelMatrix : glm::mat4

+ alg : IllustrationBufferAlgorithm*

+ componentNames : std::vector< std :: string >

+ componentOpacities : GLfloat

+ origVerticesCount : GLint

+ renderIndexedGeometry : bool

+ Object()

+ ~ Object()

+ update(g : Context&)

+ draw(g : Context&)

+ loadWavefrontOBJ(filename : const char*)

+ upload()

+ drawVBO()

ObjMtlLoader

+ ObjMtlLoader()

+ ~ ObjMtlLoader()

+ loadGeometry(filename : const char*, vertices : vector< glm :: vec4 >&, normals : vector< glm :: vec3 >&)

+ ...(elements : vector< GLuint >&, componentIDs : vector< GLuint >&)

+ loadMaterial(filename : const char*, materials : std::vector< MtlMaterial >&)

+ getComponentNames(componentNames : std::vector< std :: string >&)

+ getComponentAlphas(componentAlphas : GLfloat*)

MtlMaterial

+ name : std::string

+ Ka : glm::vec3

+ Kd : glm::vec3

+ Ks : glm::vec3

Context

+ Context(width : int, height : int)

+ ~ Context()

+ windowSizeChanged(width : int, height : int)

+ updateCameraViewMatrix()

+ update()

+ loadModelsInfo(filename : const char*)

+ getModelNames(names : std::vector< std :: string >&)

+ addProgramDefinition(key : const char*, program : GLuint)

+ getProgram(source : const char*) : GLuint

+ updateFpsValue()

+ getWindowHeight() : GLint

+ getWindowWidth() : GLint

+ setWindowHeight(windowHeight : GLint)

+ setWindowWidth(windowWidth : GLint)

+ updateAlphaValue(alpha : float)

❉✐❛❣r❛♠ ✷✿ ❉✐❛❣r❛♠ s❤♦✇s r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❆❧❣❚❡♠♣❧❛t❡❖❜❥❡❝t✱ ■❧❧✉str❛t✐♦♥❇✉✛❡r❆❧❣♦r✐t❤♠✱
❖❜❥❡❝t ❛♥❞ ❈♦♥t❡①t ❛❧♦♥❣ ✇✐t❤ ✐ts ❡♥✉♠❡r❛t✐♦♥s✳
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-camera

+camera

+mControl

-context

+trackball

+fps

-clock

TimeMeasuring

+ counter : GLuint

+ TimeMeasuring()

+ start()

+ end()

+ getElapsedTime() : GLuint64

Camera

+ object : Object*

+ trackball : VirtualTrackball*

+ rotationQuaternion : glm::quat

+ prevRotationQuaternion : glm::quat

+ distance : GLfloat

+ origDistance : GLfloat

+ projectionMatrix : glm::mat4

+ viewMatrix : glm::mat4

+ scrollSpeed : const float

+ useWalkMode : bool

+ usePerspectiveProjection : bool

+ Camera(width : int, height : int)

+ ~ Camera()

+ windowSizeChanged(width : int, height : int)

+ keyboardMovement(t : MovementType)

+ mouseMovement(x : int, y : int, leftMouseBtnPressed : bool)

+ mousePressed(x : int, y : int)

+ mouseReleased()

+ updateCameraViewMatrix()

+ updateProjectionMatrix()

+ resetViews()

Context

+ Context(width : int, height : int)

+ ~ Context()

+ windowSizeChanged(width : int, height : int)

+ updateCameraViewMatrix()

+ update()

+ loadModelsInfo(filename : const char*)

+ getModelNames(names : std::vector< std :: string >&)

+ addProgramDefinition(key : const char*, program : GLuint)

+ getProgram(source : const char*) : GLuint

+ updateFpsValue()

+ getWindowHeight() : GLint

+ getWindowWidth() : GLint

+ setWindowHeight(windowHeight : GLint)

+ setWindowWidth(windowWidth : GLint)

+ updateAlphaValue(alpha : float)

VirtualTrackball

+ VirtualTrackball(winWidth : int, winHeight : int)

+ ~ VirtualTrackball()

+ screenMapping(pt : glm::vec2) : glm::vec3

+ startTracking(pt : glm::vec2)

+ track(pt : glm::vec2) : glm::quat

Fps

+ Fps()

+ ~ Fps()

+ Initialize()

+ Frame()

+ GetFps() : float

+ start()

MeasurementsControl

+ fragCount : GLuint

+ bestTime : float

+ bestFps : float

+ MeasurementsControl(g : Context*)

+ ~ MeasurementsControl()

+ beginFrame()

+ afterGeometryRendered(a : AlgTemplateObject*)

+ endFrame(a : AlgTemplateObject*)

+ resetTimer()

UserInput

+ UserInput(w : AlgorithmWidget*, c : Camera*)

+ ~ UserInput()

+ handleKey(key : int, released : bool, c : Context*)

+ handleMouse(x : int, y : int)

+ pressMouseButton(btn : int, x : int, y : int)

+ releaseMouseButton(btn : int)

+ scroll(direction : float)

❉✐❛❣r❛♠ ✸✿ Camera ❝❧❛ss ✐s ❛tt❛❝❤❡❞ t♦ UserInput t♦ r❡❝❡✐✈❡ ❝♦♠♠❛♥❞s ❛♥❞ ✐s ❛❝❝❡ss✐❜❧❡ ✈✐❛
Context✳ VirtualTrackball ✐s ✉s❡❞ ✐♥ ❝❛s❡ ♦❢ ♦r❜✐t✐♥❣ ❝❛♠❡r❛ ♠♦❞❡✱ ✇❛❧❦✐♥❣ ♠♦❞❡ ✐s ✐♠♣❧❡✲
♠❡♥t❡❞ ❛s ♣❛rt ♦❢ t❤❡ Camera ❝❧❛ss✳ Fps ❛♥❞ TimeMeasurements ❛r❡ ✉s❡❞ ❢♦r ♠❡❛s✉r❡♠❡♥ts✳

UserInput ❝❛♣t✉r❡s ❛❧❧ ✉s❡r ✐♥♣✉t ❢r♦♠ ♠♦✉s❡ ❛♥❞ t❤❡ ❦❡②❜♦❛r❞ ❛♥❞ ❛❞❥✉sts ❈♦♥t❡①t ❛♥❞
❈❛♠❡r❛ ✈❛r✐❛❜❧❡s ❛❝❝♦r❞✐♥❣❧②✳

Camera ✇❤✐❧❡ ♠♦❞❡❧ ♠❛tr✐① ✐s st♦r❡❞ ✐♥ t❤❡ Object✱ ❝❛♠❡r❛ ✐s ❤♦❧❞✐♥❣ ✈✐❡✇ ❛♥❞ ♣r♦✲
❥❡❝t✐♦♥ ♠❛tr✐❝❡s✳ ◗✉❛t❡r♥✐♦♥s ❛r❡ ✉s❡❞ ❢♦r r♦t❛t✐♦♥s ♦❢ t❤❡ ❝❛♠❡r❛✳ ❈❛♠❡r❛ ✐s ❝❛♣❛❜❧❡
♦❢ ❜♦t❤ ♣❡rs♣❡❝t✐✈❡ ❛♥❞ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥s✱ ✇❛❧❦ ♠♦❞❡ ✐s ❛❧s♦ ✐♠♣❧❡♠❡♥t❡❞ ❤❡r❡✳ ■t ✉s❡s
VirtualTrackball ❢♦r ♠♦❞✐✜❝❛t✐♦♥s ♦❢ t❤❡ ✈✐❡✇ ♠❛tr✐① ✐❢ ♦r❜✐t✐♥❣ ♠♦❞❡ ✐s ❡♥❛❜❧❡❞✳

VirtualTrackball ❝❧❛ss ✐s ♥♦t✐✜❡❞ ✇❤❡♥ ✉s❡r ❝❧✐❝❦s ❛♥❞ st❛rts ❞r❛❣❣✐♥❣✳ ■t t❤❛♥ ❢♦r
❡❛❝❤ ❢r❛♠❡ ❝♦♠♣✉t❡s t❤❡ ❞✐✛❡r❡♥❝❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ st❛rt ♣♦✐♥t ❛♥❞ t❤❡ ❡♥❞ ♣♦✐♥t✱ ❜♦t❤
♣r♦❥❡❝t❡❞ t♦ t❤❡ ❜❛❧❧ s✉r❢❛❝❡✳ P❧❡❛s❡ r❡❢❡r t♦ ❬✷✹❪ ❢♦r ❞❡s❝r✐♣t✐♦♥ ♦❢ ✈✐rt✉❛❧ tr❛❝❦❜❛❧❧ ♠❡t❤♦❞✳

Fps ❝❧❛ss ✉s❡s QElapsedTimer ❢r♦♠ ◗❚ t♦ ❝♦♠♣✉t❡ t✐♠❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❧❛st ❛♥❞
❝✉rr❡♥t ❢r❛♠❡ ❛♥❞ t✉r♥ ✐t ✐♥t♦ t❤❡ ❋P❙ ✈❛❧✉❡✳

TimeMeasurements ✇❤✐❧❡ Fps ♠❡❛s✉r❡s t✐♠❡ ✉s✐♥❣ ❈P❯ ❝❧♦❝❦✱ TimeMeasurements
❝❧❛ss ♠❡❛s✉r❡s t✐♠❡ ✇✳r✳t✳ ●P❯✳ ■t ✉s❡s ♦♣❡♥❣❧ q✉❡r✐❡s GL_TIME_ELAPSED✱ GL_QUERY_RE-
SULT_AVAILABLE✱ GL_QUERY_RESULT t♦ ♠❡❛s✉r❡ ♣r♦❝❡ss✐♥❣ ♦♥ ●P❯ ♠♦r❡ ♣r❡❝✐s❡❧②✳

MeasurementsControl ❝❛♣t✉r❡s ✐♠♣♦rt❛♥t ❞❛t❛ ✐♥ t✐♠❡ ❣✐✈❡♥ ❜② t❤❡ ♠❡❛s✉r❡❞ t❛s❦✳
❙✉❝❤ ❧♦❣✐❝ ✐s ✉s❡❞ ❢r♦♠ t❤❡ ❆❧❣❚❡♠♣❧❛t❡❖❜❥❡❝t ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❡❛❝❤ ❢r❛♠❡✱ ❛❢t❡r t❤❡
❣❡♦♠❡tr② ✐s r❡♥❞❡r❡❞ ❛♥❞ ✇❤❡♥ ❢r❛♠❡ ❡♥❞s✳
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✹✳✷✳✶ ●r❛♣❤✐❝❛❧ ❯s❡r ■♥t❡r❢❛❝❡

●r❛♣❤✐❝❛❧ ✐♥t❡r❢❛❝❡ ✐s ❜✉✐❧t ♦♥ t♦♣ ♦❢ ◗❚ ❋r❛♠❡✇♦r❦ ✉s✐♥❣ ◗t ❉❡s✐❣♥❡r ❋♦r♠ ❈❧❛ss ❛❧❧♦✇✐♥❣
❡❛s② ♠❛♥❛❣❡♠❡♥t ♦❢ t❤❡ ❡❧❡♠❡♥ts ✉s✐♥❣ ❣r❛♣❤✐❝❛❧ ❞❡s✐❣♥❡r ♣r♦✈✐❞❡❞ ❜② ◗❚❈r❡❛t♦r ■❉❊✳ ❊❛❝❤
❢♦r♠ ✐s ❛tt❛❝❤❡❞ t♦ ✐ts ♦✇♥ ❝❧❛ss ✇❤❡r❡ s✐❣♥❛❧s ❛♥❞ ❡✈❡♥ts ❛r❡ ❝❛♣t✉r❡❞ ❛♥❞ ❝❛♥ ❜❡ ❡❛s✐❧②
♣❛ss❡❞ t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❧♦❣✐❝✳ ●❯■ ❝♦♥s✐sts ❢r♦♠ ❝❧❛ss❡s s❤♦✇♥ ✐♥ ❉✐❛❣r❛♠ ✹✳ ❍♦✇ t❤❡
●❯■ ♦❢ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❧♦♦❦s ❧✐❦❡ ❝❛♥ ❜❡ s❡❡♥ ✐♥ ❆♣♣❡♥❞✐① ❊✳

MainWindow

+ MainWindow(app : QApplication*, c : Context*)

+ ~ MainWindow()

AboutDialog

+ AboutDialog(parent : QWidget*)

+ ~ AboutDialog()

-aboutDialog

-glWidget

-glWidget

-centralWidget

IndividualTransparencyWidget

+ IndividualTransparency(c : Context*, parent : QWidget*)

+ ~ IndividualTransparency()

+ redrawComponentOpacities()

-individualOpacityDialog

SettingsPanel

+ SettingsPanel(c : Context*, parent : QWidget*)

+ ~ SettingsPanel()

+ redrawComponentNames()

+ redrawComponentOpacities()

QWidget

AlgorithmWidget

+ AlgorithmWidget(format : const QGLFormat&, c : Context*, parent : QWidget*)

+ ~ AlgorithmWidget()

+ initializeAlgorithm()

+ reloadModel(name : undef)

+ eventFilter(obj : QObject*, event : QEvent*) : bool

+ exportFBOToImage()

CentralWidget

+ CentralWidget(c : Context*, parent : QWidget*)

+ ~ CentralWidget()

+ init(glWidget : AlgorithmWidget*)

+ initFallback()

❉✐❛❣r❛♠ ✹✿ ❚❤❡r❡ ✐s ♦♥❡ MainWindow✱ ✇❤✐❝❤ ✐s ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ CentralWidget

❛♥❞ SettingsPanel✳ CentralWidget ✐s ❛ ♣❧❛❝❡ ❢♦r AlgorithmWidget ✇❤✐❝❤ r❡♥✲
❞❡rs ✐ts ❝♦♥t❡♥t ✉s✐♥❣ ❖♣❡♥●▲✳ ❆♣♣❧✐❝❛t✐♦♥ ✉s❡s t✇♦ ❞✐❛❧♦❣s ✲ AboutDialog ❛♥❞
IndividualTransparencyWidget✳

MainWindow ✐s ❛ ❞❡s❝❡♥❞❛♥t ♦❢ QMainWindow✳ ■t ❝r❡❛t❡s ❛❧❧ t❤❡ ✇✐❞❣❡ts ❛s s❤♦✇♥ ✐♥
❉✐❛❣r❛♠ ✹ ❛s ✇❡❧❧ t❤❡ ❣❧♦❜❛❧ ♠❡♥✉✳ ●❧♦❜❛❧ ♠❡♥✉ s❡r✈❡s ❢♦r ❝❤❛♥❣❡ ♦❢ t❤❡ ♠♦❞❡❧✱ ❡①♣♦rt✐♥❣
✐♠❛❣❡s ❛♥❞ t♦❣❣❧✐♥❣ t❤❡ AboutWidget✳

SettingsPanel ✐s t❛❜❜❡❞ ✐♥t❡r❢❛❝❡ ✉s❡❞ ❢♦r t❤❡ ❝♦♥tr♦❧ ♦❢ ❛❧❧ ✈❛r✐❛❜❧❡s t❤❛t ❛✛❡❝t ❤♦✇
❝✉rr❡♥t❧② s❡❧❡❝t❡❞ st❛❣❡ ✇♦r❦s✳ ■t ❛❧s♦ ❝♦♥s✐st ♦❢ ❝❛♠❡r❛ ♦♣t✐♦♥s✱ ❣r♦✉♣s ♦♣t✐♦♥s ❛♥❞ ❝✉st♦♠
♦♣❛❝✐t② ♣❡r ❝♦♠♣♦♥❡♥t s❡tt✐♥❣s✳

CentralWidget ✐s ♦♥❧② ❛ ✇r❛♣♣❡r ❝❧❛ss ❢♦r t❤❡ ❆❧❣♦r✐t❤♠❲✐❞❣❡t✳

AlgorithmWidget ❝❧❛ss ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ ❖♣❡♥●▲ ❝♦♥t❡①t ❛s ✇❡❧❧ ❛s
❢♦r ❝❤❡❝❦✐♥❣ ❛♣♣❧✐❝❛t✐♦♥ r❡q✉✐r❡♠❡♥ts✳

IndividualTransparencyWidget ✐❢ ❡♥❛❜❧❡❞ ✐♥ t❤❡ s❡tt✐♥❣s✱ t❤✐s ✇✐❞❣❡t ❞②♥❛♠✐❝❛❧❧②
❣❡♥❡r❛t❡s s❧✐❞❡rs ❢♦r ❡❛❝❤ ❝♦♠♣♦♥❡♥t ✐♥ r❡♥❞❡r❡❞ ♠♦❞❡❧✳ ❙❧✐❞❡rs r❡♣r❡s❡♥t ♦♣❛❝✐t② ✈❛❧✉❡✳

AboutDialog s❤♦✇s ✐♥❢♦r♠❛t✐♦♥s ❛❜♦✉t t❤❡ ❛♣♣❧✐❝❛t✐♦♥✱ ❛✉t❤♦r ❛♥❞ ♣✉r♣♦s❡✳
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✹✳✷✳✷ ❆❞❞✐t✐♦♥❛❧ ◆♦t❡s t♦ ❆♣♣❧✐❝❛t✐♦♥ ❙tr✉❝t✉r❡

■♥ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❝❧❛ss IllustrationBufferAlgorithm ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ✐♥✲
✈♦❝❛t✐♦♥ ♦❢ s❤❛❞❡rs t❤❛t ♥♦t ♦♥❧② ❝r❡❛t❡ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❜✉t ❛r❡ ❛❧s♦ ✉s❡❞ ❢♦r ✈❛r✐❡t②
♦❢ ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥s✳ ❲❤✐❧❡ ✐t ✇♦✉❧❞ ❜❡ ♠♦r❡ ❝♦❤❡r❡♥t t♦ s❡♣❛r❛t❡ t❤❡ ❜✉✛❡r ❝r❡❛t✐♦♥
❛♥❞ ❛❧❣♦r✐t❤♠s ✉s✐♥❣ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r t♦ s❡♣❛r❛t❡ ❝❧❛ss❡s✱ ✐t ✐s ❛❧❧ ✐♥ ♦♥❡ ❝❧❛ss ✐♥ ♦✉r
✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❘❡❛s♦♥ ❢♦r t❤❛t ✐s ♦♣t✐♠✐③❛t✐♦♥ ♦❢ t❤❡ s❤❛❞❡r ✐♥✈♦❝❛t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡
s♦♠❡ ❞❛t❛ ❝♦♠♣✉t❛t✐♦♥ ♥❡❡❞❡❞ ❜② ❢✉t✉r❡ ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ ✐s ♣♦ss✐❜❧❡ t♦ ❞♦ ✐♥ t❤❡ s❛♠❡
♣❛ss ❛s t❤❡ s♦rt✐♥❣ ♦❢ s❛♠♣❧❡s✳

✹✳✸ ❈r❡❛t✐♦♥ ♦❢ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r

■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❛❧❣♦r✐t❤♠ ♦❢ ✐ts st❛❣❡s ✐s ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s s❡❝t✐♦♥
❛s ✇❡❧❧ ❛s ✉s❡❞ str✉❝t✉r❡s✳

✹✳✸✳✶ ❯s❡❞ str✉❝t✉r❡s

❚♦ st♦r❡ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ✐♥ t❤❡ ♠❡♠♦r② ♦❢ ●P❯ ❜✉✛❡rs ❢♦r ❧✐♥❦❡❞ ❧✐sts ❤❡❛❞ ♣♦✐♥t❡rs✱
♥❡①t ♣♦✐♥t❡rs✱ ❞❛t❛ ❢♦r ❡❛❝❤ ❢r❛❣♠❡♥t✱ ✐♥❞✐❝❡s ♦❢ s✉rr♦✉♥❞✐♥❣ tr✐❛♥❣❧❡s ❛s ✇❡❧❧ ❛s ❢r❛❣♠❡♥t
❝♦✉♥t❡r ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✸✳ ❈r❡❛t✐♦♥ ♦❢ s✉❝❤ str✉❝t✉r❡s ♦❝❝✉rs ✐♥ prepareBuffers
♠❡t❤♦❞ ♦❢ IllustrationBufferAlgorithm ❝❧❛ss✳

GL_ATOMIC_COUNTER_BUFFER ✐s ✉s❡❞ t♦ ✐♠♣❧❡♠❡♥t t❤❡ ❝♦✉♥t❡r ♦❢ ❛❧❧ r❡♥❞❡r❡❞ ❢r❛❣✲
♠❡♥ts t♦ r❡❝❡✐✈❡ t❤❡✐r ✉♥✐q✉❡ ✐❞✳ ■t ✐s ❝❧❡❛r t❤❛t ✉s✐♥❣ ♦♥❧② ♦♥❡ ❝♦✉♥t❡r ❢♦r ❡♥t✐r❡ s❝❡♥❡
♠✐❣❤t ❜❡❝♦♠❡ t❤❡ ❜♦tt❧❡♥❡❝❦ ♦❢ t❤❡ ♣✐♣❡❧✐♥❡✳ ❲❡ ❤❛✈❡ t❤❡r❡❢♦r❡ ❡①♣❡r✐♠❡♥t❡❞ ❛❧s♦ ✇✐t❤
♣❛rt✐t✐♦♥✐♥❣ t❤❡ ✈✐❡✇♣♦rt ✐♥t♦ t❤❡ ❣r✐❞ ❛s s❤♦✇♥ ✐♥ ✐♠❛❣❡ ✹✳✶✳

fragCounter[0]

fragCounter[3]

fragCounter[1]

fragCounter[4]

fragCounter[2]

fragCounter[5]

fragCounter[6] fragCounter[7] fragCounter[8]

X

Y

❋✐❣✉r❡ ✹✳✶✿ ❱✐❡✇♣♦rt ♦❢ ❞✐♠❡♥s✐♦♥s X,Y ❞✐✈✐❞❡❞ ✐♥t♦ ✾ r❡❣✐♦♥s ❡❛❝❤ ✇✐t❤ ✐ts ♦✇♥ ❛t♦♠✐❝
❝♦✉♥t❡r fragCounter[i], i ∈ {0..8}

❊✈❡♥ t❤♦✉❣❤ ✇❡ ❣❡t s♦♠❡ ✐♠♣r♦✈❡♠❡♥t ✐♥ s♣❡❡❞✱ t❤✐s ♠❡t❤♦❞ ✐s ♥♦t ♠❡♠♦r② ❡✣❝✐❡♥t✳
❲✐t❤ s✉❝❤ ♣❛rt✐t✐♦♥✐♥❣ ✇❡ ❤❛✈❡ t♦ r❡s❡r✈❡ ✜①❡❞ ❛♠♦✉♥t ♦❢ ❡①♣❡❝t❡❞ ❢r❛❣♠❡♥ts ❝♦✉♥t ✐♥
t❤❡ ❢r❛❣♠❡♥t ❞❛t❛ ❜✉✛❡r✳ ❊✈❡♥ ✐❢ ✇❡ ❤❛✈❡ ❡♥♦✉❣❤ ♠❡♠♦r②✱ ❝❛s❤✐♥❣ ✇✐❧❧ ♥♦t ❜❡ ❛s ❡✛❡❝t✐✈❡
❜❡❝❛✉s❡ ♦❢ ❜✐❣ ❡♠♣t② ❛r❡❛s ❜❡t✇❡❡♥ ❡❛❝❤ ❢r❛❣❈♦✉♥t❡r ❛❞❞r❡ss s♣❛❝❡ ✐♥ t❤❡ ❢r❛❣♠❡♥t ❞❛t❛
❜✉✛❡r✳



✹✳✸✳ ❈❘❊❆❚■❖◆ ❖❋ ❚❍❊ ■▲▲❯❙❚❘❆❚■❖◆ ❇❯❋❋❊❘ ✹✶

❙✐♥❝❡ ✇❡ ♥❡❡❞ t♦ ♥♦t ♦♥❧② r❡❛❞ ❜✉t ❛❧s♦ ✇r✐t❡ t♦ t❤❡ ❜✉✛❡rs ✐♥ t❤❡ s❛♠❡ s❤❛❞❡r ✐♥✲
✈♦❝❛t✐♦♥✱ tr❛❞✐t✐♦♥❛❧ ●▲❴❚❊❳❚❯❘❊❴✷❉ ❝❛♥♥♦t ❜❡ ✉s❡❞ ✐♥ ❝❛s❡ ♦❢ ♠♦st str✉❝t✉r❡s ✇❡
♥❡❡❞✳ ❲❡ t❤❡r❡❢♦r❡ ✉s❡ ❖♣❡♥●▲ ❡①t❡♥s✐♦♥ ARB_shader_image_load_store✳ ❚❤✐s ❡①✲
t❡♥s✐♦♥ ❜r✐♥❣s ❢✉♥❝t✐♦♥s ✐♠❛❣❡▲♦❛❞✭✮✱ ✐♠❛❣❡❙t♦r❡✭✮ ❛♥❞ ❛❧s♦ ♠❛♥② ❛t♦♠✐❝ ♦♣❡r❛t✐♦♥s ✐♠✲
❛❣❡❆t♦♠✐❝✯✭✮✳

❇✉✛❡r ♣✐①❡❧❍❡❛❞ ✇❤✐❝❤ st♦r❡s ♣♦✐♥t❡rs t♦ ✜rst ♥♦❞❡ ♦❢ ❡❛❝❤ ♣❡r ♣✐①❡❧ ❧✐♥❦❡❞ ❧✐sts ✐s ❞❡✜♥❡❞
❛s ●▲❴❚❊❳❚❯❘❊❴✷❉ ✇✐t❤ ●▲❴❘✸✷■ t②♣❡ ♦❢ t❤❡ s❛♠❡ s✐③❡ ❛s t❤❡ ✈✐❡✇♣♦rt✳ ❚♦ ✉s❡ ✐s ❛s
✐♠❛❣❡ ✇✳r✳t✳ ARB_shader_image_load_store ✇❡ ♥❡❡❞ t♦ ❜✐♥❞ ✐t ❛s ❛ ■♠❛❣❡❚❡①t✉r❡✿

✶ ✴✴ ■♥ ❈✰✰ s♦✉r❝❡ ❝♦❞❡
❣❧❚❡①■♠❛❣❡✷❉ ✭●▲❴❚❊❳❚❯❘❊❴✷❉✱ ✵ ✱●▲❴❘✸✷■ ✱ ✇✐❞t❤ ✱ ❤❡✐❣❤t ✱ ✵ ✱●▲❴❘❊❉❴■◆❚❊●❊❘✱●▲❴■◆❚✱ ✵ ✮ ❀

✸

✴✴ ❆♥❞ ✐♥ t❤❡ s❤❛❞❡r ✿
✺ ✉♥✐❢♦r♠ ❧❛②♦✉t ✭ ❜✐♥❞✐♥❣ ❂ ✵ ✱ r ✸ ✷ ✐ ✮ ❝♦❤❡r❡♥t ✐✐♠❛❣❡✷❉ ✉❴♣✐①❡❧❍❡❛❞ ❀

❲❡ ✉s❡ ❛❧s♦ ❜✉✛❡r pixelCount ✇❤✐❝❤ st♦r❡s ❧❡♥❣t❤s ♦❢ ♣❡r ♣✐①❡❧ ❧✐♥❦❡❞ ❧✐sts✳ ■t ✐s t❤❡r❡❢♦r❡
❛❧s♦ ✷❉ ❛♥❞ ✇❡ ✉s❡ t❤❡ s❛♠❡ ❢♦r♠❛t ❛s ❢♦r t❤❡ ❜✉✛❡r pixelHead✳

❲❡ ✉s❡ ●▲❴❚❊❳❚❯❘❊❴❇❯❋❋❊❘ ❢♦r ❜✉✛❡rs ❢r❛❣❉❛t❛✱❢r❛❣❉❛t❛✷✱ ❢r❛❣◆❡①t ❛♥❞ ❢r❛❣❊❧❡✲

♠❡♥ts✳ ❚❤❡s❡ ❛r❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ t❡①t✉r❡ ❜✉✛❡rs ❝r❡❛t❡❞ ❛s ❢♦❧❧♦✇s ✭♦♥❧② ❢r❛❣❉❛t❛ ✐s s❤♦✇♥✮✿

✶ ❜✉ ❢ ❢ ❡ r s ■ ❞ s ❬ ❢r❛❣❉❛t❛ ❪ ❂ ✵ ❀
❣ ❧●❡♥❇✉❢ ❢❡rs ✭✶ ✱ ✫❜✉ ❢ ❢ ❡ r s ■ ❞ s ❬ ❢r❛❣❉❛t❛ ❪ ✮ ❀

✸ ❣ ❧❇ ✐♥❞❇✉❢ ❢ ❡ r ✭●▲❴❚❊❳❚❯❘❊❴❇❯❋❋❊❘✱ ❜✉ ❢ ❢ ❡ r s ■ ❞ s ❬ ❢r❛❣❉❛t❛ ❪ ✮ ❀
❣ ❧❇✉❢ ❢❡ r❉❛t❛ ✭●▲❴❚❊❳❚❯❘❊❴❇❯❋❋❊❘✱ ❢r❛❣❈♦✉♥t▼❛①❉❛t❛ ✱ ✵ ✱ ●▲❴❉❨◆❆▼■❈❴❉❘❆❲✮ ❀

✺ ❣ ❧❇ ✐♥❞❇✉❢ ❢ ❡ r ✭●▲❴❚❊❳❚❯❘❊❴❇❯❋❋❊❘✱ ✵✮ ❀

✼ t ❡① t✉ r ❡ ■❞ s ❬ ❢r❛❣❉❛t❛ ❪ ❂ ✵ ❀
❣❧●❡♥❚❡①t✉r❡s ✭✶ ✱ ✫t ❡① t✉ r ❡ ■❞ s ❬ ❢r❛❣❉❛t❛ ❪ ✮ ❀

✾ ❣❧❇✐♥❞❚❡①t✉r❡ ✭●▲❴❚❊❳❚❯❘❊❴❇❯❋❋❊❘✱ t ❡① t✉ r ❡ ■❞ s ❬ ❢r❛❣❉❛t❛ ❪ ✮ ❀
❣ ❧❚❡①❇✉❢ ❢❡r ✭●▲❴❚❊❳❚❯❘❊❴❇❯❋❋❊❘✱ ●▲❴❘●❇❆✸✷❯■✱ ❜ ✉ ❢ ❢ ❡ r s ■ ❞ s ❬ ❢r❛❣❉❛t❛ ❪ ✮ ❀

✶✶ ❣❧❇✐♥❞❚❡①t✉r❡ ✭●▲❴❚❊❳❚❯❘❊❴❇❯❋❋❊❘✱ ✵✮ ❀

■♥t❡r♥❛❧ ❢♦r♠❛ts ✉s❡❞ ❜② t❤♦s❡ ❜✉✛❡rs ❛r❡✿ ●▲❴❘●❇❆✸✷❯■ ❢♦r ❢r❛❣❉❛t❛✱❢r❛❣❉❛t❛✷ ❛♥❞
❢r❛❣❊❧❡♠❡♥ts ❛♥❞ ●▲❴❘✸✷■ ❢♦r ❢r❛❣◆❡①t✳ ❇✉✛❡r ❢r❛❣❊❧❡♠❡♥ts ❝♦♥s✐sts ♦❢ ✈❡rt❡① ✐♥❞✐❝❡s
♦❢ t❤❡ tr✐❛♥❣❧❡ ✐t ❜❡❧♦♥❣s t♦✳ ❲❡ ♥❡❡❞ t❤✐s ❢♦r ♥❡✐❣❤❜♦rs s❡❛r❝❤ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✸✳

❚❛❜❧❡ ✹✳✶ s❤♦✇s ✇❤❛t ❞❛t❛ ✇❡ st♦r❡ ✇❤❡♥ ❡①♣❡r✐♠❡♥t✐♥❣ ✇✐t❤ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r✳ ❲❡
✉s❡ t❤❡ s♣❛♥♥✐♥❣ ♠❡❝❤❛♥✐s♠ ❢♦r ❢r❛❣❉❛t❛ ❜✉✛❡r t♦ st♦r❡ ✹✯✹ ✉♥s✐❣♥❡❞ ✐♥t❡❣❡rs ♣❡r ❢r❛❣♠❡♥t✳
❋♦✉r ✉✈❡❝✹ ❛r❡ t❤❡r❡❢♦r❡ r❡s❡r✈❡❞ ✐♥ ❢r❛❣❉❛t❛ ❜✉✛❡r ♣❡r ❢r❛❣♠❡♥t✳ ❲❡ ❞❡s❝r✐❜❡ t❤❡ ❞❛t❛
st♦r❡❞ ❢✉rt❤❡r ✐♥ t❤✐s ❈❤❛♣t❡r✳

✉✐♥t ✉✐♥t ✉✐♥t ✉✐♥t

❢r❛❣■❉✯s♣❛♥❙✐③❡ ❘●❇❆ ❈♦❧♦r ❉❡♣t❤ ▲❛②❡r■♥❞❡① ❉✐st❚♦◆❡①t ▲❛②❡r
❢r❛❣■❉✯s♣❛♥❙✐③❡ ✰ ✶ ▲❡❢t ❘✐❣❤t ❇♦tt♦♠ ❚♦♣
❢r❛❣■❉✯s♣❛♥❙✐③❡ ✰ ✷ α+ 2bα β + 2bβ γ + 2bγ
❢r❛❣■❉✯s♣❛♥❙✐③❡ ✰ ✸ ◆♦r♠❛❧✐③❡❞ ♥♦r♠❛❧ ❈✉r✈❛t✉r❡

❚❛❜❧❡ ✹✳✶✿ ❚❛❜❧❡ s❤♦✇s ❞❛t❛ st♦r❡❞ ♣❡r ❢r❛❣♠❡♥t✳ ❋✐rst ❝♦❧✉♠♥ s❤♦✇s t❤❡ ♣♦s✐t✐♦♥ ✐♥ t❤❡ ❢r❛❣✲
❉❛t❛ ❜✉✛❡r ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s♣❛♥♥✐♥❣ ♠❡❝❤❛♥✐s♠✳ ❙♣❛♥❙✐③❡ ❂ ✹ ✐s ✉s❡❞✳ ❖♥❡ r♦✇ ♦❢ t❤❡ t❛❜❧❡
✐s r❡♣r❡s❡♥t❡❞ ❛s ✈❡❝t♦r ♦❢ ✹ ✉♥s✐❣♥❡❞ ✐♥t❡❣❡rs ✭✉✈❡❝✹✮✳
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✹✳✸✳✶✳✶ ❋♦r♠❛ts P❛❝❦✐♥❣

◆♦t❡ ❝❡❧❧s ❘●❇❆ ❈♦❧♦r ❛♥❞ ◆♦r♠❛❧✐③❡❞ ♥♦r♠❛❧ ✐♥ t❛❜❧❡ ✹✳✶✱ ✇❤❡r❡ ✇❡ st♦r❡ ✈❡❝t♦r ❞❛t❛
t♦ ✉♥s✐❣♥❡❞ ✐♥t❡❣❡r✳ ❚♦ s❛✈❡ ✉s❡❞ ♠❡♠♦r② s♣❛❝❡ ♣❛❝❦✐♥❣ ♦❢ ✹ ✢♦❛ts f, f ∈< 0, 1 > t♦ ♦♥❡
✉♥s✐❣♥❡❞ ✐♥t❡❣❡r ✐s ✉s❡❞✳ ❋♦r ❡①❛♠♣❧❡ ❝♦❧♦r ❛♥❞ ❛❧♣❤❛ ❝❤❛♥♥❡❧ ❛r❡ st♦r❡❞ t♦ ♦♥❡ ✉♥s✐❣♥❡❞
✐♥t❡❣❡r ❛s✿

✶ ✴✴ ♣❛❝❦✐♥❣ ❢♦r♠❛ts ✐♥ ●▲❙▲ ✉s ✐♥❣ ❜ ✐ t✇ ✐ s ❡ s ❤ ✐ ❢ t s
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✜❧❧P❛ss❇❡❢♦r❡ ♠❡t❤♦❞ ❡♥s✉r❡s t❤❛t ❜✉✛❡rs ♣✐①❡❧❈♦✉♥t ❛♥❞ ♣✐①❡❧❍❡❛❞ ❛r❡ r❡s❡t t♦ ✐♥✐t✐❛❧
st❛t❡✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ✉s✐♥❣ GL_PIXEL_UNPACK_BUFFER✳ ❖t❤❡r ❜✉✛❡rs ❝❛♥ ❜❡ s✐♠♣❧②
r❡✇r✐tt❡♥ ❜② ♥❡✇ ❞❛t❛ ❜✉t ❢♦r ✐♠❛❣❡ t♦ ♥♦t ✐♥t❡r❢❡r❡ ✇✐t❤ ♣r❡✈✐♦✉s r❡s✉❧ts ♣✐①❡❧❈♦✉♥t ❛♥❞
♣✐①❡❧❍❡❛❞ ♥❡❡❞ t♦ ❜❡ r❡s❡t✳ ❆t♦♠✐❝ ❝♦✉♥t❡r ✉s❡❞ ❢♦r ❢r❛❣♠❡♥ts ✐♥❞✐❝❡s ♥❡❡❞s t♦ r❡s❡t ❛s ✇❡❧❧✳
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❚❤❡♥ ❛❧❧ ❜✉✛❡rs ❛r❡ ❜✐♥❞❡❞ ❛s ✉♥✐❢♦r♠s t♦ t❤❡ ❝✉rr❡♥t s❤❛❞❡r ♣❛ss ✇❡ ❝❛❧❧ t❤❡ ✜❧❧✲

P❛ss✳ ❙✐♥❝❡ ❖♣❡♥●▲ ❝❛♥♥♦t ❦♥♦✇ ✇❤❛t ♣✉r♣♦s❡ ♦❢ ♦✉r ❜✉✛❡r ✐s ✇❡ ♥❡❡❞ t♦ s♣❡❝✐❢② ❤♦✇
t❤❡ ❜✉✛❡r ✇✐❧❧ ❜❡ ❛❝❝❡ss❡❞✳ ❚❤❛t ✐s ❞♦♥❡ ✇❤❡♥ ❜✐♥❞✐♥❣ t❤❡ ❜✉✛❡r ✉s✐♥❣ GL_READ_WRITE✱
GL_READ_ONLY✱ GL_WRITE_ONLY ✢❛❣s ❛♥❞ ♠❡♠♦r② q✉❛❧✐✜❡rs coherent✱ volatile✱
restrict✱ read- only✱ writeonly ✐♥ t❤❡ s❤❛❞❡r✳ ■t ✐s r❡s♣♦♥s✐❜✐❧✐t② ♦❢ t❤❡ ❞❡✈❡✲
❧♦♣❡r t♦ s❡t t❤❡s❡ s✐♥❝❡ ✇r✐t❡ ♦♣❡r❛t✐♦♥s ✇❤❡♥ ✉s✐♥❣ ✐♠❛❣❡ ❧♦❛❞✴st♦r❡ ❛r❡ ♥♦t ❛✉t♦♠❛t✐❝❛❧❧②
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❢r❛❣♠❡♥ts ❛t t❤❡s❡ ❝♦♦ r❞ ✐♥❛ t ❡ s ✳

◆♦✇ ❛❧❧ t❤❡ ❞❛t❛ ❛r❡ st♦r❡❞ ✐♥ ♣r❡s❡♥t❡❞ ❜✉✛❡rs ✐♥ ●P❯ ♠❡♠♦r②✳ ●❡♦♠❡tr② t❤❡r❡❢♦r❡
❞♦❡s ♥♦t ❤❛✈❡ t♦ ❜❡ r❡♥❞❡r❡❞ ❛❣❛✐♥ ❛♥❞ ❛❣❛✐♥ ❛s ✐♥ ❝❛s❡ ♦❢ t❤❡ ♣❡❡❧✐♥❣ ♠❡t❤♦❞s ✇❤✐❝❤ ✇✐❧❧
t✉r♥ ♦✉t t♦ ❜❡ ✈❡r② ✐♠♣♦rt❛♥t ✐♥ ♠❡❛s✉r❡♠❡♥ts✳ ❋♦r t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r t♦ ❜❡ ❝♦♠♣❧❡t❡ ✇❡
st✐❧❧ ❤❛✈❡ t♦ s♦rt ❛❝❝✉♠✉❧❛t❡❞ ❢r❛❣♠❡♥ts ❛♥❞ ✜♥❞ t❤❡✐r ❣❡♦❞❡s✐❝ ♥❡✐❣❤❜♦rs ❛❧♦♥❣ t❤❡ s✉r❢❛❝❡✳

✹✳✸✳✸ ❙♦rt✐♥❣

■♥ ♦✉r ❛♣♣❧✐❝❛t✐♦♥ t✇♦ s♦rt✐♥❣ ♠❡t❤♦❞s ❛r❡ ✐♠♣❧❡♠❡♥t❡❞✳ ❖♥❡ s♦rt✐♥❣ t❤❡ ❧✐♥❦❡❞ ❧✐st ✇✐t❤♦✉t
✉s✐♥❣ ❛♥② ❛✉①✐❧✐❛r② str✉❝t✉r❡s ❛♥❞ s❡❝♦♥❞ ✇❤❡r❡ ❛rr❛② ♦❢ ✜①❡❞ s✐③❡ ✐s ✉s❡❞ ❢♦r s♦rt✐♥❣✳

❙♦rt✐♥❣ t❤❡ ▲✐♥❦❡❞ ▲✐st ❜② ■♥s❡rt✐♦♥ s♦rt ❝❛♥ ❜❡ ❞♦♥❡ ❡❛s✐❧② ✉s✐♥❣ t✇♦ ❢r❛❣◆❡①t

❜✉✛❡rs✳ ❖♥❡ t♦ ❜❡ ✜❧❧❡❞ ✐♥✐t✐❛❧❧② ❛♥❞ s❡❝♦♥❞ t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ❢♦r ❛❞❞✐♥❣ s♦rt❡❞ ❢r❛❣♠❡♥ts
❛s s❤♦✇♥ ✐♥ ❛❧❣♦r✐t❤♠ ✶✵✳ ❙✐♥❝❡ ♦✉r ✐♥s❡rt✐♦♥ s♦rt ❞✐✛❡rs ✐♥ t✇♦ ✉s❡❞ str✉❝t✉r❡s ❢♦r ♥❡①t
♣♦✐♥t❡rs ✇❡ s❤♦✇ ✉s❡❞ ●▲❙▲ s♦✉r❝❡ ❝♦❞❡ ✐♥st❡❛❞ ♦❢ ♣s❡✉❞♦❝♦❞❡✳ ❲❡ ❝❛♥ s❡❡ t❤✐s ♣r♦❝❡❞✉r❡
❛s ❛ ❛♥❛❧♦❣② t♦ t✇♦ ❧✐♥❦❡❞ ❧✐sts ❆✱❇✳ ❆ ✐s ✉♥s♦rt❡❞ ❛♥❞ ❇ ❝♦♥s✐sts ♦♥❧② ❢r♦♠ ❝♦♣② ♦❢ ❤❡❛❞
✐♥ ❆✳ ❚❤❡♥ ✇❡ r❡♠♦✈❡ ♥♦❞❡ a ❢r♦♠ t❤❡ ❢r♦♥t ♦❢ ❆ ❛♥❞ ✐♥s❡rt t❤❡♠ t♦ ❇✳ ❚♦ ❜❡ ❛❜❧❡ t♦ r❡♠♦✈❡
a.next ❢r♦♠ ❆ ❛♥❞ ✐♥s❡rt ✐t t♦ ❇✱ ✇❡ ✇♦✉❧❞ ❤❛✈❡ t♦ r❡♠❡♠❜❡r ✇❤❛t ✇❛s t❤❡ ♦r✐❣✐♥❛❧ a.next
s✐♥❝❡ ✐♥s❡rt✐♥❣ t❤❡ a ♥♦❞❡ t♦ ❇ ♠❛② ❝❤❛♥❣❡ ✐ts ♥❡①t ♣♦✐♥t❡r✳ ■♥ s✐♥❣❧❡ ❧✐♥❦❡❞ ❧✐sts t❤✐s ❝♦✉❧❞
❜❡ s♦❧✈❡❞ ❛❧s♦ ❜② ❝♦♣✐❡s ♦❢ t❤❡ ♥♦❞❡s ✐♥st❡❛❞ ♦❢ t❤❡✐r r❡♠♦✈❛❧ ❢r♦♠ ❆✳ ❲❡ s♦❧✈❡ t❤✐s ✐ss✉❡ ❛s
♠❡♥t✐♦♥❡❞ ❜② t✇♦ ❜✉✛❡rs ❢♦r t❤❡ ♥❡①t ♣♦✐♥t❡rs✳

❙♦rt✐♥❣ ✐♥ ❆rr❛② ♦❢ ❋✐①❡❞ ❙✐③❡ ◆✉♠❜❡r ♦❢ ❛❝❝❡ss❡s t♦ t❤❡ ❜✉✛❡rs ✐s ❛ ❜♦tt❧❡♥❡❝❦ ♦❢ t❤❡
♣r❡✈✐♦✉s ♠❡t❤♦❞✳ ❲❡ ❧♦❛❞ ❛❧❧ ✈❛❧✉❡s ❛♥❞ t❤❡✐r ♥❡①t ♣♦✐♥t❡rs t♦ st❛t✐❝ ❛rr❛②s ♦❢ ✜①❡❞ s✐③❡ ✭✻✹
✐♥ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥✮✳ ❚❤✐s ❛rr❛② ✐s t❤❡♥ s♦rt❡❞ ❛♥❞ r❡s✉❧ts ❛r❡ st♦r❡❞ ❜❛❝❦ t♦ t❤❡ ❜✉✛❡rs✳
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❆❧❣♦r✐t❤♠ ✶✵✿ ❝r❡❛t✐♥❣ t❤❡ ❝♦♥❝✉rr❡♥t ❧✐♥❦❡❞ ❧✐sts str✉❝t✉r❡
❉❛t❛✿ ❇✉✛❡rs ✉❴❢r❛❣◆❡①t ❛♥❞ ✉❴❢r❛❣◆❡①t✷✱ ✉❴❢r❛❣❉❛t❛ ❛♥❞ ✉❴♣✐①❡❧❍❡❛❞
❘❡s✉❧t✿ ❙♦rt❡❞ ♥❡①t ♣♦✐♥t❡rs ✐♥ t❤❡ ✉❴❢r❛❣◆❡①t✷ ❛♥❞ ✜①❡❞ ❤❡❛❞ ♣♦✐♥t❡r ✐♥ ✉❴♣✐①❡❧❍❡❛❞✳

✶ ✐♥t s♦rt❡❞❙✐③❡ ❂ ✶❀
✷ ✐♥t ❤❡❛❞ ❂ ✐♠❛❣❡▲♦❛❞✭✉❴♣✐①❡❧❍❡❛❞✱ ✐✈❡❝✷✭❣❧❴❋r❛❣❈♦♦r❞✳①②✮✮✳①❀
✸ ✢♦❛t ❤❡❛❞❉❡♣t❤ ❂ ✉✐♥t❇✐ts❚♦❋❧♦❛t✭✐♠❛❣❡▲♦❛❞✭✉❴❢r❛❣❉❛t❛✱ ❤❡❛❞✯✉❴❞❛t❛❙♣❛♥❙✐③❡✮✳②✮❀
✹ ✐♥t ♥❡✇ ❂ ✐♠❛❣❡▲♦❛❞✭✉❴❢r❛❣◆❡①t✱ ❤❡❛❞✮❀
✺ ✢♦❛t ♥❡✇❉❡♣t❤ ❂ ✉✐♥t❇✐ts❚♦❋❧♦❛t✭✐♠❛❣❡▲♦❛❞✭✉❴❢r❛❣❉❛t❛✱ ♥❡✇✯✉❴❞❛t❛❙♣❛♥❙✐③❡✮✳②✮❀
✻ ✐♥t ♥❡✇❈♦✉♥t❡r ❂ ✶❀
✼ ✐♥t ❝✉rr✱♣r❡✈❀
✽ ✢♦❛t ❝✉rr❉❡♣t❤❀
✾ ✇❤✐❧❡ s♦rt❡❞❙✐③❡ ❁ t♦t❛❧❈♦✉♥t ❞♦

✶✵ ✐❢ ♥❡✇❉❡♣t❤ ❁ ❤❡❛❞❉❡♣t❤ t❤❡♥
✶✶ ✐♠❛❣❡❙t♦r❡✭✉❴❢r❛❣◆❡①t✷✱ ♥❡✇✱ ✐✈❡❝✹✭❤❡❛❞✱✵✱✵✱✵✮✮❀
✶✷ ❤❡❛❞ ❂ ♥❡✇❀
✶✸ ❤❡❛❞❉❡♣t❤ ❂ ♥❡✇❉❡♣t❤❀
✶✹ ♥❡✇ ❂ ✐♠❛❣❡▲♦❛❞✭✉❴❢r❛❣◆❡①t✱ ♥❡✇✮❀
✶✺ ♥❡✇❉❡♣t❤ ❂ ✉✐♥t❇✐ts❚♦❋❧♦❛t✭✐♠❛❣❡▲♦❛❞✭✉❴❢r❛❣❉❛t❛✱ ♥❡✇✯✉❴❞❛t❛❙♣❛♥❙✐③❡✮✳②✮❀
✶✻ s♦rt❡❞❙✐③❡✰✰❀
✶✼ ❝♦♥t✐♥✉❡❀

✶✽ ❡♥❞
✶✾ ♣r❡✈ ❂ ❤❡❛❞❀
✷✵ ❝✉rr ❂ ✐♠❛❣❡▲♦❛❞✭✉❴❢r❛❣◆❡①t✷✱ ❤❡❛❞✮❀
✷✶ ❝✉rr❉❡♣t❤ ❂ ✉✐♥t❇✐ts❚♦❋❧♦❛t✭✐♠❛❣❡▲♦❛❞✭✉❴❢r❛❣❉❛t❛✱ ❝✉rr✯✉❴❞❛t❛❙♣❛♥❙✐③❡✮✳②✮❀
✷✷ ✐♥t ✐♥♥❡r❈♦✉♥t❡r ❂ ✵❀
✷✸ ✇❤✐❧❡ ✐♥♥❡r❈♦✉♥t❡r ❁❂ s♦rt❡❞❙✐③❡ ✫✫ ❝✉rr❉❡♣t❤ ❁ ♥❡✇❉❡♣t❤ ❞♦
✷✹ ♣r❡✈ ❂ ❝✉rr❀
✷✺ ❝✉rr ❂ ✐♠❛❣❡▲♦❛❞✭✉❴❢r❛❣◆❡①t✷✱ ❝✉rr✮❀
✷✻ ❝✉rr❉❡♣t❤ ❂ ✉✐♥t❇✐ts❚♦❋❧♦❛t✭✐♠❛❣❡▲♦❛❞✭✉❴❢r❛❣❉❛t❛✱ ❝✉rr✯✉❴❞❛t❛❙♣❛♥❙✐③❡✮✳②✮❀
✷✼ ✐♥♥❡r❈♦✉♥t❡r✰✰❀

✷✽ ❡♥❞
✷✾ ✐♠❛❣❡❙t♦r❡✭✉❴❢r❛❣◆❡①t✷✱ ♣r❡✈✱ ✐✈❡❝✹✭♥❡✇✱✵✱✵✱✵✮✮❀
✸✵ ✐♠❛❣❡❙t♦r❡✭✉❴❢r❛❣◆❡①t✷✱ ♥❡✇✱ ✐✈❡❝✹✭❝✉rr✱✵✱✵✱✵✮✮❀
✸✶ ♥❡✇ ❂ ✐♠❛❣❡▲♦❛❞✭✉❴❢r❛❣◆❡①t✱ ♥❡✇✮❀
✸✷ ♥❡✇❉❡♣t❤ ❂ ✉✐♥t❇✐ts❚♦❋❧♦❛t✭✐♠❛❣❡▲♦❛❞✭✉❴❢r❛❣❉❛t❛✱ ♥❡✇✯✉❴❞❛t❛❙♣❛♥❙✐③❡✮✳②✮❀
✸✸ s♦rt❡❞❙✐③❡✰✰❀

✸✹ ❡♥❞
✸✺ ✐♠❛❣❡❙t♦r❡✭✉❴♣✐①❡❧❍❡❛❞✱ ✐✈❡❝✷✭❣❧❴❋r❛❣❈♦♦r❞✳①②✮✱ ✐✈❡❝✹✭❤❡❛❞✱✵✱✵✱✵✮✮❀

✹✳✸✳✹ ◆❡✐❣❤❜♦rs ▲♦❝❛t✐♦♥

Pr♦♣♦s❡❞ ✐♥❞✐❝❡s ♠♦t✐✈❛t❡❞ ♠❡t❤♦❞ ✐s ✐♠♣❧❡♠❡♥t❡❞ t♦ ✜♥❞ ♥❡✐❣❤❜♦rs ❛❧♦♥❣ t❤❡ s✉r❢❛❝❡✳
❆s ❞❡s❝r✐❜❡❞ ✐♥ ✸✳✶✳✺✳✷ ❡✈❡r② ✈❡rt❡① ✐s ♣❛ss❡❞ ❛❧❧ ✸ ✈❡rt❡① ✐♥❞✐❝❡s ♦❢ ✐♥❝✐❞❡♥t tr✐❛♥❣❧❡✳ ❲❡
✉s❡ GL_ARRAY_BUFFER t♦ ♣❛ss ♣r❡✲♣r♦❝❡ss❡❞ ✐♥❞✐❝❡s t♦ t❤❡ ✈❡rt❡① s❤❛❞❡r ✇❤❡♥ ❣❡♦♠❡tr②
✐s r❡♥❞❡r❡❞✳

■♥❞✐❝❡s ❛r❡ ♣❛ss❡❞ t♦ t❤❡ ❢r❛❣♠❡♥t s❤❛❞❡r ❛s flat uvec3 v_triangleIndices

s♦ t❤❛t ✐ts ✈❛❧✉❡s ❛r❡ ♥♦t ✐♥t❡r♣♦❧❛t❡❞ ❜❡t✇❡❡♥ ❢r❛❣♠❡♥ts ❛♥❞ ✐♥❞✐❝❡s st❛② ✈❛❧✐❞✳ ❚❤✐s ✐♥❢♦r✲
♠❛t✐♦♥ ✐s t❤❡♥ st♦r❡❞ ♣❡r ❢r❛❣♠❡♥t ✐♥ t❤❡ ❢r❛❣❉❛t❛ ❜✉✛❡r✳
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❋✐♥❞◆❡✐❣❤❜♦rsP❛ss ✐s t❤❡ ♥❛♠❡ ♦❢ s❤❛❞❡r ♣r♦❣r❛♠ t❤❛t ✜♥❞s ♥❡✐❣❤❜♦rs ❢♦r ❛❧❧ st♦r❡❞
❢r❛❣♠❡♥ts ✐❢ ❡①✐st✳ ❋✐rst ❢✉❧❧s❝r❡❡♥ q✉❛❞ ✐s r❡♥❞❡r❡❞ t♦ ❛❝❝❡ss t❤❡ ❜✉✛❡rs ❜② t❤❡ ♣✐①❡❧ ❝♦✲
♦r❞✐♥❛t❡s✳ ▲♦❝❛t✐♦♥ ♦❢ t❤❡ ♥❡✐❣❤❜♦rs ✐s t❤❡♥ tr✐✈✐❛❧ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❛❧❣♦r✐t❤♠ ✻ ✐♥ ✸✳✶✳✺✳✷✳
❘❡❢❡r❡❞ ❛❧❣♦r✐t❤♠ ✇✐❧❧ r❡t✉r♥ ✐❞s ♦❢ ❛❧❧ ❣❡♦❞❡s✐❝ ♥❡✐❣❤❜♦rs ✐❢ ❡①✐st✳ ❲❡ st♦r❡ t❤♦s❡ ✈❛❧✉❡s
✐♥t♦ t❤❡ ❢r❛❣❉❛t❛ ❜✉✛❡r ❛s ✇❡❧❧✳

✹✳✸✳✺ ●r♦✉♣s ❛♥❞ ■♠♣♦rt❛♥❝❡ ♣❡r ❈♦♠♣♦♥❡♥ts

■♥ ♦✉r ❛♣♣❧✐❝❛t✐♦♥ t✇♦ ♠♦❞❡s ❛r❡ ❛✈❛✐❧❛❜❧❡✳ ■♥ t❤❡ ❞❡❢❛✉❧t ♠♦❞❡ ❡❛❝❤ ❝♦♠♣♦♥❡♥t ✭♣❛rt ♦❢
t❤❡ ❣❡♦♠❡tr②✮ ❛r❡ s❡t ✇✐t❤ t❤❡ s❛♠❡ ✐♥✐t✐❛❧ ♦♣❛❝✐t②✳ ■♥ ♠♦❞❡ ❝❛❧❧❡❞ ✐♥❞✐✈✐❞✉❛❧ ♦♣❛❝✐t② ❡❛❝❤
❝♦♠♣♦♥❡♥t ❝❛♥ ❤❛✈❡ ✐ts ♦✇♥ ✐♥✐t✐❛❧ ♦♣❛❝✐t② ✈❛❧✉❡✳ ■♥ ❛❞❞✐t✐♦♥ ✐♥ ❜♦t❤ ♠♦❞❡s ✇❡ ❝❛♥ s❡❧❡❝t
✇❤✐❝❤ ❝♦♠♣♦♥❡♥ts ❛r❡ t♦ ❜❡ r❡♥❞❡r❡❞✳

❖♣❛❝✐t② s❤❛r❡❞ ❜② ❛❧❧ ❝♦♠♣♦♥❡♥ts ✐s ✐♠♣❧❡♠❡♥t❡❞ s✐♠♣❧② ✉s✐♥❣ ✉♥✐❢♦r♠ ●▲❙▲ ✈❛r✐❛❜❧❡✳
■♥❞✐✈✐❞✉❛❧ ♦♣❛❝✐t✐❡s u_ComponentOpacities[512] ❛r❡ ♣❛ss❡❞ t♦ t❤❡ s❤❛❞❡r ❛s ❛♥ ✉♥✐✲
❢♦r♠ ❛rr❛② ✇❤❡r❡ ❝♦♠♣♦♥❡♥t■❉ ✐s ✉s❡❞ t♦ ❛❞❞r❡ss ✐t✳ ❲❡ ✇♦✉❧❞ ✉s❡ s❛♠❡ ♠❡❝❤❛♥✐s♠ ❢♦r
✉❴❆❧❧♦✇❡❞❈♦♠♣♦♥❡♥ts❬✺✶✷❪✱ t❤❡r❡ ✐s ❤♦✇❡✈❡r ❛ ❤❛r❞✇❛r❡ ❧✐♠✐t❛t✐♦♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♥✉♠❜❡r
♦❢ ✉♥✐❢♦r♠ ✈❛❧✉❡s t❤❛t ❝❛♥ ❜❡ ♣❛ss❡❞ ✐♥ ♦♥❡ s❤❛❞❡r ✐♥✈♦❝❛t✐♦♥✳ ❲❡ t❤❡r❡❢♦r❡ ♠❡r❣❡ t✇♦ ❛rr❛②s
t♦ ♦♥❡ ✐♥ ❢♦❧❧♦✇✐♥❣ ♠❛♥♥❡r✿ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ❤❛✈❡ ❜✐♥❛r② ❛rr❛② ✉❴❆❧❧♦✇❡❞❈♦♠♣♦♥❡♥ts❬✺✶✷❪
❢♦r ❝♦♠♣♦♥❡♥ts t♦ ❜❡ ✉s❡❞✳ ■❢ ❛ ✈❛❧✉❡ ♦❢ u_ComponentOpacities[componentID] ✐s
❡q✉❛❧ t♦ ③❡r♦✱ ✐ts ❢r❛❣♠❡♥ts ❛r❡ ♥♦t st♦r❡❞ t♦ t❤❡ ❧✐♥❦❡❞ ❧✐sts ❛t ❛❧❧✳ ■❢ ♦t❤❡r t❤❛♥ ③❡r♦✱ ❢r❛❣✲
♠❡♥ts ❛r❡ st♦r❡❞ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧ ♦♣❛❝✐t② ✐s s❡t✳ ❚❤✐s ♥♦t ♦♥❧② s❛✈❡s ♥✉♠❜❡r ♦❢ ✉s❡❞ ✉♥✐❢♦r♠
✈❛❧✉❡s ❛♥❞ st♦r❡s ♦♥❧② ♥❡❝❡ss❛r② ✲ ✈✐s✐❜❧❡ ❢r❛❣♠❡♥ts t♦ ♣❡r ♣✐①❡❧ ❧✐♥❦❡❞ ❧✐sts✳

✹✳✸✳✻ ❱✐s✉❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r

❙❡✈❡r❛❧ t♦♦❧s t♦ ✈✐s✉❛❧✐③❡ ❛♥❞ ❞❡❜✉❣ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❛r❡ ✐♠♣❧❡♠❡♥t❡❞✳ ❋✐rst ✇❡ ✉s❡
t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ t♦ ✈✐s✉❛❧✐③❡ t❤❡ ❞❡♣t❤s ♦❢ ♣❡r ♣✐①❡❧ ❧✐♥❦❡❞ ❧✐sts ❛s ❛ ❤❡❛t♠❛♣✳ ❚❤✐s
✐s s✐♠♣❧② ❞♦♥❡ ❜② ❝♦♣②✐♥❣ t❤❡ ♣✐①❡❧❈♦✉♥t ❜✉✛❡r t♦ ❈P❯ ❛♥❞ ✜♥❞✐♥❣ t❤❡ ♠❛①✐♠✉♠ ❞❡♣t❤
t♦ ♥♦r♠❛❧✐③❡ ❛❧❧ ❞❡♣t❤s t♦ r❛♥❣❡ < 0, 1 >✳ ◆♦r♠❛❧✐③❡❞ ✈❛❧✉❡ ✐s t❤❡♥ ✉s❡❞ ❛s ❛ ❝♦♦r❞✐♥❛t❡
t♦ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ t❡①t✉r❡ t❤❛t r❡♣r❡s❡♥ts t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥✳ ❘❡s✉❧ts ♦❢ s✉❝❤ ✈✐s✉❛❧✐③❛t✐♦♥
❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳✷

❋✐❣✉r❡ ✹✳✷✿ ❍❡❛t♠❛♣ ❣r❛❞✐❡♥t s❤♦✇s t❤❡ ❧✐♥❦❡❞ ❧✐sts s✐③❡ ❝♦❧♦r ❝♦❞❡❞ ✐♥ ❢♦❧❧♦✇✐♥❣ ♠❛♥♥❡r✿ ❢♦r
❣r❛❞✐❡♥t ❜❧✉❡✲❃❣r❡❡♥✲❃②❡❧❧♦✇✲❃r❡❞ ❧♦✇❡st s✐③❡s ❛r❡ ❜❧✉❡ ❛♥❞ ❧♦♥❣❡st r❡❞✳



✹✻ ❈❍❆P❚❊❘ ✹✳ ❉❊❙■●◆ ❆◆❉ ■▼P▲❊▼❊◆❚❆❚■❖◆

❚♦ ✈✐s✉❛❧✐③❡ ❢♦✉♥❞ ♥❡✐❣❤❜♦rs ❛♥❞ ❝♦rr❡❝t ♦r❞❡r ♦❢ ❢r❛❣♠❡♥ts ❛❧♦♥❣ t❤❡ r❛② ♣❡❡❧✐♥❣ ♦❢ t❤❡
■❧❧✉str❛t✐♦♥ ❇✉✛❡r ✐s ✐♠♣❧❡♠❡♥t❡❞✳ ❚✇♦ ♠♦❞❡s ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ♦✉r ❛♣♣❧✐❝❛t✐♦♥✿

P❡❡❧✐♥❣ ❧✐♠✐t ✐s ❛ ❧✐♠✐t✐♥❣ ♥✉♠❜❡r t♦ t❤❡ ✜♥❛❧ ♣✐①❡❧ ❝♦♠♣♦s✐t✐♥❣ ❡q✉❛t✐♦♥✳ ❋♦r ❡①❛♠♣❧❡
✐❢ s❡t t♦ ✸✱ ♦♥❧② ✜rst t❤r❡❡ ❢r❛❣♠❡♥ts ✐♥ ❡❛❝❤ ❧✐♥❦❡❞ ❧✐st ❛r❡ ✉s❡❞ ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ✜♥❛❧
❝♦❧♦r✳

▲❛②❡r ❜② ▲❛②❡r ✐s ❛ ♠♦❞❡ ✇❤❡r❡ ❢♦r ♥✉♠❜❡r L ♦♥❧② ▲✲✐t❤ ❢r❛❣♠❡♥ts ❛r❡ s❤♦✇♥ ✐❢ ❡①✐st✳

✹✳✹ ◆♦♥ ▲♦❝❛❧ ❚r❛♥s♣❛r❡♥❝②

◆♦♥ ❧♦❝❛❧ tr❛♥s♣❛r❡♥❝② ♠♦❞✉❧❛t✐♦♥ ♠❡t❤♦❞s ♣r❡s❡♥t❡❞ ❜② ❈❛r♥❡❝❦② ❡t✳ ❛❧✳❬✶✷❪ ❛r❡ ✐♠✲
♣❧❡♠❡♥t❡❞ t♦ ❞❡♠♦♥str❛t❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ✢❡①✐❜✐❧✐t② ❛♥❞ ❡❛s❡ ♦❢ ✉s❡✳ ❲❡ ❤❛✈❡ ❤♦✇❡✈❡r
✉s❡❞ tr❛♥s♣❛r❡♥❝② ✜❡❧❞ α ✐♥ ❞✐✛❡r❡♥t ✇❛② t❤❛♥ ✐♥❬✶✷❪ ❛s ❞❡s❝r✐❜❡❞ ❢✉rt❤❡r✳

✹✳✹✳✶ ❚r❛♥s♣❛r❡♥❝② ❋✐❡❧❞s

▲❡t β, γ ❜❡ tr❛♥s♣❛r❡♥❝② ✜❡❧❞s ❛❝❝♦♠♣❛♥✐❡❞ ❜② ❜✐♥❛r② ✜❡❧❞s bβ , bγ ❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r
✸✳ ❈❛r♥❡❝❦② ❡t✳ ❛❧✳ ❛❧s♦ ✉s❡ ✜❡❧❞s α, bα ❢♦r ✐♥✐t✐❛❧ tr❛♥s♣❛r❡♥❝②✳ ❚❤❡s❡ ✇❡r❡ ❞❡s✐❣♥❡❞ ❢♦r
❝♦♠♣❧❡① ✢♦✇ s✉r❢❛❝❡s ✇✐t❤ ❞✐s❝♦♥t✐♥✉♦✉s ✐♥✐t✐❛❧ tr❛♥s♣❛r❡♥❝② α ✐♥ ❬✶✷❪✳ ❚❤❡② ✉s❡ ❞❡s❝r✐❜❡❞
♣❤②s✐❝❛❧❧② ♠♦t✐✈❛t❡❞ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss t♦ s♠♦♦t❤ t❤❡ α, bα ✈❛❧✉❡s s✐♥❝❡ ❛♥② ❞✐s❝♦♥t✐♥✉✐t②
✐♥ t❤❡ tr❛♥s♣❛r❡♥❝② ❝♦✉❧❞ ❜❡ ♠✐st❛❦❡♥ ❢♦r ❛ s✉r❢❛❝❡ ❝♦♥t♦✉r✳ ❲❡ ❤♦✇❡✈❡r ❞♦ ♥♦t ❤❛✈❡
❞✐s❝♦♥t✐♥✉♦✉s ✐♥✐t✐❛❧ tr❛♥s♣❛r❡♥❝② ❝♦♥s✐❞❡r✐♥❣ ♦♥❧② ♦♥❡ s✉r❢❛❝❡✱ ✇❡ ♦♥❧② ✉s❡ ❞✐✛❡r❡♥t ✐♥✐t✐❛❧
✈❛❧✉❡s ♣❡r s✉r❢❛❝❡ ✇❤✐❝❤ ❞♦ ♥♦t s✉✛❡r ❢r♦♠ ♠❡♥t✐♦♥❡❞ ♣❡r❝❡♣t✐♦♥ ♣r♦❜❧❡♠✳

❚♦ t❡st t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♣❤②s✐❝❛❧ ❛♥❞ ♥♦♥ ♣❤②s✐❝❛❧ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✇❡ t❤❡r❡❢♦r❡
♠♦❞✐❢② t❤❡ α ✜❡❧❞ ♣r❡s❡♥t❡❞ ✐♥ ❬✶✷❪ t♦ ❜❡ s❡t ❢✉❧❧② ♦♣❛q✉❡ ♦♥ t❤❡ s✉r❢❛❝❡ ❝♦♥t♦✉r✳ ❚♦ s❡t
✜❡❧❞s α, β, γ ❛❧♦♥❣ ✇✐t❤ ❜✐♥❛r② ✈❛❧✉❡s bα, bβ , bγ s❡✈❡r❛❧ ♣r❡r❡q✉✐s✐t❡s ❤❛✈❡ t♦ ❜❡ ♠❡t✿

✶✳ ❢r❛❣♠❡♥t■♥❞❡①, fragmentLayerIndex ∈ {1, ..., n}✱ ✇❤❡r❡ n ✐s ♥✉♠❜❡r ♦❢ ❢r❛❣♠❡♥ts
✐♥ ❣✐✈❡♥ ❧✐♥❦❡❞ ❧✐st ❛♥❞ fragmentLayerIndex ✐s ✐♥❝r❡❛s✐♥❣ ✇✐t❤ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡
❝❛♠❡r❛✳ ❲❡ ❝♦♠♣✉t❡ ❛♥❞ st♦r❡ t❤✐s s✐♠♣❧② ❞✉r✐♥❣ t❤❡ s♦rtP❛ss ❛s ❝✉st♦♠ ❢r❛❣♠❡♥t
❞❛t❛✳

✷✳ ❜♦✉♥❞❛r②◆ ✐s ❛ ♥✉♠❜❡r ♦❢ ❞✐r❡❝t✐♦♥s ❢♦r ✇❤✐❝❤ ❝✉rr❡♥t ❢r❛❣♠❡♥t ✐s ❛ ❜♦✉♥❞❛r②✳ ❚❤✐s
❝❛♥ ❜❡ ❡❛s✐❧② ❝♦♠♣✉t❡❞ ✐♥ t❤❡ ✜♥❞◆❡✐❣❤❜♦rsP❛ss ✇❤❡♥ ❛❧❧ ❡①✐st✐♥❣ ♥❡✐❣❤❜♦rs ❛r❡ ❦♥♦✇♥✳
❇♦✉♥❞❛r②◆ ✐s s❡t t♦ ③❡r♦ ❛♥❞ ✐♥❝r❡❛s❡❞ ❜② ♦♥❡ ✇✐t❤ ❡✈❡r② ❞✐r❡❝t✐♦♥ ✇❤❡r❡ ♥❡✐❣❤❜♦r
❞♦❡s ♥♦t ❡①✐st✳

✸✳ ✐♥❞❡①❙♠❛❧❧❡r❚❤❛♥◆❡✐❣❤❜♦✉rs ✐s ❛ ❜✐♥❛r② ✜❡❧❞ t❤❛t ✐s tr✉❡ ✐❢ ❢r❛❣♠❡♥t■♥❞❡① ✐s
s♠❛❧❧❡r t❤❛♥ ❛t ❧❡❛st ♦♥❡ ❢r❛❣♠❡♥t■♥❞❡① ♦❢ ✐ts ♥❡✐❣❤❜♦rs✳ ❚❤✐s ✐♥❞✐❝❛t❡s ❢r❛❣♠❡♥t
❛❞❥❛❝❡♥❝② t♦ t❤❡ ❝♦♥t♦✉r✳ ✭P❧❡❛s❡ r❡❢❡r t♦ ❈❤❛♣t❡r ✸ ❛♥❞ ✜❣✉r❡ ✸✳✶✸✮

✹✳ ✐♥❞❡①●r❡❛t❡r❚❤❛♥◆❡✐❣❤❜♦✉rs ✐s ❛❧s♦ ❜✐♥❛r② ✜❡❧❞ t❤❛t ✐s tr✉❡ ✐❢ ❢r❛❣♠❡♥t ❧✐❡s ✉♥✲
❞❡r♥❡❛t❤ s♦♠❡ s✐❧❤♦✉❡tt❡ ❢r❛❣♠❡♥t ❛♥❞ ✐ts ❢r❛❣♠❡♥t■♥❞❡① ✐s t❤❡r❡❢♦r❡ ❜✐❣❣❡r t❤❛♥ ♦❢
♦♥❡ ♦❢ ✐ts ♥❡✐❣❤❜♦rs✳ ✭P❧❡❛s❡ r❡❢❡r t♦ ❈❤❛♣t❡r ✸ ❛♥❞ ✜❣✉r❡ ✸✳✶✸✮



✹✳✹✳ ◆❖◆ ▲❖❈❆▲ ❚❘❆◆❙P❆❘❊◆❈❨ ✹✼

❲✐t❤ t❤❡s❡ ✈❛❧✉❡s ❦♥♦✇♥ ✇❡ ❝❛♥ ✜♥❛❧❧② s❡t ✜❡❧❞s α, β, γ ✇✐t❤ r❡s♣❡❝t t♦ r✉❧❡s ❞❡✜♥❡❞
✐♥ ❈❤❛♣t❡r ✸✿

✐ ❢ ✭ ❜♦✉♥❞❛r②◆ ❃ ✵✮ ④
✷ ❜❡t❛ ✱ ❛♣❧❤❛ ❂ ✶ ✳✵ ❢ ❀

❜❴❛❧♣❤❛ ✱ ❜❴❜❡t❛ ❂ ✶ ✳✵ ❢ ❀
✹ ⑥

✐ ❢ ✭ ❧❛②❡r■♥❞❡①●r❡❛t❡r❚❤❛♥◆❡✐❣❤❜♦✉rs ✮ ④
✻ ❜❡t❛ ❂ ✵ ✳✵ ❢ ❀

❜❴❜❡t❛ ❂ ✵ ❀
✽ ⑥

✐ ❢ ✭ ❧❛②❡r■♥❞❡①❙♠❛❧ ❧❡r❚❤❛♥◆❡✐❣❤❜♦✉rs ✮ ④
✶✵ ❣❛♠♠❛ ❂ ✶✳✵ ❢ ❀

❜❴❣❛♠♠❛ ❂ ✵ ❀
✶✷ ⑥

◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ s❡t t❤❡ ✜❡❧❞s α, β = 1.0f ❛t t❤❡ s✉r❢❛❝❡ ❜♦✉♥❞❛r②✳ ❲❤✐❧❡ ✐t ♠❛②
s❡❡♠ ❛s ❛ ❞✉♣❧✐❝❛t❡ ✐♥❢♦r♠❛t✐♦♥ ✇❡ ✉s❡ t❤❛♥ ❞✐✛❡r❡♥t ❞✐✛✉s✐♦♥ t❡❝❤♥✐q✉❡s ❢♦r ❜♦t❤ ✜❡❧❞s ❛♥❞
❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts ❛s ✇❡❧❧ ❛s r❡s✉❧ts ♦❢ t❤❡✐r ❝♦♠❜✐♥❛t✐♦♥✳ ❚♦ s❛✈❡ ♠❡♠♦r② ✇❡ st♦r❡ ❜♦t❤
✈❛❧✉❡s α ❛♥❞ bα ❛s α+2bα ✇✐t❤♦✉t ❧♦ss ♦❢ ♣r❡❝✐s✐♦♥✳ ❆❧❧ ❞✐s❝✉ss❡❞ ✜❡❧❞s ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥
t❤❡ ❡♥❞ ♦❢ t❤❡ ✜♥❞◆❡✐❣❤❜♦rsP❛ss ❛♥❞ st♦r❡❞ t♦ ❢r❛❣❉❛t❛ ❜✉✛❡r t♦ ♣♦s✐t✐♦♥s ❞✐s❝✉ss❡❞ ✐♥ ❯s❡❞

str✉❝t✉r❡s s❡❝t✐♦♥✳

✹✳✹✳✷ ❉✐✛✉s✐♦♥ Pr♦❝❡ss

❲❡ ♥♦✇ ❤❛✈❡ ✜❡❧❞s α, β, γ ✐♥✐t✐❛❧✐③❡❞✳ P❤②s✐❝❛❧ ❛♥❞ ♥♦♥ ♣❤②s✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s ❝❛♥ ❜❡
❝♦♠♣✉t❡❞✳ ❙✐♥❝❡ t❤❡s❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❞✐✛❡r s✐❣♥✐✜❝❛♥t❧② ✇❤❡♥ ✉s❡❞ ❛❧♦♥❡✱ ♠❡t❤♦❞ ♦❢ ❝♦♠✲
❜✐♥✐♥❣ t❤❡ ♣❤②s✐❝❛❧ ❛♥❞ ❛❧t❡r❡❞ ♥♦♥♣❤②s✐❝❛❧ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✐s ♣r♦♣♦s❡❞✳ ❲❡ ❝❛♥ ♠♦t✐✈❛t❡
♦✉rs❡❧✈❡s ✇✐t❤ ✜❣✉r❡ ✹✳✹✱ ✇❤❡r❡ ✇❡ ❝❛♥ s❡❡ ❤♦✇ ✐♥❡✣❝✐❡♥t ✐s tr❛♥s♣♦rt ♦❢ ✈❛❧✉❡s ✉s✐♥❣ ❞✐s❝r❡t❡
▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ❛♥❞ ❛rt✐❢❛❝ts ❝❛✉s❡❞ ❜② ♥♦♥♣❤②s✐❝❛❧ ♣r♦❝❡ss ♣r♦♣♦s❡❞ ❜② ❬✶✷❪✳

❚♦ ♦✈❡r❝♦♠❡ t❤❡ r❡❛❞✴✇r✐t❡ ❝♦❧❧✐s✐♦♥s ❞✉r✐♥❣ t❤✐s ♣❛ss✱ ♣✐♥❣ ♣♦♥❣ ❝♦♠♣✉t❛t✐♦♥❛❧ s❝❤❡♠❡

✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ✜❡❧❞s❉✐✛✉s✐♦♥P❛ss ✇❤❡r❡ t❤❡ ❞✐✛✉s✐♦♥ ♦❝❝✉rs✳ ❚❤✐s ✐s s✐♠♣❧② ❞♦♥❡
❜② s✇✐t❝❤✐♥❣ ❜✉✛❡rs ❢r❛❣❉❛t❛ ✐♥ ✐♥♣✉t ❛♥❞ ❢r❛❣❉❛t❛✷ ✐♥ ♣❛ss ♦✉t♣✉t ✐♥ ❡✈❡r② ✐t❡r❛t✐♦♥✳

✹✳✹✳✷✳✶ P❤②s✐❝❛❧ Pr♦❝❡ss

0.5 1 0.5

1 -6 1

0.5 1 0.5

❋✐❣✉r❡ ✹✳✸✿ ❉✐s❝r❡t❡
▲❛♣❧❛❝✐❛♥ ❝♦♥✈♦❧✉t✐♦♥
❦❡r♥❡❧ ❢♦r ✷❉ s✐❣♥❛❧s

❆s ❞❡s❝r✐❜❡❞ ✇❡ ✉s❡ ❞✐s❝r❡t❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ❢♦r t❤❡ ∆αk ❡st✐♠❛✲
t✐♦♥✳ ❉✐s❝r❡t❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✬s ❝♦♥✈♦❧✉t✐♦♥ ❦❡r♥❡❧ ✐s ❝♦♠♠♦♥❧② ✉s❡❞
✐♥ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣✳ ❑❡r♥❡❧ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳✸ ✐s ✐♥ ♦✉r ✐♠♣❧❡♠❡♥✲
t❛t✐♦♥ ♥♦t ❛♣♣❧✐❡❞ t♦ ♣✐①❡❧s ❛s ✐♥ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣ ❜✉t t♦ ♥❡✐❣❤❜♦r✐♥❣
❢r❛❣♠❡♥ts ✐♥ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r✳

❚❤✐s ✐s s✐♠♣❧② ✐♠♣❧❡♠❡♥t❡❞ ❛s ❛ s✉♠ ♦❢ t❤❡ ♥❡✐❣❤❜♦r✐♥❣ ❢r❛❣✲
♠❡♥ts ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦❡✣❝✐❡♥t ❣✐✈❡♥ ❜② t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❦❡r✲
♥❡❧ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳✸✳ ❇❡st r❡s✉❧ts ✇❛s ❛❝❤✐❡✈❡❞ ❜② ♥♦r♠❛❧✲
✐③❛t✐♦♥ ♦❢ ✜♥❛❧ ✈❛❧✉❡ ❜② 1

4
✳ ❙❡❝♦♥❞ ♦r❞❡r ❝❡♥tr❛❧ ✜♥✐t❡ ❞✐✛❡r❡♥✲

❝❡ ♣r♦♣♦s❡❞ ❜② ❈❛r♥❡❝❦② ❡t✳ ❛❧✳ ✐s ❛❧s♦ ✐♠♣❧❡♠❡♥t❡❞ ❜✉t ♥♦t
✉s❡❞ ❞✉❡ t♦ ❤✐❣❤ ❛♠♦✉♥t ♦❢ ✈✐s✉❛❧ ❡rr♦rs✳ ❋♦r ✐ts ✉s❡ ♣❧❡❛s❡
✉♥❝♦♠♠❡♥t ❧✐♥❡ ✇✐t❤ #define CENTRAL_DIFFERENCE ✐♥ t❤❡
smoothFieldsPassLaplacian.frag s❤❛❞❡r ✜❧❡✳
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❋✐❣✉r❡ ✹✳✹✿ ❆❧❧ ✐♠❛❣❡s ✇❡r❡ ❝r❡❛t❡❞ ❜② ✶✺ ✐t❡r❛t✐♦♥s ♦❢ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss✳ ❚♦♣ ❧❡❢t✿ ✐s r❡s✉❧t ♦❢
❝♦♥✈♦❧✉t✐♦♥ ✇✐t❤ ❞✐s❝r❡t❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ♦❢ α✳ ❚♦♣ r✐❣❤t✿ ✐s ♥♦♥ ♣❤②s✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ β
❞✐✛✉s✐♦♥ ❛s ✐♥ ❬✶✷❪✱ s✉✛❡r✐♥❣ ❢r♦♠ ❛♥② ❝♦♥t♦✉r ❞✐s❝♦♥t✐♥✉✐t②✳ ❇♦tt♦♠ ❧❡❢t✿ ✐s r❡s✉❧t ♦❢ ❛♣♣❧②✐♥❣
❞✐s❝r❡t❡ ❣❛✉ss✐❛♥ ✜❧t❡r ♦♥ β✳ ❲❡ ❝❛♥ s❡❡ ❛rt✐❢❛❝t ❝❛❧❧❡❞ r✐♥❣✐♥❣ ✐♥ ♣❧❛❝❡ ♦❢ ❢♦r♠❡r ❝♦♥t♦✉r ✇❤✐❝❤ ✐s
t②♣✐❝❛❧ ❢♦r s✉❝❤ ❦❡r♥❡❧s✳ ❇♦tt♦♠ r✐❣❤t✿ ✐s ♠❡t❤♦❞ ✉s❡❞ ❜② ✉s ✇❤❡r❡ r❡s✉❧t ✐s ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❜❧✉rr❡❞
♥♦♥ ♣❤②s✐❝❛❧ β ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ❛♥❞ ♦✉t♣✉t ♦❢ ❞✐s❝r❡t❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r ♦♥ α✳

✹✳✹✳✷✳✷ ◆♦♥♣❤②s✐❝❛❧ Pr♦❝❡ss

◆♦♥♣❤②s✐❝❛❧ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✐♥tr♦❞✉❝❡❞ ❜❡❢♦r❡ ✐s ✈❡r② str❛✐❣❤t❢♦r✇❛r❞ t♦ ✐♠♣❧❡♠❡♥t✳ ■♥ ✐t✲
❡r❛t✐♦♥ ♦✈❡r ❛❧❧ ❢r❛❣♠❡♥ts ♦❢ ❛ ❧✐♥❦❡❞ ❧✐st ✇❡ s✐♠♣❧② ❝♦♠♣✉t❡ t❤❡ β ✜❡❧❞ ❢♦r ❛❧❧ ❡①✐st✐♥❣
♥❡✐❣❤❜♦rs ♦❢ ❝✉rr❡♥t ❢r❛❣♠❡♥t fi ❛s✿

✶ ✴✴ ●▲❙▲ ❝♦❞❡ ✉s ✐♥❣ ❜✉ ✐ ❧ t−✐♥ ❢ ✉♥❝ t ✐ ♦♥ s ✐♥t❇✐ t s❚♦❋❧♦❛t ❛♥❞ ♠❛①
✴✴ ❜❡ t❛❴❞ ✐ ❢ ❢✉ s ✐ ♦♥ ❂ ❜❡t❛ ✭ ❢❴✐ ✮ ✐ ♥ ✐ t ✐ ❛ ❧ ❧ ②

✸ ❢ ❧ ♦ ❛ t ❜♥❂✉✐♥t❇✐ts❚♦❋❧♦❛t ✭ ❢ ✐ ❡ ❧❞❉❛t❛♥ ✳ ② ✮ ❀ ✴✴ ❜❡t❛ ♦ ❢ ❝✉ r r ❡♥ t ❧ ② ♣r♦❝❡ s s❡❞ ♥❡✐❣❤❜♦r
❜❡ t❛❴❞ ✐ ❢ ❢✉ s ✐ ♦♥ ❂ ♠❛①✭ ❜❡t❛❴❞✐ ❢ ❢✉s ✐♦♥ ✱ ❜♥ − ❧❛♠❜❞❛❴❜❡t❛ ✮ ❀

■♥ t❤❡ ❡♥❞ ♦❢ t❤❡ ♣r♦❝❡ss ❜❡t❛❴❞✐✛✉s✐♦♥ ✈❛❧✉❡ ✐s ✐♥ ❝♦rr❡❝t r❛♥❣❡ ❞✉❡ t♦ ♠❛①✐♠✐③✐♥❣
♣r♦❝❡ss✳ ■❞❡♥t✐❝❛❧ ♣r♦❝❡ss ✐s ✉s❡❞ ❢♦r ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❣❛♠♠❛❴❞✐✛✉s✐♦♥ ❢♦r s✐❧❤♦✉❡tt❡ ❡♥✲
❤❛♥❝❡♠❡♥t✳
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✹✳✹✳✷✳✸ Pr♦♣♦s❡❞ α, β ❉✐✛✉s✐♦♥

❆s ✇❡ ❝❛♥ s❡❡ ✐♥ ✜❣✉r❡ ✹✳✹✱ ✇❡ ❣❡t ❣r❡❛t q✉❛❧✐t② ✭♥♦ ❜♦①✲❧✐❦❡ ❛rt✐❢❛❝ts✮ ❢♦r ❛ ♣r✐❝❡ ♦❢ ✈❡r②
✐♥❡✣❝✐❡♥t ✈❛❧✉❡s tr❛♥s♣♦rt ✐♥ ❝❛s❡ ♦❢ ❞✐s❝r❡t❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r✳ ◗✉✐t❡ ♦♣♣♦s✐t❡ ✐s ❛ r❡s✉❧t
♦❢ t❤❡ ♥♦♥♣❤②s✐❝❛❧ ❞✐✛✉s✐♦♥ ♦❢ β ✜❡❧❞✱ ✇❤❡r❡ ✇❡ ❣❡t ✈❛❧✉❡s q✉✐❝❦❧② ❞✐str✐❜✉t❡❞ ❜✉t q✉❛❧✐t② ✐s
✈❡r② ♣♦♦r✳ ❲❡ t❤❡r❡❢♦r❡ ✉s❡ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤♦s❡ t❡❝❤♥✐q✉❡s ✇✐t❤ ♠✐♥♦r ♠♦❞✐✜❝❛t✐♦♥✳

❋✐rst α ✜❡❧❞ ✐s ♣r♦❝❡ss❡❞ ❜② ❛ ❞✐s❝r❡t❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r ❛♥❞ β ✐s ♣r♦❝❡ss❡❞ ❜② t❤❡
♥♦♥♣❤②s✐❝❛❧ ♣r♦❝❡ss✳ ❚♦ ♦✈❡r❝♦♠❡ t❤❡ ✈✐s✉❛❧ ❡rr♦rs ✇❡ ♣r♦♣♦s❡ t♦ ✉s❡ t❤❡ ●❛✉ss✐❛♥ ✜❧t❡r
t♦ ❜❧✉r t❤❡ r❡s✉❧t ♦❢ β ❞✐✛✉s✐♦♥ t♦ ❧♦✇❡r ❛♠♦✉♥t ❞✐s❝♦♥t✐♥✉✐t✐❡s ✐♥ s✉❝❤ r❡s✉❧t✳ ❲❡ ✐♠♣❧❡♠❡♥t
t❤✐s ✉s✐♥❣ ✉s❡r✲❞❡✜♥❡❞ ♥✉♠❜❡r ♦❢ ❜❧✉rr✐♥❣ ♣❛ss❡s ✉s✐♥❣ ✷❉ ●❛✉ss✐❛♥ ✜❧t❡r ❦❡r♥❡❧✳

G(x) = e−
x2

2σ2 ✭✹✳✶✮

❙✐♥❝❡ ❡q✉❛t✐♦♥ ✭✹✳✶✮✱ ✇✐t❤ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ σ ❝♦♥tr♦❧❧✐♥❣ t❤❡ ✜❧t❡r ✇✐❞t❤ ✐s ❜♦t❤ s❡♣✲
❛r❛❜❧❡ ❛♥❞ r❛❞✐❛❧❧② s②♠♠❡tr✐❝❛❧✱ ✐ts ✷❉ ✈❡rs✐♦♥ ❝❛♥ ❜❡ s❡♣❛r❛t❡❞ t♦ t✇♦ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧
✜❧t❡rs t♦ s♣❡❡❞ ✉♣ t❤❡ ♣r♦❝❡ss❬✶✾❪✳ ❋✐❡❧❞ β ✐s ✜rst ❜❧✉rr❡❞ ✐♥ t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐r❡❝t✐♦♥ ❛♥❞
r❡s✉❧t ♦❢ s✉❝❤ ❝♦♥✈♦❧✉t✐♦♥ ✐s t❤❡♥ ❜❧✉rr❡❞ ❤♦r✐③♦♥t❛❧❧②✳ ■♥ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇❡ ✉s❡ st❛♥✲
❞❛r❞ ❞❡✈✐❛t✐♦♥ σ = 0.85 ❛♥❞ s✐③❡ ♦❢ t❤❡ ✶❉ ✜❧t❡r size = 5 ✭❝✉rr❡♥t ❢r❛❣♠❡♥t ✰ ✷ ♥❡✐❣❤❜♦rs
♦♥ ❜♦t❤ s✐❞❡s✮✳

❲❡ ❝❛♥ s❡❡ ✐♥ ✜❣✉r❡ ✹✳✹ t❤❛t s✉❝❤ ❜❧✉rr✐♥❣ ♣r♦❞✉❝❡s ❛♥♦t❤❡r t②♣❡ ♦❢ ✈✐s✉❛❧ ❡rr♦r ❝❛❧❧❡❞
❘✐♥❣✐♥❣ ❛rt✐❢❛❝t ❬✷✹❪✳ ❲❡ t❤❡r❡❢♦r❡ ❝♦♠❜✐♥❡ t❤✐s ❜❧✉rr❡❞ ✐♠❛❣❡ ✇✐t❤ ❝♦♠♣✉t❡❞ ✜❡❧❞ α ✇❤✐❝❤
❤❛s ✐♥ ♣r✐♥❝✐♣❧❡ ❤✐❣❤ ✈❛❧✉❡s ❡①❛❝t❧② ✐♥ ♣❧❛❝❡s ♦❢ t❤❡ r✐♥❣✐♥❣ ❛rt✐❢❛❝ts✳ ❚❤✐s ✐s ♦❢ ❝♦✉rs❡ ♥♦
❝♦✐♥❝✐❞❡♥❝❡ s✐♥❝❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r ✐s s❡♥s✐t✐✈❡ t♦ ❤✐❣❤✲❢r❡q✉❡♥❝② ✐♥♣✉t ✇❤✐❝❤ ✐s ❛ ♣❧❛❝❡
✇❤❡r❡ t❤❡ r✐♥❣✐♥❣ ❛rt✐❢❛❝ts ♦❝❝✉r✳ ❋✐♥❛❧ ✐♠❛❣❡ ✐s ❝♦♠♣♦s❡❞ ✉s✐♥❣ ❛❧❣♦r✐t❤♠ ✽ ✇❤❡r❡ α ✜❡❧❞
✐s ✉s❡❞ ✐♥st❡❛❞ ♦❢ t❤❡ ✐♥✐t✐❛❧ ♦♣❛❝✐t② αi✳

✹✳✹✳✷✳✹ ❆✉t♦♠❛t✐❝ ❚r❛♥s♣❛r❡♥❝② ❋✐❡❧❞ ❙❡t✉♣

❚♦ ❣❡t ✈✐s✉❛❧❧② ♣❧❡❛s❛♥t r❡s✉❧ts ✇❡ ✇♦✉❧❞ ❤❛✈❡ t♦ ❛❞❥✉st ✈❛❧✉❡ λβ ♠❛♥✉❛❧❧② ✇✐t❤ ❡✈❡r②
❝❤❛♥❣❡ ♦❢ ❞✐✛✉s✐♦♥ ✐t❡r❛t✐♦♥s✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s ✇❡ ❛❧❧♦✇ ❛✉t♦ ♠♦❞❡ ✐♥ ♦✉r ❛♣♣❧✐❝❛t✐♦♥
❛s t❤❡ ❞❡❢❛✉❧t ♠♦❞❡✳ ❱❛❧✉❡ λβ ✐♥ t❤❡ ❛✉t♦ ♠♦❞❡ ❛r❡ ❝♦♠♣✉t❡❞ s✐♠♣❧② ❛s✿

λβ = 0.95/DIterations;

✇❤❡r❡ 0.95 ✐s ❛ ❜❡st ✈❛❧✉❡ ❢♦r ♦✉r s❝❡♥❡s ❢♦✉♥❞ ❡①♣❡r✐♠❡♥t❛❧❧② ❛♥❞ ❉■t❡r❛t✐♦♥s ✐s ❛ ♥✉♠❜❡r
♦❢ ❞✐✛✉s❡ ✐t❡r❛t✐♦♥s✳ ❋♦r ❛♥ ❛✉t♦ ♠♦❞❡ ✇❡ ❤❛✈❡ ❢♦✉♥❞ s✉✣❝✐❡♥t t♦ s❡t ✈❛❧✉❡s λα = 1 ❛♥❞
λγ = 0.45✳

✹✳✺ ▼♦❞✉❧❛t✐♦♥ ❜② ❉✐st❛♥❝❡ ❆❧♦♥❣ t❤❡ ❘❛②

❆❢t❡r s♦rt✐♥❣ t❤❡ ❢r❛❣♠❡♥ts ❛❧♦♥❣ t❤❡ r❛② ✇❤❡♥ ❝r❡❛t✐♥❣ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r✱ s✐♥❣❧❡ tr❛✈❡rs❡
♦❢ t❤❡ ❧✐♥❦❡❞ ❧✐st ✇✐❧❧ ❣✐✈❡ ✉s t❤❡ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ t❤❡ ❢r❛❣♠❡♥ts ❛❧♦♥❣ t❤❡ r❛②✳ ❲❡ st♦r❡
t❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐♥ t❤❡ fragData ❜✉✛❡r✳

❚♦ t✉r♥ t❤❡ ❞✐st❛♥❝❡ t♦ α ❝❤❛♥♥❡❧✱ ❞✐st❛♥❝❡s ♥❡❡❞ t♦ ❜❡ ♥♦r♠❛❧✐③❡❞✳ ❲❡ ❞♦ t❤✐s ❜② ✉♥✐❢♦r♠
✈❛r✐❛❜❧❡ u_distanceNorm ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ✉s❡r✳ ❱❛❧✉❡ α ✐s t❤❡♥ s✐♠♣❧② ❝♦♠♣✉t❡❞ ❛s✿
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alpha = clamp(distance/(u❴distanceNorm), 0.0, 1.0);

P❧❡❛s❡ ♥♦t❡ t❤❛t ♣r♦♣❡r ✇❛② t♦ ❞♦ t❤✐s ✇♦✉❧❞ ❜❡ t♦ ✜♥❞ t❤❡ ♠❛①✐♠✉♠ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥
❢r❛❣♠❡♥ts ❛❝r♦ss ❛❧❧ ❧✐♥❦❡❞ ❧✐sts ❛♥❞ ✉s❡ ✐t ❢♦r t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥✳ ■❢ ✉s❡r✲❞❡✜♥❡❞ ♣❛r❛♠❡t❡r
λd ✐s t❤❡♥ ❞❡✜♥❡❞ ✐♥ r❛♥❣❡ < 0, 1 >✱ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ❝❧❛♠♣ t❤❡ ✜♥❛❧ ✈❛❧✉❡✿

alpha = (distance/u❴distanceNorm) ∗ λd;

❋✐♥❞✐♥❣ t❤❡ ♠❛①✐♠✉♠ ✐s ❤♦✇❡✈❡r ♥♦t ✐♠♣❧❡♠❡♥t❡❞ s✐♥❝❡ ✐t ✇♦✉❧❞ r❡q✉✐r❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♠✲
♣✉t❛t✐♦♥ t✐♠❡ ❛♥❞ ✇❡ ❢♦✉♥❞ t❤❡ s✐♥❣❧❡ ✉s❡r✲❞❡✜♥❡❞ ✈❛r✐❛❜❧❡ ✉❴❞✐st❛♥❝❡◆♦r♠ t♦ ❜❡ s✉✣❝✐❡♥t
s✐♥❝❡ ✇❡ ❛✐♠ t♦ ❦❡❡♣ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❛s ✐♥t❡r❛❝t✐✈❡ ❛s ♣♦ss✐❜❧❡✳ ❋♦r ❛✉t♦♠❛t✐❝ ♥♦r♠❛❧✐③❛t✐♦♥
✇❡ ❝❛♥ ✜♥❞ t❤❡ ♠❛①✐♠✉♠ ❜② ❞♦✐♥❣ t❤❡ ♠♦❞✐✜❡❞ ♣❛r❛❧❧❡❧ ♣r❡✜① s❝❛♥ ✇✐t❤ ♠❛①✐♠✐③✐♥❣ ♣r❡✜①❡s
✐♥st❡❛❞ ♦❢ s✉♠♠✐♥❣❬✶✾❪✳

✹✳✺✳✶ ❈♦♠❜✐♥❡❞ ✇✐t❤ ▼♦❞✉❧❛t✐♦♥ ❜② ❉✐✛❡r❡♥❝❡s ✐♥ ❙❤❛♣❡

❋r❛❣♠❡♥t ❝✉r✈❛t✉r❡ ✐s ❢♦✉♥❞ ❞✉r✐♥❣ t❤❡ curvaturePass✳ ❲❡ ✉s❡ ❝✉r✈❛t✉r❡ ❝♦♠♣✉t❡❞ ❢r♦♠
✹ ❣❡♦❞❡s✐❝ ♥❡✐❣❤❜♦rs ❛s ✇❡❧❧ ❛s ✽ ❛❞❞✐♥❣ ❛❧s♦ ♥❡✐❣❤❜♦rs ♦♥ t❤❡ ❞✐❛❣♦♥❛❧s✳ ❋♦r ❛❧❧ ❢r❛❣♠❡♥ts
✐♥ t❤❡ ❧✐♥❦❡❞ ❧✐st ❝✉r✈❛t✉r❡ ✐s ❝♦♠♣✉t❡❞ ❛s✿

✴✴ ♥❡ ✐❣❤❜♦rs ✐ s ❛♥ ❛rr❛② ✇✐t❤ ✽ ♥❡✐❣❤❜♦r ■❉s ✐ ❢ ❡① ✐ s t ✱ ③❡ r♦ ♦t❤❡r✇ ✐ s ❡ ✳
✷ ✴✴ ♥♦r♠❴♥ ❤❛s t♦ ❜❡ ✉♥♣❛❝❦❡❞ ❢r♦♠ t❤❡ ✉♥s✐❣♥❡❞ ✐ ♥ t ❛s ❞ ✐ s ❝✉ s s ❡❞ ❜❡ ❢ ♦ r ❡

❢ ❧ ♦ ❛ t ❝✉r✈❛t✉r❡ ❂ ✵ ❢ ❀
✹ ❢ ♦ r ✭ ✐ ♥ t ♥ ❂ ✵ ❀ ♥ ❁ ✽ ❀ ♥✰✰✮④

✐ ❢ ✭ ♥❡ ✐❣❤❜♦✉rs ❬ ♥ ❪ ❃ ✵✮ ④
✻ ✉✈❡❝✹ s ❂ ✐♠❛❣❡▲♦❛❞ ✭ ✉❴❢r❛❣❉❛t❛ ✱ ✐ ♥ t ✭ ♥❡ ✐❣❤❜♦✉rs ❬ ♥ ❪ ✮ ∗✉❴❞❛t❛❙♣❛♥❙✐③❡✰✸✮ ❀

✈❡❝✸ ♥♦r♠❴♥ ❂ ✈❡❝✸ ✭ s ✳ ① ❃❃ ✶✻ ✱ ✭ s ✳ ① ❃❃ ✽✮ ✫ ✵①❋❋ ✱ ✭ s ✳ ① ✮ ✫ ✵①❋❋✮ ✴✷✺✺ ✳ ✵ ❀
✽ ✈❡❝✸ ❞ ✐ ❢ ❢ ❂ ♥♦r♠❴♥ − ♥♦r♠❛❧ ❀

❝✉r✈❛t✉r❡ ✰❂ ❧❡♥❣t❤ ✭ ❞ ✐ ❢ ❢ ✮ ❀
✶✵ ⑥

⑥

✹✳✻ ❋✐♥❛❧ ❘❡♥❞❡r✐♥❣ P❛ss

❆❧❧ ❣❛t❤❡r❡❞ ✐♥❢♦r♠❛t✐♦♥s ❛r❡ ❝♦♠♣♦s❡❞ t♦❣❡t❤❡r ✐♥ t❤❡ ✜♥❛❧ r❡♥❞❡r✐♥❣ ♣❛ss renderOIT✳
❲❡ ❛❣❛✐♥ ✐t❡r❛t❡ ♦✈❡r ❛❧❧ ❢r❛❣♠❡♥ts ✐♥ ❡❛❝❤ ❧✐♥❦❡❞ ❧✐st ❛♥❞ ❝♦♠♣♦s✐t❡ t❤❡ ✜♥❛❧ ♣✐①❡❧ ❝♦❧♦r ❛s
❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✸✳ ❚♦ ❡♥❛❜❧❡ t❤❡ ✉s❡r t♦ ✉♥❞❡rst❛♥❞ t❤❡ ♣✉r♣♦s❡ ♦❢ ❡❛❝❤ tr❛♥s♣❛r❡♥❝②
✜❡❧❞✱ ❢♦❧❧♦✇✐♥❣ ❝♦♠❜✐♥❛t✐♦♥s ❛r❡ t♦ ❜❡ ❛♣♣❧✐❡❞✿ (α)✱ (β)✱ (α ❛♥❞ β)✱ (α ❛♥❞ γ)✱ (β ❛♥❞ γ)
❛♥❞ ✜♥❛❧❧② (α ❛♥❞ β ❛♥❞ γ)✳ ❋✐❡❧❞ ✐s s✐♠♣❧② s❡t ③❡r♦ ✐❢ ♥♦t ✉s❡❞ ❛♥❞ ♥♦ ❝❤❛♥❣❡s ♥❡❡❞ t♦ ❜❡
❞♦♥❡ t♦ t❤❡ ❝♦♠♣♦s✐t✐♥❣ ❡q✉❛t✐♦♥ ✐♠♣❧❡♠❡♥t❡❞ ❛s✿

✶ s r ❝ ✳ r❣❜ ✰❂ ❣❛♠♠❛ ∗ ✈❡❝✸ ✭ ✶ ✳ ✵ ❢ ✮ ❀ ✴✴ ✇❤✐t❡ ❝ ♦ ❧ ♦ r ♦ ❢ s ✐ ❧ ❤ ♦ ✉ ❡ t t ❡ ❡♥❤❛♥❝❡♠❡♥t
❛❧♣❤❛❴r ❂ ✭ ❛❧♣❤❛ ✰ ✭✶ ✳ ✵ ❢ − ❛❧♣❤❛ ✮ ∗❜❡t❛ ✮ ❀

✸ ❢ ✐♥❛ ❧❋r❛❣♠❡♥t❈♦❧♦r ✳ r❣❜ ✰❂ ❢✐♥❛ ❧❋r❛❣♠❡♥t❈♦❧♦r ✳ ❛ ∗ ❛❧♣❤❛❴r ∗ s r ❝ ✳ r❣❜ ❀
❢ ✐♥❛ ❧❋r❛❣♠❡♥t❈♦❧♦r ✳ ❛ ∗❂ ✭✶ ✳ ✵ ❢ − ❛❧♣❤❛ ✮ ❀

✺ ❢ ✐♥❛ ❧❋r❛❣♠❡♥t❈♦❧♦r ✳ ❛ ∗❂ ✭✶ ✳ ✵ ❢ − ❜❡t❛ ✮ ❀



✹✳✻✳ ❋■◆❆▲ ❘❊◆❉❊❘■◆● P❆❙❙ ✺✶

❙✐♠♣❧❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❝♦♠♣♦s✐t✐♥❣ ✐s ✉s❡❞ ❢♦r t❤❡ ♠♦❞✉❧❛t✐♦♥ ❜② ❞✐st❛♥❝❡ ❛❧♦♥❣ t❤❡ r❛②
❛♥❞ t❤❡ ❝✉r✈❛t✉r❡ ❡✛❡❝t✿

✶ ❛❧♣❤❛ ❂ ❝❧❛♠♣ ✭♠❛①✭ ❞ ✐ s t❛♥❝❡ ✱ ❝✉r✈❛t✉r❡ ∗ ✉❴❝✉r✈❛t✉r❡❊❢ ❢❡❝t♦r ✮ ✱ ✵ ✳ ✵ ✱ ✶ ✳ ✵ ✮ ❀
❢ ✐♥❛ ❧❋r❛❣♠❡♥t❈♦❧♦r ✳ r❣❜ ✰❂ ❢✐♥❛ ❧❋r❛❣♠❡♥t❈♦❧♦r ✳ ❛ ∗ ✭ ❛❧♣❤❛ ∗ s r ❝ ✳ r❣❜ ✮ ❀

✸ ❢ ✐♥❛ ❧❋r❛❣♠❡♥t❈♦❧♦r ✳ ❛ ∗❂ ✭✶ ✳ ✵ ❢ − ❛❧♣❤❛ ✮ ❀



✺✷ ❈❍❆P❚❊❘ ✹✳ ❉❊❙■●◆ ❆◆❉ ■▼P▲❊▼❊◆❚❆❚■❖◆



❈❤❛♣t❡r ✺

❘❡s✉❧ts ❛♥❞ ❉✐s❝✉ss✐♦♥

■♥ t❤✐s ❈❤❛♣t❡r r❡s✉❧ts ❛♥❞ ♠❡❛s✉r❡♠❡♥ts ♦❢ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r
❛r❡ ♣r❡s❡♥t❡❞ ❛❧♦♥❣ ✇✐t❤ ♠❡❛s✉r❡♠❡♥ts ♦❢ ❝♦♠♣❛r❡❞ ❛❧❣♦r✐t❤♠s✳ ❋♦r ♠❡❛s✉r❡♠❡♥ts ♦❢ t❤❡
P❡r P✐①❡❧ ▲✐♥❦❡❞ ▲✐sts ❛♥❞ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ✇❡ ✉s❡ ♦✉r ♦✇♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇❤✐❧❡
❉❡♣t❤ ♣❡❡❧✐♥❣ ❛♥❞ ❉✉❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣ ♠❡t❤♦❞s ❛r❡ ♠❡❛s✉r❡❞ ✉s✐♥❣ t❤❡ ◆❱■❉■❆ ●r❛♣❤✐❝s

❙❉❑ ✶✵ ❬✽❪ ✇❤❡r❡ ♦♥❧② ♠♦r❡ ♣r❡❝✐s❡ ♠❡❛s✉r✐♥❣ ✇❛s ✐♠♣❧❡♠❡♥t❡❞✳

❲❤✐❧❡ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ❝r♦ss✲♣❧❛t❢♦r♠ ❛♣♣❧✐❝❛t✐♦♥ ❛♥❞ ❞❡✈❡❧♦♣❡❞ ♦♥ ▲✐♥✉①✱ ◆❱■❉■❆
●r❛♣❤✐❝s ❙❉❑ ✶✵ ✐s ❝♦♠♣✐❧❛❜❧❡ ♦♥❧② ✉♥❞❡r t❤❡ ❱✐s✉❛❧ ❈✰✰ ❈♦♠♣✐❧❡r ❛♥❞ t❤❡r❡❢♦r❡ ❛❧❧
♠❡❛s✉r❡♠❡♥ts ❛r❡ ❝♦♥❞✉❝t❡❞ ♦♥ ❛ ❲✐♥❞♦✇s ♠❛❝❤✐♥❡ ✇✐t❤ ❢♦❧❧♦✇✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥✿

• ❈P❯✿ ■♥t❡❧ ❈♦r❡❚▼✷ ❉✉♦ ❈P❯ ❊✻✽✺✵ ❅ ✸✳✵✵●❍③✱ ✻✹❑✐❇ ▲✶ ❝❛❝❤❡✱ ✹▼✐❇ ▲✷ ❝❛❝❤❡

• ▼❡♠♦r②✿ 4× 2●✐❇ ❉■▼▼ ❉❉❘ ❙②♥❝❤r♦♥♦✉s ✺✾✸✾✷ ▼❍③

• ●P❯✿ ●❡❋♦r❝❡ ●❚❳ ✻✻✵✱ ✷✵✹✽ ▼❇ ●❉❉❘✺ ❅ ✻✳✵ ●❜♣s✱ ❖♣❡♥●▲ ✹✳✸

• ❖❙✿ ❲✐♥❞♦✇s ✽ ✻✹✲❜✐t

• ❈♦♠♣✐❧❡r✿ ●❈❈ ✹✳✾✳✶

• ❖♣❡♥●▲✿ ✈❡rs✐♦♥✿ ✹✳✹✳✵ ◆❱■❉■❆ ✸✸✶✳✶✶✸

• ●▲❙▲✿ ✈❡rs✐♦♥✿ ✹✳✹✵ ◆❱■❉■❆ ✈✐❛ ❈❣ ❝♦♠♣✐❧❡r

❱❡r② ♣r❡❝✐s❡ ●P❯ t✐♠❡rs ❛r❡ ✉s❡❞ t♦ ♠❡❛s✉r❡ ❛♣♣❧✐❝❛t✐♦♥ r❡♥❞❡r✐♥❣ t✐♠❡ ✐♥ ♥❛♥♦s❡❝♦♥❞s✳
◗✉❡r✐❡s GL_TIME_ELAPSED✱ GL_QUERY_RESULT_AVAILABLE ❛♥❞ GL_QUERY_RESULT

❛r❡ ✉s❡❞✳ ❋♦r ♠❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ t♦t❛❧ r❡♥❞❡r✐♥❣ t✐♠❡ ✇❡ ✉s❡ Fps ❝❧❛ss ✉s✐♥❣ QElap-

sedTimer✳

❚✇❡❧✈❡ ✈❛r✐❡❞ ♠♦❞❡❧s ❛r❡ ✉s❡❞ t♦ ♠❡❛s✉r❡ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❝❤❛r❛❝t❡r✐st✐❝s✳ ❊❛❝❤
♠♦❞❡❧ ✐s t❡st❡❞ ✐♥ t✇♦ ♣♦s✐t✐♦♥s ✲ ♦♥❡ ❣❡♥❡r❛❧ ❛♥❞ ♦♥❡ ✇✐t❤ ♠❛①✐♠✉♠ ♣♦ss✐❜❧❡ ❧✐♥❦❡❞ ❧✐sts
❧❡♥❣t❤✳ ❆❧❧ t❡st❡❞ ✈✐❡✇s ❛❧♦♥❣ ✇✐t❤ t❤❡ ❤❡❛t♠❛♣s ✈✐s✉❛❧✐③✐♥❣ ❧✐♥❦❡❞ ❧✐sts ❞❡♣t❤s ❛r❡ s❤♦✇♥
✐♥ ✜❣✉r❡ ✺✳✶✳ P❧❡❛s❡ ♥♦t❡ t❤❛t ✐♥ ❛❧❧ ♠❡❛s✉r❡♠❡♥ts ✐♠❛❣❡ r❡s♦❧✉t✐♦♥ 600× 600 ✐s ✉s❡❞ ✐❢ ♥♦t
st❛t❡❞ ♦t❤❡r✇✐s❡✳

✺✸



✺✹ ❈❍❆P❚❊❘ ✺✳ ❘❊❙❯▲❚❙ ❆◆❉ ❉■❙❈❯❙❙■❖◆

❋✐❣✉r❡ ✺✳✶✿ ▼❡❛s✉r❡❞ ♣r♦❥❡❝t✐♦♥s ♦❢ ♠♦❞❡❧s ❛❧♦♥❣ ✇✐t❤ t❤❡ ❤❡❛t♠❛♣s ✐♥❞✐❝❛t✐♥❣ ♣✐①❡❧s ✇✐t❤
❤✐❣❤❡st ❧❡♥❣t❤ ♦❢ ❧✐♥❦❡❞ ❧✐st ❛s r❡❞✳ ▼♦❞❡❧s ❛r❡ s♦rt❡❞ ❛❧♣❤❛❜❡t✐❝❛❧❧② ❜② ♥❛♠❡✳



✺✳✶✳ ❚❍❊ ■▲▲❯❙❚❘❆❚■❖◆ ❇❯❋❋❊❘ ❈❘❊❆❚■❖◆ ✺✺

✺✳✶ ❚❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❈r❡❛t✐♦♥

❉✉r✐♥❣ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❝r❡❛t✐♦♥ ✇❡ ❡①❛♠✐♥❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s✱
r❡♥❞❡r❡❞ ❢r❛❣♠❡♥ts ✭♥♦t ♣✐①❡❧s✦✮✱ ❧❡♥❣t❤s ♦❢ t❤❡ ❧✐♥❦❡❞ ❧✐sts st♦r✐♥❣ t❤❡ ❞❛t❛ ❛❧♦♥❣ t❤❡ r❛② ❛♥❞
♦❢ ❝♦✉rs❡ r❡♥❞❡r✐♥❣ t✐♠❡ ♦♥ t❤❡ ●P❯ ❛♥❞ r❡♥❞❡r✐♥❣ t✐♠❡ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❈P❯ ✇♦r❦❧♦❛❞✳
P❧❡❛s❡ ♥♦t❡ t❤❛t ❝❤♦♦s✐♥❣ t❤❡ s♦rt✐♥❣ ♠❡t❤♦❞ ❛❧s♦ ❝❛✉s❡s ❜✐❣ ♣❡r❢♦r♠❛♥❝❡ ✐♠♣❛❝t✳ ❋♦r
s✐♠♣❧✐❝✐t② ✇❡ s❤♦✇ t❤✐s ♦♥ ❝♦♥❝✉r❡♥t ♣❡r ♣✐①❡❧ ❧✐♥❦❡❞ ❧✐sts ❛❧♦♥❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ❚♦ ❜❡
❛❜❧❡ t♦ ❡①❛♠✐♥❡ t❤❡ r❡❧❛t✐♦♥s ❢✉❧❧② ❝r❡❛t✐♦♥ ♣r♦❝❡ss ✐s s♣❧✐t t♦ s❡✈❡r❛❧ st❛❣❡s ❜② ❢✉♥❝t✐♦♥❛❧✐t②✳

• ❋✐❧❧ st❛❣❡ r❡♥❞❡rs t❤❡ ❣❡♦♠❡tr② ❛♥❞ ✜❧❧s t❤❡ ❜✉✛❡rs ✐♥ ●P❯ ♠❡♠♦r② ♥❡❝❡ss❛r② ❢♦r
❢✉t✉r❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❝r❡❛t✐♦♥✳ ◆♦ ♣✐①❡❧s ❛r❡ r❡♥❞❡r❡❞ t♦ t❤❡ ❢r❛♠❡❜✉✛❡r✳

• ❙♦rt st❛❣❡ s♦rts t❤❡ ❢r❛❣♠❡♥ts ❛❧♦♥❣ t❤❡ ✈✐❡✇ r❛②✳ ◆♦ ♣✐①❡❧s ❛r❡ r❡♥❞❡r❡❞ t♦ t❤❡
❢r❛♠❡❜✉✛❡r✳

• ❋✐♥❞◆❡✐❣❤❜♦rs st❛❣❡ ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r ✜♥❞✐♥❣ ❡①✐st✐♥❣ ❣❡♦❞❡s✐❝ ♥❡✐❣❤❜♦rs ❛❧♦♥❣ t❤❡
s✉r❢❛❝❡ ❢♦r ❡❛❝❤ st♦r❡❞ ❢r❛❣♠❡♥t✱ ✐❢ ❡①✐sts✳ ■t ❛❧s♦ s❡ts ✐♥✐t✐❛❧ tr❛♥s♣❛r❡♥❝② ✜❡❧❞s✳ ◆♦
♣✐①❡❧s ❛r❡ r❡♥❞❡r❡❞ t♦ t❤❡ ❢r❛♠❡❜✉✛❡r✳

• ❚♦t❛❧ st❛❣❡ ❝♦♠❜✐♥❡s ❛❧❧ ❜❡❢♦r❡ ❛♥❞ ❝♦♠♣♦s❡s ✜♥❛❧ ♣✐①❡❧ ❝♦❧♦rs✳

❋✐❣✉r❡ ✺✳✷✿ ●P❯ ❚✐♠❡ ✐♥ ♣❧✐t st❛❣❡s ♦❢ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❝r❡❛t✐♦♥ ♣r♦❝❡ss✳ ▼♦❞❡❧s ♦♥ t❤❡
❤♦r✐③♦♥t❛❧ ❛①✐s ✐s s♦rt❡❞ ❜② t❤❡ ❚♦t❛❧ r❡♥❞❡r✐♥❣ t✐♠❡✳

❘❡s✉❧ts ♦❢ t❤❡ s♣❧✐t st❛❣❡s ♠❡❛s✉r❡♠❡♥ts ❛r❡ s❤♦✇♥ ✐♥ t❛❜❧❡ ✺✳✶✳ ❚❛❜❧❡ ✺✳✷ t❤❡♥ s❤♦✇s t❤❡
Total r❡♥❞❡r✐♥❣ t✐♠❡ ✐♥ ❣r❡❛t❡r ❞❡t❛✐❧✳ ❚❤❡s❡ ✐♥❢♦r♠❛t✐♦♥s ❛r❡ ♥❡❝❡ss❛r② t♦ ❞❡❝♦❞❡ ✇❤❛t ✐s
❤❛♣♣❡♥✐♥❣ ✐♥ ✜❣✉r❡ ✺✳✷✳

❲❤❡♥ ❋✐❧❧ ❛♥❞ ❙♦rt st❛❣❡s ❛r❡ ❝♦♠♣❛r❡❞ ✇❡ s❡❡ t✇♦ s♣✐❦❡s ❢♦r Dragons 1,2 ✇❤✐❝❤
❛r❡ s❝❡♥❡s ✇✐t❤ t❤❡ ❣r❡❛t❡st ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s✳ ❚❤❡s❡ s❤♦✇ ♣❡r❢❡❝t❧② ❤♦✇ ❛♣♣❧✐❝❛t✐♦♥ st❛②s
✈❡rt❡① ❜♦✉♥❞❡❞ ❞✉r✐♥❣ t❤❡ s♦rt ❢♦r ❜✐❣ ❣❡♦♠❡tr② ✐♥st❛♥❝❡s ✇✐t❤ s♠❛❧❧ ❧✐♥❦❡❞ ❧✐sts ❧❡♥❣t❤s✳
❙♣✐❦❡ ❢♦r t❤❡ Dragons 2 s❤♦✇s ❤♦✇ ✇♦r❦❧♦❛❞ ♦❢ t❤❡ s♦rt st❛❣❡ ✐s ❛ ❧♦t ❜✐❣❣❡r t❤❛♥ ❢♦r
Dragons 1✱ ✇❤❡r❡ ♠❛①✐♠✉♠ ❧✐♥❦❡❞ ❧✐st ❧❡♥❣t❤ ✇❛s s♠❛❧❧❡r✳
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❋✐❧❧ ❙♦rt ❋✐♥❞◆❡✐❣❤❜♦rs ❚♦t❛❧
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❆♥❛t♦♠② ✶ ✶✱✹✹✷ ✹✽✺ ✷✱✸✶✸ ✸✾✺ ✼✱✶✾✷ ✶✸✹ ✼✱✺✻✸ ✶✷✻
❆♥❛t♦♠② ✷ ✶✱✹✺✽ ✺✷✼ ✷✱✽✹✼ ✸✷✹ ✶✷✱✵✸✺ ✽✶ ✶✷✱✺✼✷ ✽✵
❇✐❦❡❲❤❡❡❧❋♦r❦ ✶ ✶✱✼✾✵ ✺✶✵ ✸✱✹✺✾ ✷✼✹ ✶✶✱✾✾✺ ✽✸ ✶✷✱✸✾✵ ✽✷
❇✐❦❡❲❤❡❡❧❋♦r❦ ✷ ✶✱✾✹✼ ✹✻✽ ✼✱✻✶✷ ✶✶✸ ✸✾✱✽✶✻ ✷✻ ✹✵✱✸✺✶ ✷✻
❉r✐❧❧ ✶ ✷✱✼✼✺ ✸✸✺ ✺✱✷✼✷ ✶✽✵ ✷✵✱✹✸✵ ✺✵ ✷✶✱✺✺✶ ✹✼
❉r✐❧❧ ✷ ✸✱✹✼✺ ✷✼✶ ✽✱✽✵✽ ✶✵✾ ✸✽✱✵✻✾ ✷✽ ✸✾✱✸✸✹ ✷✽
❊♥❣✐♥❡ ✶ ✸✱✺✶✾ ✷✻✻ ✼✱✾✶✶ ✶✷✶ ✷✽✱✼✺✶ ✸✼ ✸✵✱✵✷✵ ✸✺
❊♥❣✐♥❡ ✷ ✸✱✵✼✸ ✸✵✹ ✾✱✹✵✵ ✶✵✸ ✹✶✱✹✸✽ ✷✻ ✹✷✱✻✺✾ ✷✻
●❡❛r❇♦① ✶ ✺✱✽✺✶ ✶✻✺ ✶✺✱✹✸✼ ✻✺ ✼✶✱✶✽✹ ✶✼ ✼✸✱✷✾✶ ✶✼
●❡❛r❇♦① ✷ ✻✱✼✻✺ ✶✹✸ ✷✶✱✷✶✸ ✹✽ ✶✵✺✱✻✾✼ ✶✸ ✶✵✽✱✶✹✺ ✶✷
●P❯ ✶ ✶✱✻✸✹ ✹✾✽ ✸✱✵✵✵ ✸✶✶ ✶✶✱✾✹✹ ✽✷ ✶✷✱✼✶✵ ✼✼
●P❯ ✷ ✸✱✸✻✺ ✷✼✽ ✷✵✱✾✻✾ ✹✾ ✶✷✾✱✼✼✼ ✶✶ ✶✸✶✱✼✻✾ ✶✶
❍❡❛❞ ✶ ✸✱✻✻✻ ✷✺✽ ✻✱✾✽✼ ✶✸✽ ✷✻✱✺✻✾ ✸✾ ✷✼✱✾✽✶ ✸✽
❍❡❛❞ ✷ ✺✱✶✶✽ ✶✽✻ ✶✶✱✵✹✼ ✽✽ ✹✽✱✵✼✻ ✷✸ ✺✵✱✶✶✸ ✷✷
❍❡❛rt❤ ✶ ✸✱✵✹✼ ✸✵✾ ✺✱✺✶✼ ✶✼✸ ✷✵✱✻✼✺ ✺✵ ✷✶✱✼✽✺ ✹✼
❍❡❛rt❤ ✷ ✹✱✶✹✸ ✷✷✽ ✼✱✻✺✷ ✶✷✼ ✸✵✱✷✺✻ ✸✻ ✸✶✱✽✸✽ ✸✹
❙✉s♣❡♥s✐♦♥ ✶ ✺✱✹✽✺ ✶✼✽ ✶✶✱✷✾✸ ✽✼ ✹✺✱✾✾✷ ✷✹ ✹✼✱✻✹✶ ✷✹
❙✉s♣❡♥s✐♦♥ ✷ ✼✱✽✵✼ ✶✷✹ ✶✾✱✸✵✺ ✺✸ ✽✸✱✶✶✷ ✶✺ ✽✻✱✸✽✶ ✶✺
❚❡❛♣♦t ✶ ✶✱✷✻✺ ✻✹✽ ✷✱✵✽✽ ✹✸✼ ✻✱✷✷✺ ✶✺✺ ✻✱✻✾✾ ✶✹✼
❚❡❛♣♦t ✷ ✷✱✻✷✻ ✸✺✵ ✹✱✽✾✻ ✶✾✹ ✶✺✱✵✷✽ ✻✼ ✶✻✱✶✶✷ ✻✷
❉r❛❣♦♥ ✶ ✺✱✷✺✵ ✶✽✹ ✻✱✶✸✵ ✶✺✽ ✶✶✱✹✾✸ ✽✻ ✶✷✱✶✵✶ ✽✸
❉r❛❣♦♥ ✷ ✺✱✷✶✵ ✶✽✺ ✻✱✸✾✾ ✶✺✷ ✶✸✱✾✷✻ ✼✶ ✶✹✱✻✶✻ ✻✽
❉r❛❣♦♥s ✶ ✶✹✱✶✻✼ ✼✶ ✶✺✱✽✸✻ ✻✺ ✷✹✱✾✻✶ ✹✷ ✷✺✱✽✾✹ ✹✶
❉r❛❣♦♥s ✷ ✶✺✱✾✶✺ ✻✺ ✷✵✱✹✺✻ ✺✶ ✹✻✱✼✹✶ ✷✺ ✹✾✱✵✽✸ ✷✹

❚❛❜❧❡ ✺✳✶✿ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❝r❡❛t✐♦♥ s♣❧✐t t♦ st❛❣❡s ❋✐❧❧✱ ❙♦rt✱ ❋✐♥❞◆❡✐❣❤❜♦rs✱ ❈♦♠♣♦s❡✳

❇✐❣❣❡st ✇♦r❦❧♦❛❞ ♦❝❝✉rs ❞✉r✐♥❣ t❤❡ ❋✐♥❞◆❡✐❣❤❜♦rs st❛❣❡ ✇❤❡r❡ ✇❡ ♥♦ ❧♦♥❣❡r s❡❡ t❤❡
s♣✐❦❡s ♣r♦♣❛❣❛t✐♥❣ t♦ t❤❡ st❛❣❡ t✐♠❡✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❛♣♣❧✐❝❛t✐♦♥ ✐s ♥♦t ✈❡rt❡① ❜♦✉♥❞❡❞ ✐♥
♠♦st ❝❛s❡s✳ ❖t❤❡r ♣r♦♣❡rt✐❡s ❤❛s t♦ ❜❡ t❤❡r❡❢♦r❡ ❡①❛♠✐♥❡❞✳ ❚❛❜❧❡ ✺✳✷ s❤♦✇s ♠❡❛s✉r❡♠❡♥ts
♦❢ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❝r❡❛t✐♦♥✳ ❚❛❜❧❡ ✐s ✈✐s✉❛❧✐③❡❞ ✐♥ ✜❣✉r❡ ✺✳✺✳ ❊✈❡♥ t❤♦✉❣❤ t❤✐s ✜❣✉r❡
✐s ❤❛r❞ t♦ r❡❛❞ ✐t ✐♠♣❧✐❡s s♦♠❡ ✈❡r② ✐♥t❡r❡st✐♥❣ ♦❜s❡r✈❛t✐♦♥s✳ ❋♦r ❜❡tt❡r ✈✐s✉❛❧✐③❛t✐♦♥ ♣❧❡❛s❡
r❡❢❡r t♦ ✜❣✉r❡ ✺✳✹ ✇❤❡r❡ ♣❛r❛❧❧❡❧ ❝♦♦r❞✐♥❛t❡s ❛r❡ ✉s❡❞✳ ❙✐♥❝❡ ✜❣✉r❡ ✺✳✹ ❞♦❡s ♥♦t ♣r♦✈✐❞❡ t❤❡
✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❝✉rr❡♥t ♠♦❞❡❧✱ ✇❡ ♣r♦✈✐❞❡ ❜♦t❤ ❣r❛♣❤s ❢♦r ❝♦♠♣❧❡t❡♥❡ss✳

❋✐rst ✇❡ ❝❛♥ s❡❡ t❤❛t r❡♥❞❡r✐♥❣ t✐♠❡ ✐s ❤✐❣❤❧② ❛✛❡❝t❡❞ ❜② ♠❛①✐♠✉♠ ❧❡♥❣t❤ ♦❢ ❛❧❧ ❧✐♥❦❡❞
❧✐sts st♦r✐♥❣ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❧♦♥❣ t❤❡ r❛② s✐♥❝❡ s❤❛♣❡ ♦❢ t❤❡ ❧✐♥❡s ✐s ❛❧♠♦st ✐❞❡♥t✐❝❛❧✳ ❲❤❡♥
❝❛r❡❢✉❧❧② ❡①❛♠✐♥✐♥❣ ✈✐❡✇s GPU 2 ❛♥❞ Suspension 2 ✇❡ s❡❡ t❤❛t ❡✈❡♥ t❤♦✉❣❤ GPU 2 ❤❛s
❧♦✇❡r ♥✉♠❜❡r ♦❢ ❢r❛❣♠❡♥ts ❛♥❞ ✈❡rt✐❝❡s✱ s♠❛❧❧❡r ❧❡♥❣t❤ ♦❢ t❤❡ ❧♦♥❣❡st ❧✐♥❦❡❞ ❧✐st✱ t❤❡ r❡♥❞❡r✐♥❣
t✐♠❡ ✐s ❤✐❣❤❡r t❤❛♥ ♦❢ Suspension 2✳ ❘❡❛s♦♥ ❢♦r t❤✐s ❜❡❤❛✈✐♦r ✐s ❝❛♣t✉r❡❞ ✐♥ ✜❣✉r❡ ✺✳✸✳

❋✐❣✉r❡ ✺✳✸✿ ❍❡❛t♠❛♣s ♦❢ t❤❡ ❧✐♥❦❡❞ ❧✐sts ❧❡♥❣t❤s ♦❢ GPU 2 ❛♥❞ Suspension 2✳
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■s ✐s ❝❧❡❛r t❤❛t ❡✈❡♥ t❤♦✉❣❤ t❤❡ ❧♦♥❣❡st ❧✐♥❦❡❞ ❧✐st ♦❢ Suspension 2 ✐s ❧♦♥❣❡r t❤❛♥
✐♥ ❝❛s❡ ♦❢ GPU 2✱ ❝♦✈❡r❛❣❡ ♦❢ t❤❡ ❧♦♥❣❡st ❧✐♥❦❡❞ ❧✐sts ✐s ♠✉❝❤ ❧♦✇❡r✳ ❲❡ ❝❛♥ s❡❡ t❤✐s ❢❛❝t ❛❧s♦
✐♥ ✺✳✺ ❜② ❡①❛♠✐♥✐♥❣ t❤❡ ❞❛s❤❡❞ ❧✐♥❡✳ ❚❤✐s ❧✐♥❡ s❤♦✇s ♣❡r❝❡♥t❛❣❡ ❝♦✈❡r❛❣❡ ♦❢ t❤❡ ❧✐♥❦❡❞ ❧✐st
❧❡♥❣t❤s t❤❛t ❛r❡ ❜✐❣❣❡r t❤❛♥ 2

3
♦❢ t❤❡ ❧♦♥❣❡st ❧✐♥❦❡❞ ❧✐st✱ ♣❧❡❛s❡ ♠✐♥❞ t❤❡ s❡❝♦♥❞❛r② ✈❡rt✐❝❛❧

❛①✐s✳ ❲❡ ❞❡♥♦t❡ t❤✐s ❝♦✈❡r❛❣❡ ❛s Ψ✳ ❚❤✐s ❛❧s♦ ♣❡r❢❡❝t❧② ❞❡♠♦♥str❛t❡s t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ●P❯
♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♣r♦❝❡ss ❛♥❞ ♦♣t✐♠✐③❛t✐♦♥s ❜❡✐♥❣ ❞♦♥❡ ❜② t❤❡ ❤❛r❞✇❛r❡✳ ❋✐❣✉r❡ ✺✳✹ s❤♦✇s ❤♦✇
✐♠♣♦rt❛♥t ✐s t❤❡ Ψ ♣r♦♣❡rt② ❢♦r t❤❡ ✜♥❛❧ r❡♥❞❡r✐♥❣ t✐♠❡✱ ✇❤✐❝❤ ✐s ♥♦t s♦ ❛♣♣❛r❡♥t ❢r♦♠
✜❣✉r❡ ✺✳✺✳ ▲✐♥❡s ❛r❡ ✐♥ ♠♦st ❝❛s❡s ♦r❞❡r❡❞ ❛♥❞ ✇✐t❤♦✉t ❝r♦ss✐♥❣s ✐♥ t❤❡ ❧❛st s❡❣♠❡♥t ♦❢ t❤❡
❣r❛♣❤ t❤✉s Ψ ❝❤❛r❛❝t❡r✐st✐❝s ✐s t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♣❛r❛♠❡t❡r ❛✛❡❝t✐♥❣ t❤❡ ✜♥❛❧ s♣❡❡❞ ❛❧♦♥❣
✇✐t❤ t❤❡ ♠❛①✐♠✉♠ ❧✐st ❧❡♥❣t❤s✳

VERTICES FRAGMENTS LIST MAX

LENGTH

PSI GPU TIME [ms]

❋✐❣✉r❡ ✺✳✹✿ P❛r❛❧❧❡❧ ❝♦♦r❞✐♥❛t❡s ✈✐s✉❛❧✐③✐♥❣ t❤❡ s❛♠❡ ✐♥❢♦r♠❛t✐♦♥ ❛s t❤❡ ✜❣✉r❡ ✺✳✺✳ ❚✐♠❡ s♣❛❝❡
✐s s♣❧✐t t♦ t❤✐r❞s✳ ❘❡s✉❧ts ♦❢ t❤❡ ✜rst t❤✐r❞ ❛r❡ ❣r❡❡♥✱ s❡❝♦♥❞ t❤✐r❞ ❜❧✉❡ ❛♥❞ ❧❛st t❤✐r❞ r❡s✉❧ts ❛r❡ r❡❞✳

❋✐❣✉r❡ ✺✳✺✿ ❱✐s✉❛❧✐③❡❞ t❛❜❧❡ ✺✳✷✳ ❙❡❝♦♥❞❛r② ❨ ❛①✐s ✐s ✉s❡❞ ❢♦r t❤❡ ❞❛s❤❡❞ ❧✐♥❡ r❡♣r❡s❡♥t✐♥❣ Ψ✱
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♣✐①❡❧s ✐♥ t❤❡ ❤❡❛t♠❛♣s ✐♥ ♣❡r❝❡♥ts ✭P✐①❡❧s ✇✐t❤ ♥♦ ❧✐♥❦❡❞ ❧✐sts st♦r❡❞ ❛r❡ ♥♦t ❝♦♥s✐❞❡r❡❞✮✳

❆♥♦t❤❡r ♠❡t❤♦❞ ♠❡❛s✉r❡♠❡♥ts ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐① ❇✱ ✇❤❡r❡ ❝❤❛♥❣❡ ♦❢ r❡s♦❧✉t✐♦♥
✐s ❡①❛♠✐♥❡❞ ✇✐t❤ ♦t❤❡r ♣❛r❛♠❡t❡rs ✜①❡❞✳ ▼❡❛s✉r❡♠❡♥ts✱ ✇❤❡r❡ ♦♥❡ ✈❛r✐❛❜❧❡ ✐s ❝❤❛♥❣❡❞ ✇✐t❤
♦t❤❡rs ✜①❡❞ ❤♦✇❡✈❡r ❝❛♥✬t ❜❡ s✐♠♣❧② ❞♦♥❡ ✇✐t❤ t❤❡ ❝♦✈❡r❛❣❡ Ψ ❛♥❞ ❧✐♥❦❡❞ ❧✐st ❧❡♥❣t❤s✳ ❚❤✐s
✇♦✉❧❞ r❡q✉✐r❡ s♣❡❝✐❛❧ ♠♦❞❡❧s ❞❡s✐❣♥❡❞ ❢♦r t❤✐s ✈❡r② ♣✉r♣♦s❡ t❤✉s s✉❝❤ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡
♥♦t ❝♦♥❞✉❝t❡❞✳ P❧❡❛s❡ ♥♦t❡ t❤❛t ❜② ❝❤❛♥❣✐♥❣ t❤❡ r❡s♦❧✉t✐♦♥ ♠❛①✐♠❛❧ ❧❡♥❣t❤ ♦❢ ❧✐♥❦❡❞ ❧✐sts
❞♦❡s ♥♦t ♥❡❡❞ t♦ st❛② ✜①❡❞ ❞✉❡ t♦ t❤❡ r❛st❡r✐③❛t✐♦♥ ♣r♦❝❡ss✳ ■t ✇✐❧❧ ❤♦✇❡✈❡r st❛② ❛❧♠♦st
st❛❜❧❡ ✐♥ ♠♦st ❝❛s❡s✳

❲❡ ❝❛♥ ♦❜s❡r✈❡ ✐♥ ✜❣✉r❡ ❇✳✶ t❤❛t ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ●P❯ t✐♠❡s ❜❡t✇❡❡♥ ❝♦♥s❡q✉❡♥t
r❡s♦❧✉t✐♦♥s ❞❡♣❡♥❞s ♦♥ t❤❡ s❛♠❡ ❛s♣❡❝ts ♦❢ t❤❡ s❝❡♥❡ ❛s ❞✐s❝✉ss❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳ ❚❤❛t ✐s
♣❡r❝❡♥t❛❣❡ ❝♦✈❡r❛❣❡ Ψ✱ ♠❛①✐♠❛❧ ❧❡♥❣t❤ ♦❢ ❛❧❧ ❧✐♥❦❡❞ ❧✐sts ❛♥❞ ✜♥❛❧❧② ♥✉♠❜❡r ♦❢ ❢r❛❣♠❡♥ts✳
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■t ✐s ✈❡r② ❝❧❡❛r ❢r♦♠ ❣r❛♣❤ ✐♥ ✜❣✉r❡ ✺✳✻ ❛♥❞ t❛❜❧❡ ✺✳✸ t❤❛t ❞②♥❛♠✐❝ ✈❡rs✐♦♥ ♦❢ t❤❡ s♦rt
✐s ✇✐♥♥✐♥❣ ✐♥ ❛❧❧ ❝❛s❡s ♦✈❡r s♦rt✐♥❣ ✐♥ st❛t✐❝ ❛rr❛②✳ ❚❤✐s ♠❡❛s✉r❡♠❡♥ts ♠✐❣❤t ❜❡ ❤♦✇❡✈❡r
♠♦r❡ ✐♥t❡r❡st✐♥❣ ❛♥❞ ♣r♦❞✉❝✐♥❣ ❞✐✛❡r❡♥t r❡s✉❧ts ❡✈❡♥ ✇❤❡♥ ●P❯ ✇✐t❤ ❜✐❣❣❡r ♠❡♠♦r② ✇❛s
✉s❡❞✳ ❲❡ ❤❛✈❡ ✉s❡❞ ✸ ❛rr❛②s ♦❢ s✐③❡ ✻✹✳ ❖♥❡ ❢♦r ■❉s✱ s❡❝♦♥❞ ❢♦r t❤❡ ❞❡♣t❤s ❛♥❞ t❤✐r❞ ❢♦r t❤❡
❞✐st❛♥❝❡s ❜❡t✇❡❡♥ ❧❛②❡rs✳ ■♥ ❝❛s❡ ♦❢ ♦✉r ●P❯ ✐t ✇❛s ♠♦r❡ ❡①♣❡♥s✐✈❡ t♦ ❛❧❧♦❝❛t❡ s✉❝❤ ❛rr❛②s
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❚❡❛♣♦t ✶ ✼✷✸✶ ✸✻✸✺✾✽ ✽ ✵✱✵✹✪ ✶✱✼✾ ✹✻✻ ✸✱✸✶ ✷✽✼
❉r❛❣♦♥ ✶ ✹✸✼✻✹✺ ✸✶✼✻✹✽ ✶✵ ✵✱✶✵✪ ✺✱✵✼ ✶✽✼ ✻✱✹✺ ✶✹✾
❆♥❛t♦♠② ✶ ✸✼✾✻✸ ✷✽✹✶✾✻ ✶✸ ✵✱✵✶✪ ✷✱✶✵ ✹✶✽ ✸✱✺✶ ✷✻✷
❇✐❦❡❲❤❡❡❧❋♦r❦ ✶ ✸✹✼✽✻ ✷✻✽✾✹✻ ✶✹ ✷✱✶✻✪ ✸✱✷✾ ✷✽✺ ✺✱✶✷ ✶✽✼
❉r❛❣♦♥s ✶ ✶✸✶✷✾✸✺ ✹✼✶✸✷✽ ✶✹ ✵✱✶✷✪ ✶✷✱✽✺ ✼✾ ✶✹✱✹✾ ✻✾
●P❯ ✶ ✶✵✼✾✻ ✹✾✹✺✻✹ ✶✻ ✶✱✺✽✪ ✷✱✻✽ ✸✹✸ ✺✱✵✶ ✶✽✾
❚❡❛♣♦t ✷ ✼✷✸✶ ✽✻✽✻✾✽ ✶✻ ✶✱✷✶✪ ✸✱✾✵ ✷✹✶ ✻✱✹✷ ✶✺✵
❉r❛❣♦♥ ✷ ✹✸✼✻✹✺ ✸✸✶✽✺✹ ✶✻ ✵✱✷✽✪ ✺✱✹✶ ✶✼✻ ✻✱✽✸ ✶✹✶
❉r❛❣♦♥s ✷ ✶✸✶✷✾✸✺ ✶✸✻✽✸✵✽ ✶✽ ✵✱✺✵✪ ✶✼✱✶✶ ✻✵ ✷✵✱✼✵ ✺✵
❍❡❛rt❤ ✶ ✾✷✵✷✻ ✼✺✻✹✻✹ ✷✵ ✶✱✸✵✪ ✹✱✾✾ ✶✽✾ ✼✱✾✾ ✶✷✶
❍❡❛❞ ✶ ✾✼✶✹✶ ✾✾✶✶✵✸ ✷✷ ✶✱✺✽✪ ✻✱✶✹ ✶✺✻ ✾✱✽✺ ✶✵✶
❆♥❛t♦♠② ✷ ✸✼✾✻✸ ✸✻✵✺✻✼ ✷✸ ✹✱✾✽✪ ✷✱✼✷ ✸✸✻ ✹✱✽✻ ✶✾✻
❊♥❣✐♥❡ ✶ ✼✸✶✷✺ ✾✾✶✹✸✺ ✷✻ ✶✱✸✹✪ ✼✱✵✺ ✶✸✺ ✾✱✽✷ ✶✵✶
❉r✐❧❧ ✶ ✶✶✾✸✷✽ ✻✽✷✽✻✸ ✸✵ ✵✱✵✻✪ ✹✱✼✺ ✶✾✼ ✼✱✹✼ ✶✷✾
❍❡❛rt❤ ✷ ✾✷✵✷✻ ✶✶✽✼✹✵✷ ✸✵ ✶✱✵✶✪ ✻✱✻✷ ✶✹✺ ✶✷✱✶✻ ✽✶
❙✉s♣❡♥s✐♦♥ ✶ ✸✼✷✽✷✼ ✽✾✺✷✶✵ ✸✵ ✵✱✺✽✪ ✶✵✱✸✼ ✾✹ ✶✸✱✶✽ ✼✼
❉r✐❧❧ ✷ ✶✶✾✸✷✽ ✾✸✽✾✸✶ ✸✸ ✺✱✷✾✪ ✽✱✵✺ ✶✶✾ ✶✵✱✷✹ ✾✻
❍❡❛❞ ✷ ✾✼✶✹✶ ✶✻✹✺✸✺✸ ✸✽ ✵✱✹✷✪ ✾✱✾✶ ✾✽ ✶✺✱✾✻ ✻✹
●❡❛r❇♦① ✶ ✸✸✹✾✺✹ ✶✷✹✵✶✻✶ ✹✷ ✶✱✵✶✪ ✶✹✱✹✻ ✻✼ ✶✽✱✾✻ ✺✹
❊♥❣✐♥❡ ✷ ✼✸✶✷✺ ✽✷✷✼✾✻ ✹✹ ✵✱✾✸✪ ✽✱✼✸ ✶✶✶ ✶✶✱✵✷ ✾✵
❇✐❦❡❲❤❡❡❧❋♦r❦ ✷ ✸✹✼✽✻ ✸✾✻✶✶✵ ✺✹ ✷✱✻✶✪ ✼✱✻✵ ✶✶✺ ✾✱✹✵ ✾✾
●P❯ ✷ ✶✵✼✾✻ ✶✵✻✼✺✺✼ ✺✽ ✶✸✱✶✹✪ ✷✵✱✻✽ ✺✵ ✸✻✱✽✷ ✸✵
●❡❛r❇♦① ✷ ✸✸✹✾✺✹ ✶✺✺✾✷✻✾ ✺✽ ✵✱✼✻✪ ✷✵✱✵✼ ✺✵ ✷✹✱✽✵ ✹✸
❙✉s♣❡♥s✐♦♥ ✷ ✸✼✷✽✷✼ ✶✾✵✵✺✹✽ ✻✹ ✵✱✶✵✪ ✶✼✱✻✻ ✺✼ ✷✷✱✼✹ ✹✹

❚❛❜❧❡ ✺✳✸✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝ s♦rt ♠❡t❤♦❞ ✇✐t❤ s♦rt ✐♥ t❤❡ ❛rr❛②✳ ❚❛❜❧❡ ✐s s♦rt❡❞
❜② t❤❡ MAX |LIST| ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✳

✺✳✶✳✷ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ ❖t❤❡r ▼❡t❤♦❞s

❲❡ ♥♦✇ ❦♥♦✇ ❤♦✇ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❜❡❤❛✈❡s✳ ❚❤✐s s❡❝t✐♦♥ ♣r♦✈✐❞❡s s♣❡❡❞ ❝♦♠♣❛r✐s♦♥
✇✐t❤ t❤❡ r❡♠❛✐♥✐♥❣ ♠❡t❤♦❞s ❝♦♠♣❛r❡❞ ✐♥ t❤✐s t❤❡s✐s✿ ❞❡♣t❤ ♣❡❡❧✐♥❣✱ ❞✉❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣ ❛♥❞
❝♦♥❝✉rr❡♥t ♣❡r ♣✐①❡❧ ❧✐♥❦❡❞ ❧✐sts✳
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7000.00

285600.00

564200.00

842800.00

1121400.00

1400000.00

250000.00

600000.00

950000.00

1300000.00

1650000.00

2000000.00

0.00

14.00

28.00

42.00

56.00

70.00

0.00

2.80

5.60

8.40

11.20

14.00

0.00

28.00

56.00

84.00

112.00

140.00

VERTICES FRAGMENTS LISTS MAX

LENGTH

PSI GPU TIME [ms]

❋✐❣✉r❡ ✺✳✼✿ ❉❡♣t❤ ♣❡❡❧✐♥❣

7000.00

285600.00

564200.00

842800.00

1121400.00

1400000.00

250000.00

600000.00

950000.00

1300000.00

1650000.00

2000000.00

0.00

14.00

28.00

42.00

56.00

70.00

0.00

2.80

5.60

8.40

11.20

14.00

0.00

28.00

56.00

84.00

112.00

140.00

VERTICES FRAGMENTS LISTS MAX

LENGTH

PSI GPU TIME [ms]

❋✐❣✉r❡ ✺✳✽✿ ❉✉❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣

285600.00

564200.00

842800.00

1121400.00

1400000.00

600000.00

950000.00

1300000.00

1650000.00

2000000.00

14.00

28.00

42.00

56.00

70.00

4

2.80

5.60

8.40

11.20

14.00

28.00

56.00

84.00

112.00

140.00

7000.00 250000.00 0.00 0.00 0.00

VERTICES FRAGMENTS LISTS MAX

LENGTH

PSI GPU TIME [ms]

❋✐❣✉r❡ ✺✳✾✿ ❈♦♥❝✉rr❡♥t ♣❡r ♣✐①❡❧ ❧✐♥❦❡❞ ❧✐sts

VERTICES FRAGMENTS LIST MAX

LENGTH

PSI GPU TIME [ms]

❋✐❣✉r❡ ✺✳✶✵✿ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r

❲❡ ❤❛✈❡ ✉s❡❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣❡❡❧✐♥❣ ♠❡t❤♦❞s ❢r♦♠ t❤❡ ◆❱■❉■❆ ●r❛♣❤✐❝s ❙❉❑ ✶✵✱
♦♥❧② ♦✉r ♦✇♥ ●P❯ t✐♠❡ ♠❡❛s✉r✐♥❣ s②st❡♠ ✇❛s ❛❞❞❡❞ t♦ t❤❡✐r ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❈♦♥❝✉rr❡♥t
♣❡r ♣✐①❡❧ ❧✐♥❦❡❞ ❧✐sts ✇❡ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ♠❡❛s✉r❡❞ ✐♥ ♦✉r ♦✇♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ s✐♥❝❡ ✐t ✐s
❛ s✉❜✲♣r♦❜❧❡♠ ♦❢ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❝♦♥str✉❝t✐♦♥✳

❋✐❣✉r❡s ✺✳✼✱ ✺✳✽✱ ✺✳✾ ❛♥❞ ✺✳✶✵ s❤♦✇ s✉❝❤ ❝♦♠♣❛r✐s♦♥ ✉s✐♥❣ ♣❛r❛❧❧❡❧ ❝♦♦r❞✐♥❛t❡s✳ ▼❡❛s✉r❡❞
❞❛t❛ ❝❛♥ ❜❡ ❛❧s♦ ❢♦✉♥❞ ✐♥ t❛❜❧❡ ✺✳✹✳ ❲❡ ❝❛♥ s❡❡ t❤❛t ❧✐♥❦❡❞ ❧✐sts ❛❜s♦❧✉t❡❧② ✇✐♥ ✐♥ s♣❡❡❞✳
❆♥♦t❤❡r ♦❜s❡r✈❛t✐♦♥ ✐s t❤❛t ♦♥❧② ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ✐s r❡❛❧❧② ❛✛❡❝t❡❞ ❜② Ψ✱ ✇❤✐❝❤ ✐s ❝❛✉s❡❞
❜② ✐ts ❋✐♥❞◆❡✐❣❤❜♦rs st❛❣❡✳ ❲❡ ❝❛♥ ❛❧s♦ s❡❡ t❤❛t ♦✈❡r❤❡❛❞ ♦♥ t❤❡ ❢r❛❣♠❡♥t s❤❛❞❡r ✐s ♥♦t
❜✐❣ ❢♦r ✜rst t❤r❡❡ ♠❡t❤♦❞s ❛♥❞ t❤❡② ❛r❡ ✈❡rt❡① ❜♦✉♥❞❡❞ ✐♥ ♠♦st ❝❛s❡s✳ ❚❤✐s ✐s ❧♦❣✐❝❛❧ ❢♦r
t❤❡ ♣❡❡❧✐♥❣ ♠❡t❤♦❞s s✐♥❝❡ ✇❡ ♥❡❡❞ t♦ r❡♥❞❡r t❤❡ ❣❡♦♠❡tr② ✐♥ ❡❛❝❤ ♣❡❡❧✐♥❣ ♣❛ss✳ ■t ♠✐❣❤t
❜❡ ❤♦✇❡✈❡r s✉r♣r✐s✐♥❣ ❢♦r t❤❡ ♣❡r ♣✐①❡❧ ❧✐♥❦❡❞ ❧✐sts✱ ✇❤❡r❡ ❡✈❡♥ t❤♦✉❣❤ t❤❡ s♦rt✐♥❣ ♣r♦❝❡❞✉r❡
♠✉st ♦❝❝✉r ♦♥ ❛❧❧ ❢r❛❣♠❡♥ts ♦✈❡r❤❡❛❞ ✐s s♠❛❧❧ t❤✉s ❛♣♣❧✐❝❛t✐♦♥ st❛②s ✈❡rt❡① ❜♦✉♥❞❡❞✳ ❚❤✐s
✐s ❤♦✇❡✈❡r ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ✐♥ ❝❛s❡ ♦❢ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ✇❤❡r❡ ♣r♦❝❡ss✐♥❣ ♦❢ t❤❡
❋✐♥❞◆❡✐❣❤❜♦rs st❛❣❡ ✐s ✈✐t❛❧ ❢♦r t❤❡ ✜♥❛❧ r❡♥❞❡r✐♥❣ t✐♠❡✳

❆♥♦t❤❡r r❡❛❧❧② ✐♥t❡r❡st✐♥❣ ✜♥❞✐♥❣ ✐s t❤❛t ❞✉❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣ ✐s ✐♥ ❢❛❝t ♠✉❝❤ s❧♦✇❡r t❤❛♥
♦r✐❣✐♥❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣ ❛❧❣♦r✐t❤♠✳ ■t ✐s ♥♦t ❛♥ ❡rr♦r ✐♥ ♠❡❛s✉r❡♠❡♥ts✱ ❞✉❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣



✺✳✷✳ ❘❊❙❯▲❚❙ ❖❋ ❚❍❊ ❖P❆❈■❚❨ ▼❖❉❯▲❆❚■❖◆ ✻✶

❛s st❛t❡❞ ❜② t❤❡ ❛✉t❤♦rs❬✾❪ ✬♠❛② s♣❡❡❞ ✉♣ ♣❡r❢♦r♠❛♥❝❡ ❜② ✷① ❢♦r ❣❡♦♠❡tr② ❜♦✉♥❞ ❛♣♣❧✐❝❛✲
t✐♦♥s✬✳ ❲❤✐❝❤ ✐s tr✉❡✱ ♦♥❧② ❢♦r ♠♦❞❡❧s Dragon,Dragons ❞✉❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣ ❛❝t✉❛❧❧② s♣❡❡❞s
✉♣ t❤❡ r❡♥❞❡r✐♥❣ ♣r♦❝❡ss ❛♥❞ s❧♦✇s ❞♦✇♥ ♦t❤❡r✇✐s❡✳

❉❡♣t❤ ♣❡❡❧✐♥❣ ❉✉❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣ ▲✐♥❦❡❞ ❧✐sts ■❧❧✉str❛t✐♦♥ ❇✉✛❡r
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●P❯ ✶ ✹✱✼✹✾✶✺✷ ✷✶✶ ✻✱✺✹✵✻✵✽ ✶✺✸ ✷✱✻✽ ✸✹✸ ✶✷✱✼✶✵✹✸✷ ✼✼
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●❡❛r❇♦① ✶ ✹✾✱✾✸✵✾✹✸ ✷✵ ✹✵✱✹✾✸✼✷✾ ✷✺ ✶✹✱✹✻ ✻✼ ✼✸✱✷✾✵✽✹✽ ✶✼
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❚❛❜❧❡ ✺✳✹✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞❡♣t❤ ♣❡❡❧✐♥❣✱ ❞✉❛❧ ❞❡♣t❤ ♣❡❡❧✐♥❣ ❛♥❞ ❝♦♥❝✉rr❡♥t ♣❡r ♣✐①❡❧

❧✐♥❦❡❞ ❧✐sts✳ P❧❡❛s❡ ♥♦t❡ t❤❛t ❞❛t❛ vertices, fragments, list max size ❛♥❞ Ψ ❛r❡
s❤❛r❡❞ ❜② ❛❧❧ ♠❡t❤♦❞s ❛♥❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ❢♦r ❡①❛♠♣❧❡ ✐♥ t❛❜❧❡ ✺✳✷✳

✺✳✶✳✸ ▼❡♠♦r② ❝♦♥s✉♠♣t✐♦♥

❯♥❢♦rt✉♥❛t❡❧②✱ ♠❡♠♦r② ❝♦♥s✉♠♣t✐♦♥ ✐s t❤❡ ❜✐❣❣❡st ✇❡❛❦♥❡ss ♦❢ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r✳ ❲❤✐❧❡
✐♥ ❉❡♣t❤ P❡❡❧✐♥❣ ❛♥❞ ❉✉❛❧ ❉❡♣t❤ P❡❡❧✐♥❣ str✉❝t✉r❡s ❛r❡ ♦❢ ✜①❡❞ s✐③❡ ✇✐t❤♦✉t ❛♥② r❡❧❛✲
t✐♦♥ t♦ t❤❡ ♥✉♠❜❡r ♦❢ r❡♥❞❡r❡❞ ❢r❛❣♠❡♥ts ✭❡①❝❡♣t ❢♦r t❤❡ ❛❜s♦❧✉t❡ s✐③❡ ♦❢ t❤❡ ✈✐❡✇♣♦rt✱
♦❢ ❝♦✉rs❡✮✱ str✉❝t✉r❡s ❢r❛❣❉❛t❛ ❛♥❞ ❢r❛❣◆❡①t ♦❢ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❛r❡ ❣r♦✇✐♥❣ ❧✐♥❡❛r❧②
❜❛s❡❞ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❢r❛❣♠❡♥ts✳ ❉❡♠❛♥❞ ♦♥ t❤❡ ♠❡♠♦r② ✐s ♦❢ ❝♦✉rs❡ ❣r♦✇✐♥❣ ✇❤❡♥ ✇❡
❡①♣❛♥❞ t❤❡ ❛♠♦✉♥t ♦❢ ❞❛t❛ st♦r❡❞ ♣❡r ♦♥❡ ❢r❛❣♠❡♥t✳

✺✳✷ ❘❡s✉❧ts ♦❢ t❤❡ ❖♣❛❝✐t② ▼♦❞✉❧❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♠❡t❤♦❞s ✉s❡❞ t♦ ♠♦❞✉❧❛t❡ t❤❡ ♦♣❛❝✐t② ✐s ♣r❡s❡♥t❡❞ ❛s ✇❡❧❧
❛s t❤❡ r❡s✉❧ts ♦❢ s✉❝❤ r❡♥❞❡rs✳



✻✷ ❈❍❆P❚❊❘ ✺✳ ❘❊❙❯▲❚❙ ❆◆❉ ❉■❙❈❯❙❙■❖◆

✺✳✷✳✶ ❙♣❡❡❞ ❈♦♠♣❛r✐s♦♥

●P❯ t✐♠❡ ✐s ❝❛♣t✉r❡❞ ✐♥ t❛❜❧❡ ✺✳✺ ❛♥❞ ✈✐s✉❛❧✐③❡❞ ✐♥ ✜❣✉r❡ ✺✳✶✶✳ ❲❡ s❤♦✇ t❤❡ ●P❯ t✐♠❡ ♦❢
♦♥❡ ♣❛ss ♦♥❧②✦ ■t ✉s✉❛❧❧② t❛❦❡s s❡✈❡r❛❧ ♣❛ss❡s t♦ ❣❡t ♣❧❡❛s❛♥t r❡s✉❧ts ❛s ❞✐s❝✉ss❡❞ ❢✉rt❤❡r✳
P❧❡❛s❡ ♥♦t❡ t❤❛t ✇❡ ♦♠✐t ♦t❤❡r ❞❡♣❡♥❞❡♥❝✐❡s ✐♥ ✜❣✉r❡ ✺✳✶✶ ❢♦r s✐♠♣❧✐❝✐t②✱ ♣❧❡❛s❡ r❡❢❡r t♦ ✜❣✉r❡
✺✳✶✵ ✇❤❡r❡ ♣❛r❛❧❧❡❧ ❝♦♦r❞✐♥❛t❡s ❛r❡ ✉s❡❞ t♦ ✈✐s✉❛❧✐③❡ s✉❝❤ r❡❧❛t✐♦♥s✳

❉✐✛✉s✐♦♥ ❛♥❞ ❜❧✉rr✐♥❣ st❛❣❡s ❛r❡ ❡①❛♠✐♥❡❞ ✜rst✳ ❲❡ s❡❡ t❤❛t ❝✉r✈❡s ♦❢ ❜♦t❤ ❛r❡ ✈❡r②
♠✉❝❤ ❛❧✐❦❡ ✐♥ s❤❛♣❡ ❜✉t ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✐s ♠✉❝❤ ♠♦r❡ ❡①♣❡♥s✐✈❡✳ ❲❤✐❧❡ ❜♦t❤ ♣r♦❝❡ss❡s ❛r❡
s✐♠✐❧❛r✱ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❞✐✛❡rs ❣r❡❛t❧②✳ ❲❤✐❧❡ ❜❧✉rr✐♥❣ ●❛✉ss✐❛♥ ✜❧t❡r ✐s s❡♣❛r❛❜❧❡ t♦
❤♦r✐③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧ ♣❛ss✱ ▲❛♣❧❛❝✐❛♥ ✜❧t❡r ✉s❡❞ ✐♥ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ❝❛♥♥♦t ❜❡ s❡♣❛r❛t❡❞
t❤✉s ✐t ♥❡❡❞s t♦ ❛❝❝❡ss ♠♦r❡ t❡①t✉r❡ ❞❛t❛ ✐♥ ♦♥❡ ✐t❡r❛t✐♦♥✳ ■t ✐s ❛❧s♦ ❝❧❡❛r t❤❛t ♣❡r❢♦r♠❛♥❝❡
❝♦st ♦❢ t❤❡ ❜❧✉rr✐♥❣ ♣r♦❝❡ss ✐s r❡❧❛t✐✈❡❧② s♠❛❧❧ t❤✉s ✇❡ ❝❛♥ ✉s❡ ✐t t♦ ❡♥❤❛♥❝❡ t❤❡ ❞✐✛✉s✐♦♥
♣r♦❝❡ss✳

❲❤✐❧❡ ✐t ♠❛② s❡❡♠ t❤❛t ♣r♦❝❡ss ♦❢ ✜♥❞✐♥❣ t❤❡ s✉r❢❛❝❡ ❝✉r✈❛t✉r❡ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❞✐st❛♥❝❡
❜❡t✇❡❡♥ s❛♠♣❧❡s ✐s ♠♦r❡ ❡①♣❡♥s✐✈❡ t❤❛♥ ♣r❡✈✐♦✉s❧② ❞✐s❝✉ss❡❞ st❛❣❡s✱ ✐t ✐s ♥♦t✳ ❲❡ ♥❡❡❞
s❡✈❡r❛❧ ♣❛ss❡s ♦❢ ❜♦t❤ ❞✐✛✉s✐♦♥ ❛♥❞ ❜❧✉rr✐♥❣ ♣r♦❝❡ss❡s ✇❤✐❧❡ t❤❡ ❞✐st❛♥❝❡✲❝✉r✈❛t✉r❡ ♣❛ss ✇✐❧❧
❜❡ ♣❡r❢♦r♠❡❞ ♦♥❧② ♦♥❝❡ t♦ ❣❡t ❞❛t❛ ✇❡ ♥❡❡❞ ❢♦r ✜♥❛❧ ❝♦♠♣♦s✐t✐♦♥✳ ✽ ♥❡✐❣❤❜♦rs ✇❡r❡ ✉s❡❞ t♦
✜♥❞ t❤❡ s✉r❢❛❝❡ ❝✉r✈❛t✉r❡ ✐♥ t❤✐s ♠❡❛s✉r❡♠❡♥t✳

❋✐❣✉r❡ ✺✳✶✶✿ ❙♣❡❡❞ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ s✐♥❣❧❡ ♣❛ss ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss✱ ❜❧✉rr✐♥❣ ❜② ●❛✉ss✐❛♥
s❡♣❛r❛❜❧❡ ✜❧t❡r ❛♥❞ ♦❢ ❞✐st❛♥❝❡✲❝✉r✈❛t✉r❡ s❡❛r❝❤✱ ✇❤❡r❡ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ ❧❛②❡rs ❛r❡ ❢♦✉♥❞ ❛s ✇❡❧❧
❛s t❤❡ s✉r❢❛❝❡ ❝✉r✈❛t✉r❡✳

❍♦✇❡✈❡r ❛s ✇❡ s❤♦✇ ✐♥ ✈✐s✉❛❧ ❝♦♠♣❛r✐s♦♥✱ ❝✉r✈❛t✉r❡ ❝♦♠♣✉t❡❞ ❢r♦♠ ✹ ❣❡♦❞❡s✐❝ ♥❡✐❣❤❜♦rs
✐s ✉s✉❛❧❧② s✉✣❝✐❡♥t✱ ✇❤✐❝❤ ✇✐❧❧ ②✐❡❧❞ ❧♦✇❡r ♣r♦❝❡ss✐♥❣ t✐♠❡✳

❖♥❧② ♠❡❛s✉r❡♠❡♥ts ♦❢ ♦♥❡ ♣❛ss ❛r❡ ♣r♦✈✐❞❡❞✳ ❚❤✐s ✐s s✐♠♣❧② ❜❡❝❛✉s❡ ✇❡ ✇♦✉❧❞ ❣❡t ❧✐♥❡❛r
♣r♦❣r❡ss✐♦♥ ♦❢ t❤❡ t✐♠❡ ❢♦r ♠❛♥② ✐t❡r❛t✐♦♥s ♦❢ ♣r❡s❡♥t❡❞ ♠❡t❤♦❞s✳ ❙✉❝❤ ♣r♦❣r❡ss✐♦♥ ✐s ♥♦t
r❡❛❧❧② ✐♥t❡r❡st✐♥❣ ♥♦r s✉r♣r✐s✐♥❣ s✐♥❝❡ ❞❛t❛s❡t t♦♣♦❧♦❣② ✭♥❡✐❣❤❜♦rs✮ ❞♦❡s ♥♦t ❝❤❛♥❣❡ ❞✉r✐♥❣
t❤❡ ♣r♦❝❡ss✳



✺✳✷✳ ❘❊❙❯▲❚❙ ❖❋ ❚❍❊ ❖P❆❈■❚❨ ▼❖❉❯▲❆❚■❖◆ ✻✸

❈♦♠♠♦♥ ❝❤❛r❛❝t❡r✐st✐❝s ❉■❋❋❯❙■❖◆ ❇▲❯❘❘ ❉■❙❚✲❈❯❘❱

▼❖❉❊▲ ❱❊❘❚■❈❊❙ ❋❘❆●❙ ▼❆❳

⑤▲■❙❚⑤

Ψ ❬✪❪ ❚■▼❊ ❬♠s❪ ❚■▼❊ ❬♠s❪ ❚■▼❊ ❬♠s❪

❆♥❛t♦♠② ✶ ✸✼✾✻✸ ✷✽✹✶✾✻ ✶✸ ✵✱✵✶✪ ✾✱✻✸✵ ✷✱✼✼✶ ✶✵✱✷✹✹
❆♥❛t♦♠② ✷ ✸✼✾✻✸ ✸✻✵✺✻✼ ✷✸ ✹✱✾✽✪ ✶✷✱✽✵✾ ✸✱✾✸✸ ✶✻✱✷✺✼
❇✐❦❡❲❤❡❡❧❋♦r❦ ✶ ✸✹✼✽✻ ✷✻✽✾✹✻ ✶✹ ✷✱✶✻✪ ✶✸✱✸✷✺ ✸✱✺✽✶ ✶✺✱✽✾✺
❇✐❦❡❲❤❡❡❧❋♦r❦ ✷ ✸✹✼✽✻ ✸✾✻✶✶✵ ✺✹ ✷✱✻✶✪ ✶✼✱✼✼✺ ✺✱✹✽✹ ✹✺✱✻✼✶
❉r✐❧❧ ✶ ✶✶✾✸✷✽ ✻✽✷✽✻✸ ✸✵ ✵✱✵✻✪ ✷✸✱✾✶✾ ✼✱✼✹✺ ✷✽✱✺✺✹
❉r✐❧❧ ✷ ✶✶✾✸✷✽ ✾✸✽✾✸✶ ✸✸ ✺✱✷✾✪ ✸✸✱✻✵✾ ✶✵✱✶✵✾ ✹✽✱✽✼✽
❊♥❣✐♥❡ ✶ ✼✸✶✷✺ ✾✾✶✹✸✺ ✷✻ ✶✱✸✹✪ ✸✺✱✵✺✹ ✶✶✱✶✾✹ ✸✾✱✼✷✹
❊♥❣✐♥❡ ✷ ✼✸✶✷✺ ✽✷✷✼✾✻ ✹✹ ✵✱✾✸✪ ✷✽✱✵✸✷ ✼✱✻✾✸ ✺✵✱✻✽✷
●P❯ ✶ ✶✵✼✾✻ ✹✾✹✺✻✹ ✶✻ ✶✱✺✽✪ ✷✵✱✷✹✺ ✺✱✾✽✶ ✶✽✱✷✼✾
●P❯ ✷ ✶✵✼✾✻ ✶✵✻✼✺✺✼ ✺✽ ✶✸✱✶✹✪ ✻✶✱✽✶✶ ✶✻✱✵✵✶ ✶✹✼✱✶✺✾
●❡❛r❇♦① ✶ ✸✸✹✾✺✹ ✶✷✹✵✶✻✶ ✹✷ ✶✱✵✶✪ ✹✻✱✷✶✾ ✶✺✱✶✼✸ ✽✻✱✵✻✽
●❡❛r❇♦① ✷ ✸✸✹✾✺✹ ✶✺✺✾✷✻✾ ✺✽ ✵✱✼✻✪ ✻✸✱✾✶✹ ✶✾✱✵✷✵ ✶✷✺✱✺✾✹
❍❡❛❞ ✶ ✾✼✶✹✶ ✾✾✶✶✵✸ ✷✷ ✶✱✺✽✪ ✸✼✱✶✺✷ ✶✶✱✵✶✾ ✸✽✱✶✾✻
❍❡❛❞ ✷ ✾✼✶✹✶ ✶✻✹✺✸✺✸ ✸✽ ✵✱✹✷✪ ✻✶✱✽✹✽ ✶✽✱✾✼✶ ✻✻✱✾✺✾
❍❡❛rt❤ ✶ ✾✷✵✷✻ ✼✺✻✹✻✹ ✷✵ ✶✱✸✵✪ ✷✺✱✺✸✷ ✽✱✵✻✷ ✷✽✱✾✾✵
❍❡❛rt❤ ✷ ✾✷✵✷✻ ✶✶✽✼✹✵✷ ✸✵ ✶✱✵✶✪ ✹✵✱✺✺✹ ✶✷✱✶✾✾ ✹✸✱✶✾✻
❙✉s♣❡♥s✐♦♥ ✶ ✸✼✷✽✷✼ ✽✾✺✷✶✵ ✸✵ ✵✱✺✽✪ ✸✵✱✹✹✼ ✾✱✼✸✾ ✺✻✱✸✻✺
❙✉s♣❡♥s✐♦♥ ✷ ✸✼✷✽✷✼ ✶✾✵✵✺✹✽ ✻✹ ✵✱✶✵✪ ✼✵✱✶✺✺ ✷✵✱✾✾✽ ✶✵✺✱✾✼✸
❚❡❛♣♦t ✶ ✼✷✸✶ ✸✻✸✻✹✵ ✽ ✵✱✵✹✪ ✶✷✱✼✼✼ ✸✱✻✶✽ ✶✵✱✷✷✽
❚❡❛♣♦t ✷ ✼✷✸✶ ✽✻✽✻✾✽ ✶✻ ✶✱✷✶✪ ✸✵✱✽✾✹ ✽✱✽✻✶ ✷✹✱✺✾✾
❉r❛❣♦♥ ✶ ✹✸✼✻✹✺ ✸✶✼✻✹✽ ✶✵ ✵✱✶✵✪ ✾✱✻✷✹ ✸✱✻✻✾ ✶✺✱✷✶✵
❉r❛❣♦♥ ✷ ✹✸✼✻✹✺ ✸✸✶✽✺✹ ✶✻ ✵✱✷✽✪ ✾✱✸✵✸ ✸✱✷✹✵ ✶✼✱✺✺✸
❉r❛❣♦♥s ✶ ✶✸✶✷✾✸✺ ✹✼✶✸✷✽ ✶✹ ✵✱✶✷✪ ✶✸✱✼✼✽ ✺✱✶✾✷ ✸✵✱✶✻✾
❉r❛❣♦♥s ✷ ✶✸✶✷✾✸✺ ✶✸✻✽✸✵✽ ✶✽ ✵✱✺✵✪ ✺✵✱✵✻✽ ✶✼✱✵✾✵ ✻✸✱✽✷✾

❚❛❜❧❡ ✺✳✺✿ ❙♣❡❡❞ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ s✐♥❣❧❡ ♣❛ss ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss✱ ❜❧✉rr✐♥❣ ❜② ●❛✉ss✐❛♥
s❡♣❛r❛❜❧❡ ✜❧t❡r ❛♥❞ ♦❢ ❞✐st❛♥❝❡✲❝✉r✈❛t✉r❡ s❡❛r❝❤✱ ✇❤❡r❡ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ ❧❛②❡rs ❛r❡ ❢♦✉♥❞
❛s ✇❡❧❧ ❛s t❤❡ s✉r❢❛❝❡ ❝✉r✈❛t✉r❡✳

✺✳✷✳✷ ❱✐s✉❛❧ ❈♦♠♣❛r✐s♦♥

❙❡❧❡❝t✐♦♥ ♦❢ ♦✉t♣✉t ✐♠❛❣❡s r❡♥❞❡r❡❞ ❜② ♦✉r ❛♣♣❧✐❝❛t✐♦♥ ✐s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳ ❲❡
❛❧s♦ ♣r❡s❡♥t ❋P❙ ✐♥ t✐♠❡ ♦❢ r❡♥❞❡r✐♥❣ ❛♥❞ t❤❡ ✈❛❧✉❡s ♦❢ ✈❛r✐❛❜❧❡s ✉s❡❞✳ ❙✐♥❝❡ t❤✐s t❤❡s✐s
❞♦❡s ♥♦t ❛❞❞r❡ss t❤❡ ❤✉♠❛♥ ♣❡r❝❡♣t✐♦♥ ✐♥ ❣r❡❛t❡r ❞❡t❛✐❧ ❛♥❞ ❢♦❝✉s ♦♥ t❤❡ t❡❝❤♥✐❝❛❧ ❛s♣❡❝ts✱
✇❡ ❧❡❛✈❡ t❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤✐s ✐♠❛❣❡s t♦ t❤❡ r❡❛❞❡r✳ ❲❡ ♣r♦✈✐❞❡ t❤✐s ❧✐st t♦ r❡♠✐♥❞ t❤❡
♣❛r❛♠❡t❡rs ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s ❛♥❞ ❛❧❣♦r✐t❤♠s t♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ ❢♦❧❧♦✇✐♥❣ ✐♠❛❣❡s✿

• ❈✉r✈ ✐s ❛ s❤♦rt ❢♦r ❝✉r✈❛t✉r❡✳

• ❉✐st ✐s ❛ s❤♦rt ❢♦r ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ s❛♠♣❧❡s ❛❧♦♥❣ t❤❡ r❛②✳

• δc ✐s ❛ ✉s❡r ♣❛r❛♠❡t❡r ❞❡✜♥❡❞ t♦ ❛✛❡❝t t❤❡ ❝✉r✈❛t✉r❡ ❡✛❡❝t ♦♥ t❤❡ ✜♥❛❧ ✐♠❛❣❡✳

• α, β, γ ❛r❡ tr❛♥s♣❛r❡♥❝② ✜❡❧❞s ❞❡✜♥❡❞ ✐♥ ❈❤❛♣t❡r ✸✳

• λα, λβ , λγ ❛r❡ ♣❛r❛♠❡t❡rs t♦ ❛✛❡❝t tr❛♥s♣❛r❡♥❝② ✜❡❧❞s α, β, γ✳ ■❢ ❈❛♣t✐♦♥ ♦❢ ❛♥ ✐♠❛❣❡
❞♦❡s ♥♦t st❛t❡ s✉❝❤ ✈❛❧✉❡✱ ❛✉t♦♠❛t✐❝ ♠♦❞❡ ✇❛s ❛♣♣❧✐❡❞ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✹✳

• di ✐s ❛ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ✉s❡❞ ❞✉r✐♥❣ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss✳

• bi ✐s ❛ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ♦❢ t❤❡ ●❛✉ss✐❛♥ ✜❧t❡r✳

• focusRegion ✐s ❛ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ s❛♠♣❧❡s ❛❧♦♥❣ t❤❡ r❛② ♦❢ ❤✐❣❤❡r ✐♠♣♦rt❛♥❝❡✳



✻✹ ❈❍❆P❚❊❘ ✺✳ ❘❊❙❯▲❚❙ ❆◆❉ ❉■❙❈❯❙❙■❖◆

❖■❚ ❖♥❧②✱ α = 0.5✱ ✷✻✾ ❋P❙ ✉s❡❞ α✱ di = 25 ✶✷ ❋P❙

✉s❡❞ α, β✱ di = 25 ✶✷ ❋P❙ ✉s❡❞ α, β, γ✱ di = 25✱ bi = 10✱ ✾ ❋P❙

❖■❚ ❖♥❧②✱ α = 0.5✱ ✸✹ ❋P❙ ❈✉r✈✲❉✐st✱ focusRegion = 0.7✱δc = 1.8✱ ✾ ❋P❙



✺✳✷✳ ❘❊❙❯▲❚❙ ❖❋ ❚❍❊ ❖P❆❈■❚❨ ▼❖❉❯▲❆❚■❖◆ ✻✺

❈✉r✈ ❖♥❧②✱ δc = 0.6✱ ✹✻ ❋P❙ ❉✐st ❖♥❧②✱ focusRegion = 0.1✱ ✹✻ ❋P❙

❉✐st✲❈✉r✈✱ focusRegion = 1.1✱ δc = 0.9✱ ✹✻ ❋P❙ ❈✉r✈ ❖♥❧②✱ δc = 0.6✱ ✹✻ ❋P❙

❖■❚ ❖♥❧②✱ α = 0.13✱ ✶✶ ❋P❙ ✉s❡❞ α, β, γ✱ di = 10✱ bi = 2✱α = 0.13✱ ✾ ❋P❙



✻✻ ❈❍❆P❚❊❘ ✺✳ ❘❊❙❯▲❚❙ ❆◆❉ ❉■❙❈❯❙❙■❖◆

❖■❚ ❖♥❧②✱ α = 0.34✱ ✻✾ ❋P❙ ❈✉r✈ ❖♥❧②✱ δc = 1.8✱ ✷✸ ❋P❙

❉✐st ❖♥❧②✱ focusRegion = 0.9✱ ✷✸ ❋P❙ ❉✐st✲❈✉r✈✱ focusRegion = 0.9✱ δc = 1.8✱ ✷✸ ❋P❙

❈✉r✈ ❖♥❧②✱ δc = 1.2✱ ✷✶ ❋P❙ ✉s❡❞ α, β, γ✱ di = 10✱ bi = 5✱α = 0.13✱ ✶✽ ❋P❙



✺✳✷✳ ❘❊❙❯▲❚❙ ❖❋ ❚❍❊ ❖P❆❈■❚❨ ▼❖❉❯▲❆❚■❖◆ ✻✼

❖■❚ ❖♥❧②✱ α = 0.4✱ ✼✾ ❋P❙ ✉s❡❞ α, β, γ✱ di = 5✱ bi = 5✱ α = 0.16✱ ✾ ❋P❙

❈✉r✈ ❖♥❧②✱ δc = 1.8✱ ✷✹ ❋P❙ ❉✐st✲❈✉r✈✱ focusRegion = 0.5✱ δc = 1.8✱ ✷✹ ❋P❙



✻✽ ❈❍❆P❚❊❘ ✺✳ ❘❊❙❯▲❚❙ ❆◆❉ ❉■❙❈❯❙❙■❖◆



❈❤❛♣t❡r ✻

❈♦♥❝❧✉s✐♦♥

❚❤✐s t❤❡s✐s ❛❞❞r❡ss❡❞ t❤❡ ❛♣♣r♦❛❝❤❡s ♦❢ t❤❡ ✐♥t❡r♥❛❧ str✉❝t✉r❡ ✈✐s✉❛❧✐③❛t✐♦♥ ❢♦r ❝♦♠♣❧❡① ✸❉
♦❜❥❡❝ts✳ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ❢♦r t❤❡ ♣r♦❜❧❡♠❛t✐❝s ♦❢ r❡♥❞❡r✐♥❣ s❡♠✐ tr❛♥s♣❛r❡♥t ♦❜❥❡❝ts
❛♥❞ t❡❝❤♥✐q✉❡s ♦❢ t❤❡ ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ ❜❛s❡❞ ♦♥ s❡✈❡r❛❧ ♦❜❥❡❝t ❢❡❛t✉r❡s ✇❛s ♣r❡s❡♥t❡❞✳
❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❖■❚ s♦❧✈✐♥❣ ❛❧❣♦r✐t❤♠s ✇❛s ♣r♦✈✐❞❡❞ ❛♥❞ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ✇❛s
❢♦✉♥❞ t❤❡ ♠♦st ✢❡①✐❜❧❡ ❛❧❣♦r✐t❤♠ ❝♦♥s✐❞❡r✐♥❣ ❞✐s❝✉ss❡❞ ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ t❡❝❤♥✐q✉❡s t❤✉s
✇❛s ❡①❛♠✐♥❡❞ ✐♥ ❢✉rt❤❡r ❞❡t❛✐❧✳

❲❡ ✐♠♣❧❡♠❡♥t❡❞ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❛❧❣♦r✐t❤♠ ✉s✐♥❣ ❖♣❡♥●▲ ❛♥❞ ●▲❙▲ t❡❝❤♥♦❧♦❣②✳
❆❧❧ ❞✐s❝✉ss❡❞ ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ t❡❝❤♥✐q✉❡ ✇❡r❡ ✐♠♣❧❡♠❡♥t❡❞ ♦♥ t♦♣ ♦❢ t❤❡ ■❧❧✉str❛t✐♦♥
❜✉✛❡r✳ ❲❡ ❤❛✈❡ ❢♦✉♥❞ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❜✉✛❡r t♦ ❜❡ t❤❡ ❤❛r❞ ♣❛rt ♦❢ t❤❡ ✐♠♣❧❡♠❡♥t❛✲
t✐♦♥✱ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ ♠❡t❤♦❞s ✇❛s r❛t❤❡r ❡❛s②✳

❲❡ ❤❛✈❡ t❡st❡❞ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦♥ ✷✹ s❝❡♥❡s ❝♦♥s✐st✐♥❣ ♦❢ ✶✷ ❣❡♦♠❡tr✐❝❛❧ ♠♦❞❡❧s
✈❛r②✐♥❣ ❜❡t✇❡❡♥ ✼❑ t♦ ✶✳✸▼ ✈❡rt✐❝❡s✱ ✷✻❑ t♦ ✶✳✾▼ ❢r❛❣♠❡♥ts ❛♥❞ ✽ t♦ ✻✹ ♠❛①✐♠❛❧ ❧❡♥❣t❤s
♦❢ t❤❡ ♣❡r ♣✐①❡❧ ❧✐♥❦❡❞ ❧✐sts ✉s✐♥❣ ✻✵✵①✻✵✵ ✐♠❛❣❡ r❡s♦❧✉t✐♦♥✳ ■♠♣❛❝t ♦❢ ✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r
♦❢ ❢r❛❣♠❡♥ts ✇❛s ♠❡❛s✉r❡❞ ❜② ❝❤❛♥❣✐♥❣ t❤❡ r❡s♦❧✉t✐♦♥✳

❖✉r r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ ❈♦♥❝✉rr❡♥t ♣❡r P✐①❡❧ ▲✐♥❦❡❞ ▲✐sts ❛r❡ t❤❡ ❜❡st ❝❤♦✐❝❡ ♦✈❡r
♦t❤❡r ♠❡t❤♦❞s ❝♦♥s✐❞❡r✐♥❣ s♣❡❡❞✳ P❡❡❧✐♥❣ ♠❡t❤♦❞s ❛r❡ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ♠♦r❡ ♠❡♠♦r②
❡✣❝✐❡♥t ❛♥❞ t❤❡✐r ♠❡♠♦r② ❝♦♥s✉♠♣t✐♦♥ ❞♦❡s ♥♦t ❣r♦✇ ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ❢r❛❣♠❡♥ts ❧✐❦❡
✐♥ ❝❛s❡ ♦❢ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❛♥❞ ❈♦♥❝✉rr❡♥t ♣❡r P✐①❡❧ ▲✐♥❦❡❞ ▲✐sts✳ ❚❤❡ ■❧❧✉str❛t✐♦♥
❇✉✛❡r ✇❛s ❢♦✉♥❞ t♦ ❜❡ t❤❡ s❧♦✇❡st ❜✉t ♠♦st ✉s❛❜❧❡ ❛❧❣♦r✐t❤♠✳ ◆♦✇ ✐t s❤♦✉❧❞ ❜❡ ❡❛s② ❢♦r t❤❡
r❡❛❞❡r t♦ ❝❤♦♦s❡ t❤❡ ❛❧❣♦r✐t❤♠ ❛❝❝♦r❞✐♥❣ t♦ ❤✐s✴❤❡r ❞❡♠❛♥❞s✳

❈♦♥str✉❝t✐♦♥ t✐♠❡s ♦❢ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ✈❛r② ❜❡t✇❡❡♥ ✻♠s t♦ ✶✸✶♠s ✐♥ ♦✉r ♠❡❛s✉r❡✲
♠❡♥ts✳ ❲❡ ❤❛✈❡ ❢♦✉♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❢r❛❣♠❡♥ts ❛♥❞ ♠♦st ✐♠♣♦rt❛♥t❧② t❤❡ ♠❛①✐♠✉♠ ❧❡♥❣t❤
♦❢ t❤❡ ♣❡r ♣✐①❡❧ ❧✐♥❦❡❞ ❧✐sts ❛♥❞ ❝♦✈❡r❛❣❡ ♦❢ t❤❡ ❧♦♥❣❡st ❧✐sts t♦ ❜❡ t❤❡ ♠♦st ♣❡r❢♦r♠❛♥❝❡
❛✛❡❝t✐♥❣ ✈❛r✐❛❜❧❡s✳

❲❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ ❣❡♦♠❡tr② ♠♦t✐✈❛t❡❞ ♠❡t❤♦❞ ❢♦r s❡❛r❝❤✐♥❣ t❤❡ ❣❡♦❞❡s✐❝ ♥❡✐❣❤❜♦rs
❛❧♦♥❣ t❤❡ s✉r❢❛❝❡ ✇❤✐❝❤ s♣❡❡❞s ✉♣ t❤❡ s❡❛r❝❤ ♣r♦❝❡ss ❜✉t ♣r♦❞✉❝❡s ❛rt✐❢❛❝ts ❢♦r ♠♦❞❡❧s ✇✐t❤
❣r❡❛t ❞❡t❛✐❧ ✭s♦ t❤❛t s❡✈❡r❛❧ tr✐❛♥❣❧❡s ❛r❡ r❡♥❞❡r t♦ ♦♥❡ ♣✐①❡❧✳✮✳ ❚❤✐s ❝❛♥ ❜❡ ❤♦✇❡✈❡r s♦❧✈❡❞
❜② ♠♦❞❡❧ ♣r❡♣r♦❝❡ss✐♥❣ ✐♥ ❡①❝❤❛♥❣❡ ❢♦r ❣r❡❛t❡r ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ ✐♥t❡r❛❝t✐✈✐t②✳

✻✾
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✻✳✶ ❋✉t✉r❡ ❲♦r❦

❲❡ ❤❛✈❡ s❡❡♥ t❤❛t s❡❛r❝❤ ❢♦r t❤❡ ♥❡✐❣❤❜♦rs ✐s ❛ ❜♦tt❧❡♥❡❝❦ ♦❢ t❤❡ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❝r❡❛t✐♦♥
♣r♦❝❡ss✳ ▼❡t❤♦❞s ♦❢ t❤✐s ♣r♦❝❡ss ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ❡♥❤❛♥❝❡♠❡♥t s❤♦✉❧❞ ❜❡ r❡s❡❛r❝❤❡❞ t♦
♣r♦✈✐❞❡ ❜❡tt❡r ✐♥t❡r❛❝t✐✈✐t② ❡✈❡♥ ♦♥ ✈❡r② ❝♦♠♣❧❡① ♠♦❞❡❧s✳ ❆s ✇❡ ❝♦✉❧❞ s❡❡ ✐♥ s❡❝t✐♦♥ ❱✐s✉❛❧

❈♦♠♣❛r✐s♦♥ ✇❤❡r❡ ✜♥❛❧ r❡♥❞❡rs ♦❢ ♦✉r ❛♣♣❧✐❝❛t✐♦♥ ✇❡r❡ s❤♦✇♥✱ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ♥♦t
❩✲❋✐❣❤t✐♥❣ ❛✇❛r❡ ❛♥❞ t❤❡r❡❢♦r❡ ♣r♦❞✉❝❡s ❡rr♦rs ✇❤❡r❡ t❤❡ ❣❡♦♠❡tr② ✐s ♣♦♦r❧② ❞❡✜♥❡❞ ♦r ✐s
❞❡✜♥❡❞ ✐♥ s❝❛❧❡ t❤❛t ✐s t♦♦ s♠❛❧❧✳

▼❛✐♥❧② t❡❝❤♥✐❝❛❧ ❛s♣❡❝ts ♦❢ t❤❡ ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ ✇❡r❡ ❛❞❞r❡ss❡❞ ✐♥ t❤✐s t❤❡s✐s ❛♥❞
t❡st✐♥❣ ♦♥ ❤✉♠❛♥ ♣❛rt✐❝✐♣❛♥ts s❤♦✉❧❞ ❜❡ ❞♦♥❡ t♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ t❤❡ ❤✉♠❛♥ ♣❡r❝❡♣t✐♦♥
♦❢ ❝♦♠♣❧❡① ✐♥t❡r♥❛❧ str✉❝t✉r❡s ❜② ✉s✐♥❣ ✈❛r②✐♥❣ ♦♣❛❝✐t② ♠♦❞✉❧❛t✐♦♥ t❡❝❤♥✐q✉❡s✳



❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ ●▲❊❲ ✲ ❚❤❡ ❖♣❡♥●▲ ❊①t❡♥s✐♦♥ ❲r❛♥❣❧❡r ▲✐❜r❛r②✳ ❁http://glew.sourceforge.
net/❃✳ ❆❝❝❡ss❡❞✿ ✷✵✶✹✲✶✷✲✷✹✳

❬✷❪ ●▲▼ ✲ ❖♣❡♥●▲ ▼❛t❤❡♠❛t✐❝s✳ ❁http://glm.g-truc.net/0.9.6/index.
html❃✳ ❆❝❝❡ss❡❞✿ ✷✵✶✹✲✶✷✲✷✹✳

❬✸❪ ●▲❙▲ ✲ ❖♣❡♥●▲ ❙❤❛❞✐♥❣ ▲❛♥❣✉❛❣❡✳ ❁https://www.opengl.org/
documentation/glsl/❃✳ ❆❝❝❡ss❡❞✿ ✷✵✶✹✲✶✷✲✷✹✳

❬✹❪ ❖♣❡♥●▲ ✲ ❚❤❡ ■♥❞✉str②✬s ❋♦✉♥❞❛t✐♦♥ ❢♦r ❍✐❣❤ P❡r❢♦r♠❛♥❝❡ ●r❛♣❤✐❝s✳ ❁https://
www.opengl.org/❃✳ ❆❝❝❡ss❡❞✿ ✷✵✶✹✲✶✷✲✷✹✳

❬✺❪ ◗❚ ❋r❛♠❡✇♦r❦ ✲ ◗t Pr♦❥❡❝t✳ ❁http://qt-project.org/❃✳ ❆❝❝❡ss❡❞✿ ✷✵✶✹✲✶✷✲✷✹✳

❬✻❪ ❖♣❡♥●▲ ✲ ■♠❛❣❡ ▲♦❛❞ ❙t♦r❡✳ ❁https://www.opengl.org/wiki/Image_Load_
Store❃✳ ❆❝❝❡ss❡❞✿ ✷✵✶✹✲✶✷✲✷✹✳

❬✼❪ ❘❛♣✐❞ ❏❙❖◆ ✲ ❆ ❢❛st ❏❙❖◆ ♣❛rs❡r✴❣❡♥❡r❛t♦r ❢♦r ❈✰✰ ✇✐t❤ ❜♦t❤ ❙❆❳✴❉❖▼ st②❧❡ ❆P■✳
❁https://github.com/miloyip/rapidjson❃✳ ❆❝❝❡ss❡❞✿ ✷✵✶✹✲✶✷✲✸✶✳

❬✽❪ ◆❱■❉■❆ ●r❛♣❤✐❝s ❙❉❑ ✶✵✳ ❁https://developer.nvidia.com/opengl❃✳ ❆❝✲
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❆❞❞✐t✐♦♥❛❧ ▼❡❛s✉r❡♠❡♥ts ❉❛t❛

400x400 450x450 500x500 550x550

♠♦❞❡❧ ★❢r❛❣s ❬♠s❪ ★❢r❛❣s ❬♠s❪ ★❢r❛❣s ❬♠s❪ ★❢r❛❣s ❬♠s❪

❆♥❛t♦♠② ✶ ✶✷✻✷✾✻ ✹✱✼✶ ✶✺✾✻✻✻ ✺✱✵✾ ✶✾✼✷✻✾ ✺✱✺✷ ✷✸✽✻✹✹ ✻✱✼✶
❆♥❛t♦♠② ✷ ✶✻✵✷✻✼ ✼✱✽✶ ✷✵✷✽✵✼ ✽✱✹✹ ✷✺✵✺✷✷ ✾✱✼✺ ✸✵✷✾✶✷ ✶✶✱✺✶
❇✐❦❡❲❤❡❡❧❋♦r❦ ✶ ✶✶✾✹✽✻ ✻✱✻✹ ✶✺✶✸✵✻ ✼✱✾✼ ✶✽✻✽✷✽ ✽✱✺✹ ✷✷✻✵✸✽ ✶✶✱✶✻
❇✐❦❡❲❤❡❡❧❋♦r❦ ✷ ✶✼✻✵✶✷ ✷✺✱✶✹ ✷✷✷✼✾✷ ✷✽✱✵✼ ✷✼✺✷✵✹ ✷✾✱✵✸ ✸✸✷✾✹✽ ✸✵✱✼✼
❉r✐❧❧ ✶ ✸✵✸✻✼✸ ✶✷✱✹✷ ✸✽✹✺✾✼ ✶✹✱✻✶ ✹✼✹✵✹✶ ✶✻✱✹✺ ✺✼✸✾✺✾ ✷✵✱✵✸
❉r✐❧❧ ✷ ✹✶✼✹✻✵ ✷✶✱✺✺ ✺✷✽✶✻✹ ✷✺✱✼✸ ✻✺✶✾✻✼ ✸✵✱✸✺ ✼✽✽✹✷✷ ✸✹✱✻✽
❊♥❣✐♥❡ ✶ ✹✹✵✹✸✾ ✶✻✱✽✶ ✺✺✼✻✵✼ ✶✾✱✼✶ ✻✽✽✽✷✾ ✷✷✱✷✻ ✽✸✸✵✸✵ ✷✻✱✺✽
❊♥❣✐♥❡ ✷ ✸✻✺✼✹✸ ✷✹✱✷✸ ✹✻✷✼✶✽ ✷✽✱✶✶ ✺✼✶✼✶✺ ✸✶✱✺✸ ✻✾✶✸✻✺ ✸✽✱✺✺
●P❯ ✶ ✷✶✾✽✼✵ ✼✱✷✽ ✷✼✽✷✸✺ ✽✱✻✽ ✸✹✸✹✾✻ ✾✱✹✸ ✹✶✺✺✸✻ ✶✶✱✷✻
●P❯ ✷ ✹✼✹✹✺✵ ✻✶✱✸✸ ✻✵✵✺✹✾ ✽✶✱✻✽ ✼✹✶✹✸✻ ✽✸✱✻✼ ✽✾✼✵✸✹ ✶✵✷✱✺✹
●❡❛r❇♦① ✶ ✺✺✵✾✼✷ ✹✸✱✺✼ ✻✾✼✸✼✽ ✹✽✱✼✸ ✽✻✵✾✻✷ ✺✺✱✸✾ ✶✵✹✶✾✵✺ ✻✻✱✽✾
●❡❛r❇♦① ✷ ✻✾✸✸✺✽ ✻✶✱✽✽ ✽✼✼✷✾✹ ✻✽✱✼✵ ✶✵✽✸✶✹✶ ✽✷✱✶✶ ✶✸✶✵✸✵✻ ✾✷✱✹✹
❍❡❛❞ ✶ ✹✹✵✺✻✸ ✶✹✱✾✺ ✺✺✼✺✹✷ ✶✼✱✼✸ ✻✽✽✸✺✷ ✷✵✱✻✷ ✽✸✸✶✹✺ ✷✹✱✼✶
❍❡❛❞ ✷ ✼✸✶✶✽✹ ✷✻✱✾✼ ✾✷✺✺✹✺ ✸✷✱✵✷ ✶✶✹✷✼✺✺ ✸✼✱✻✻ ✶✸✽✷✼✹✾ ✹✶✱✻✷
❍❡❛rt❤ ✶ ✸✸✻✷✵✵ ✶✷✱✹✶ ✹✷✺✺✷✸ ✶✹✱✼✵ ✺✷✺✷✻✷ ✶✻✱✻✻ ✻✸✺✻✺✼ ✶✾✱✼✸
❍❡❛rt❤ ✷ ✺✷✼✺✽✼ ✶✼✱✷✽ ✻✻✼✾✷✸ ✷✵✱✸✷ ✽✷✹✸✽✼ ✷✸✱✸✺ ✾✾✼✽✷✻ ✷✼✱✽✸
❙✉s♣❡♥s✐♦♥ ✶ ✸✾✼✽✻✵ ✷✼✱✽✷ ✺✵✸✸✽✻ ✸✷✱✵✵ ✻✷✶✻✵✷ ✸✼✱✽✶ ✼✺✷✸✵✽ ✹✷✱✸✾
❙✉s♣❡♥s✐♦♥ ✷ ✽✹✹✺✷✷ ✺✷✱✺✷ ✶✵✻✾✺✵✻ ✻✶✱✼✶ ✶✸✷✵✵✷✽ ✻✹✱✼✵ ✶✺✾✼✸✻✹ ✻✽✱✶✼
❚❡❛♣♦t ✶ ✶✻✶✺✻✻ ✸✱✸✼ ✷✵✹✺✸✹ ✹✱✶✽ ✷✺✷✺✼✽ ✹✱✺✶ ✸✵✺✺✵✹ ✺✱✼✾
❚❡❛♣♦t ✷ ✸✽✻✶✷✽ ✽✱✵✸ ✹✽✽✺✸✽ ✶✵✱✵✸ ✻✵✸✸✵✽ ✶✶✱✸✶ ✼✷✾✽✽✷ ✶✸✱✽✵
❉r❛❣♦♥ ✶ ✶✹✶✶✷✻ ✽✱✻✹ ✶✼✽✻✽✷ ✾✱✺✸ ✷✷✵✻✶✷ ✶✵✱✵✺ ✷✻✻✼✽✹ ✶✶✱✹✽
❉r❛❣♦♥ ✷ ✶✹✼✺✷✻ ✶✵✱✵✵ ✶✽✻✺✼✽ ✶✶✱✶✵ ✷✸✵✹✹✽ ✶✷✱✶✶ ✷✼✽✾✹✹ ✶✸✱✹✼
❉r❛❣♦♥s ✶ ✷✵✾✸✶✻ ✶✾✱✾✷ ✷✻✹✾✸✵ ✷✶✱✹✸ ✸✷✼✷✼✻ ✷✷✱✸✸ ✸✾✺✾✽✻ ✷✹✱✺✶
❉r❛❣♦♥s ✷ ✻✵✽✶✷✹ ✸✷✱✸✺ ✼✻✾✺✺✹ ✸✺✱✾✻ ✾✺✵✷✾✹ ✸✾✱✽✼ ✶✶✹✾✻✹✻ ✹✹✱✽✶

❚❛❜❧❡ ❇✳✶✿ ■♠♣❛❝t ♦❢ ❝❤❛♥❣✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❢r❛❣♠❡♥ts ✇✐t❤ ♦t❤❡r ✈❛r✐❛❜❧❡s ✜①❡❞✳ ❋✐rst
r♦✇ ❞❡♥♦t❡s ✉s❡❞ ✈✐❡✇♣♦rt r❡s♦❧✉t✐♦♥✳

✼✺



✼✻ ❆PP❊◆❉■❳ ❇✳ ❆❉❉■❚■❖◆❆▲ ▼❊❆❙❯❘❊▼❊◆❚❙ ❉❆❚❆

600x600 650x650 700x700

♠♦❞❡❧ ★❢r❛❣s ❬♠s❪ ★❢r❛❣s ❬♠s❪ ★❢r❛❣s ❬♠s❪

❆♥❛t♦♠② ✶ ✷✽✹✶✾✻ ✼✱✽✷ ✸✸✸✹✼✻ ✽✱✼✶ ✸✽✻✽✽✵ ✽✱✼✾
❆♥❛t♦♠② ✷ ✸✻✵✺✻✼ ✶✸✱✵✹ ✹✷✸✶✻✹ ✶✹✱✽✼ ✹✾✵✼✺✶ ✶✻✱✽✺
❇✐❦❡❲❤❡❡❧❋♦r❦ ✶ ✷✻✽✾✹✻ ✶✷✱✻✵ ✸✶✺✼✺✷ ✶✸✱✼✵ ✸✻✻✵✶✷ ✶✹✱✻✾
❇✐❦❡❲❤❡❡❧❋♦r❦ ✷ ✸✾✻✶✶✵ ✹✷✱✷✹ ✹✻✹✼✶✷ ✹✷✱✵✶ ✺✸✾✷✵✵ ✹✻✱✸✹
❉r✐❧❧ ✶ ✻✽✷✽✻✸ ✷✶✱✾✺ ✽✵✷✶✶✽ ✷✹✱✾✻ ✾✷✾✷✷✵ ✷✽✱✷✷
❉r✐❧❧ ✷ ✾✸✽✾✸✶ ✹✵✱✵✷ ✶✶✵✶✼✷✽ ✹✹✱✶✶ ✶✷✼✼✺✷✷ ✹✾✱✺✽
❊♥❣✐♥❡ ✶ ✾✾✶✹✸✺ ✸✵✱✸✽ ✶✶✻✸✹✽✹ ✸✹✱✸✼ ✶✸✹✾✸✹✹ ✸✼✱✾✺
❊♥❣✐♥❡ ✷ ✽✷✷✼✾✻ ✹✸✱✶✵ ✾✻✺✺✵✻ ✹✼✱✻✹ ✶✶✶✾✽✵✺ ✺✶✱✷✽
●P❯ ✶ ✹✾✹✺✻✹ ✶✸✱✵✵ ✺✽✵✷✽✼ ✶✹✱✽✸ ✻✼✸✶✼✼ ✶✻✱✹✹
●P❯ ✷ ✶✵✻✼✺✺✼ ✶✸✷✱✷✽ ✶✷✺✸✵✸✵ ✶✸✷✱✷✸ ✶✹✺✸✸✼✽ ✶✹✽✱✻✶
●❡❛r❇♦① ✶ ✶✷✹✵✶✻✶ ✼✸✱✻✸ ✶✹✺✺✹✺✶ ✽✶✱✻✶ ✶✻✽✼✾✸✹ ✽✾✱✷✺
●❡❛r❇♦① ✷ ✶✺✺✾✷✻✾ ✶✵✷✱✼✵ ✶✽✸✵✶✵✹ ✶✵✼✱✷✾ ✷✶✷✷✻✺✾ ✶✵✽✱✺✼
❍❡❛❞ ✶ ✾✾✶✶✵✸ ✷✽✱✷✽ ✶✶✻✸✺✻✺ ✸✷✱✻✵ ✶✸✹✾✺✸✹ ✸✺✱✵✶
❍❡❛❞ ✷ ✶✻✹✺✸✺✸ ✹✹✱✽✶ ✶✾✸✶✵✾✼ ✹✺✱✺✶ ✷✷✸✾✽✶✻ ✹✽✱✷✾
❍❡❛rt❤ ✶ ✼✺✻✹✻✹ ✷✷✱✸✾ ✽✽✼✽✻✺ ✷✺✱✶✼ ✶✵✷✾✺✾✵ ✷✽✱✵✼
❍❡❛rt❤ ✷ ✶✶✽✼✹✵✷ ✸✷✱✶✻ ✶✸✾✸✹✼✸ ✸✼✱✸✹ ✶✻✶✻✶✾✷ ✸✾✱✽✶
❙✉s♣❡♥s✐♦♥ ✶ ✽✾✺✷✶✵ ✹✽✱✻✾ ✶✵✺✵✽✵✶ ✺✸✱✾✷ ✶✷✶✽✷✷✵ ✺✾✱✷✸
❙✉s♣❡♥s✐♦♥ ✷ ✶✾✵✵✺✹✽ ✼✺✱✺✺ ✷✷✸✵✽✵✽ ✽✵✱✶✼ ✷✺✽✼✺✽✻ ✽✼✱✻✾
❚❡❛♣♦t ✶ ✸✻✸✺✾✽ ✼✱✷✼ ✹✷✻✼✺✹ ✼✱✽✷ ✹✾✹✾✼✹ ✽✱✺✾
❚❡❛♣♦t ✷ ✽✻✽✻✾✽ ✶✻✱✼✻ ✶✵✶✾✻✺✹ ✶✾✱✶✹ ✶✶✽✷✹✼✹ ✷✶✱✶✻
❉r❛❣♦♥ ✶ ✸✶✼✻✹✽ ✶✷✱✸✹ ✸✼✷✼✸✻ ✶✸✱✻✾ ✹✸✷✷✶✹ ✶✹✱✶✺
❉r❛❣♦♥ ✷ ✸✸✶✽✺✹ ✶✺✱✶✾ ✸✽✾✺✹✹ ✶✻✱✶✼ ✹✺✶✻✼✽ ✶✼✱✷✹
❉r❛❣♦♥s ✶ ✹✼✶✸✷✽ ✷✻✱✷✽ ✺✺✷✾✷✻ ✷✽✱✶✺ ✻✹✶✷✹✹ ✷✾✱✺✵
❉r❛❣♦♥s ✷ ✶✸✻✽✸✵✽ ✹✼✱✶✵ ✶✻✵✻✵✹✵ ✹✼✱✸✸ ✶✽✻✷✺✼✵ ✹✼✱✷✼

❚❛❜❧❡ ❇✳✷✿ ■♠♣❛❝t ♦❢ ❝❤❛♥❣✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❢r❛❣♠❡♥ts ✇✐t❤ ♦t❤❡r ✈❛r✐❛❜❧❡s ✜①❡❞✳ ❋✐rst
r♦✇ ❞❡♥♦t❡s ✉s❡❞ ✈✐❡✇♣♦rt r❡s♦❧✉t✐♦♥✳

❋✐❣✉r❡ ❇✳✶✿ ❱✐s✉❛❧✐③❛t✐♦♥ ♦❢ t❛❜❧❡s ❇✳✶ ❛♥❞ ❇✳✷
✳ P❙■ ✐s Ψ ❛s ❞❡✜♥❡❞ ❜❡❢♦r❡✳



❆♣♣❡♥❞✐① ❈

■♥st❛❧❧❛t✐♦♥ ●✉✐❞❡

❖✉r ❛♣♣❧✐❝❛t✐♦♥ ♥❡❡❞s ❣r❛♣❤✐❝ ❝❛r❞ s✉♣♣♦rt✐♥❣ ❛t ❧❡❛st ❖♣❡♥●▲ ♦❢ ✈❡rs✐♦♥ ✹✳✷✳ ■t ❛❧s♦ r❡✲
q✉✐r❡s ❡①t❡♥s✐♦♥s GL_shader_image_load_store, GL_shader_atomic_counters✳
❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✐s ❝♦♠♣✐❧❛❜❧❡ ♦♥ ❜♦t❤ ▲✐♥✉① ❛♥❞ ❲✐♥❞♦✇s✳ ❋♦❧❧♦✇✐♥❣ ♠✐♥✐♠❛❧ s♦❢t✇❛r❡
r❡q✉✐r❡♠❡♥ts ❤❛✈❡ t♦ ❜❡ ♠❡t✿

▲✐❜r❛r② ▼✐♥✐♠❛❧ ✈❡rs✐♦♥

❖♣❡♥●▲ ✹✳✷
●▲❊❲ ✶✳✶✶✳✵
◗t ✺✳✸
●▲▼ ✵✳✾✳✺
◗▼❛❦❡ ✸✳✵
●❈❈ ✹✳✾✳✶
❈▲❆◆● ✸✳✺✳✵

❚❛❜❧❡ ❈✳✶✿ ▼✐♥✐♠❛❧ ❛♣♣❧✐❝❛t✐♦♥ r❡q✉✐r❡♠❡♥ts✳ ❊✐t❤❡r ❈▲❆◆● ♦r ●❈❈ ✐s r❡q✉✐r❡❞✱ ♥♦t ❜♦t❤✳

❲✐♥❞♦✇s ❧✐❜r❛r✐❡s ✸✷ ❜✐t ❝♦♠♣✐❧❡❞ ❜② MinGW ❛r❡ ✐♥❝❧✉❞❡❞ ♦♥ t❤❡ ❉❱❉✳ ❖♥ ❧✐♥✉① s✐♠♣❧②
✐♥st❛❧❧ ♣❛❝❦❛❣❡s ❢♦r ②♦✉r ❞✐str✐❜✉t✐♦♥ ✐♥❝❧✉❞✐♥❣ t❤❡ ❧✐❜r❛r②✳ ❊❛s✐❡st ✇❛② ✐s t♦ ❝♦♠♣✐❧❡ t❤❡
❝♦❞❡ ✐s ✉s✐♥❣ ◗t❈r❡❛t♦r ■❉❊ ✇❤✐❝❤ ❛✉t♦♠❛t✐❝❛❧❧② ❞❡t❡❝ts t❤❡ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ ♣❡r❢♦r♠s
♥❡❝❡ss❛r② ❝♦♠♠❛♥❞s✳ ■❢ ✉s✐♥❣ t❤✐s ♠❡t❤♦❞✱ ♣❧❡❛s❡ s❡t t❤❡ r♦♦t ❞✐r❡❝t♦r② ♦❢ ♦✉r str✉❝t✉r❡ ❛s
❛ r✉♥ ❞✐r❡❝t♦r② s♦ t❤❛t resources ❛r❡ ❛✈❛✐❧❛❜❧❡✳ ❲❡ ♥♦✇ ❞❡s❝r✐❜❡ ❤♦✇ t♦ ❜✉✐❧❞ ❛♣♣❧✐❝❛t✐♦♥
♠❛♥✉❛❧❧②✿

✶✳ ❘✉♥ q♠❛❦❡ ■❧❧✉str❛t✐♦♥❇✉✛❡rPr♦❥❡❝t◗❚✺✳♣r♦ t♦ ❣❡♥❡r❛t❡ ♠❛❦❡✜❧❡s✳

✷✳ ❘✉♥ ♠❛❦❡

✸✳ ❘✉♥ ♠❛❦❡ ✐♥st❛❧❧ ✭t❤✐s ✇✐❧❧ ❛✉t♦♠❛t✐❝❛❧❧② ❝♦♣② t❤❡ r❡s♦✉r❝❡s ❢♦❧❞❡r t♦ ②♦✉r ❡①❡❝✉t❛❜❧❡✳✮

✹✳ ❘✉♥ ❝♦♠♣✐❧❡❞ ❛♣♣❧✐❝❛t✐♦♥✳

❊♥t✐r❡ ♣r♦❥❡❝t ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r ❜♦t❤ ❲✐♥❞♦✇s ❛♥❞ ▲✐♥✉① ♣❧❛t❢♦r♠s ✐s ♣r❡s❡♥t ✐♥ t❤❡
IllustrationBufferProjectQT5.pro ✜❧❡ ✇❤✐❝❤ ♠❛❦❡s t❤✐s ♣r♦❥❡❝t ❡❛s✐❧② ✉s❛❜❧❡✳

✼✼
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❆♣♣❡♥❞✐① ❉

❉❱❉ ❈♦♥t❡♥t

❚❤✐s ✐s t❤❡ str✉❝t✉r❡ ♦❢ ❛tt❛❝❤❡❞ ❉❱❉✳ P❧❡❛s❡ ♥♦t❡ t❤❛t ♥♦t ❛❧❧ ♠♦❞❡❧s ♣r❡s❡♥t❡❞ ❛s
r❡♥❞❡rs ✐♥ t❤✐s t❤❡s✐s ❛r❡ ♣❛rt ♦❢ t❤❡ models ❢♦❧❞❡r s✐♥❝❡ s♦♠❡ ♠♦❞❡❧s ♣r♦✈✐❞❡❞ ❜② t❤❡ s✉✲
♣❡r✈✐s♦r ✇❡r❡ ♥♦t ❛❧❧♦✇❡❞ t♦ ❞✐str✐❜✉t❡✱ ♦♥❧② ♣✉❜❧✐s❤ t❤❡ r❡s✉❧ts ❜② ✐t✬s ❧✐❝❡♥s❡✳ ▼♦❞❡❧s t❤❛t
❛r❡ ✐♥❝❧✉❞❡❞ ❛r❡ ❢r❡❡ t♦ ✉s❡✳

DVD ....................................................................r♦♦t ❞✐r❡❝t♦r②
bat ......................................................s❝r✐♣ts ❢♦r ♠❡❛s✉r❡♠❡♥ts
bin ...............................................❛♣♣❧✐❝❛t✐♦♥ ✇✐♥❞♦✇s ❡①❡❝✉t❛❜❧❡

platforms .....................................♥❡❝❡ss❛r② ◗❚ ❧✐❜s ❢♦r ✇✐♥❞♦✇s
resources ..................................❝♦♣② ♦❢ t❤❡ r❡s♦✉r❝❡s ❢♦r ✇✐♥ ❡①❡

doc .........................................❞♦❝✉♠❡♥t❛t✐♦♥✱ t❤❡s✐s P❉❋ ❛♥❞ ✈✐❞❡♦
doxygen ....................................❞♦❝✉♠❡♥t❛t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡ ❝♦❞❡
latex ...........................................s♦✉r❝❡ ❝♦❞❡ ♦❢ t❤❡ t❤❡s✐s t❡①t
screenshots ...................................s❝r❡❡♥s❤♦ts ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥

libs .....................................................................❧✐❜r❛r✐❡s
resources .............................................♥♦♥ ❝♦♠♣✐❧❛❜❧❡ r❡s♦✉r❝❡s

config ...............................................❝♦♥✜❣✉r❛t✐♦♥ ❏❙❖◆ ✜❧❡s
gui ..........................................................st②❧❡s ♦❢ t❤❡ ●❯■
images ....................................................■♠❛❣❡s ❢♦r t❤❡ ●❯■
models ..................................................♠♦❞❡❧s ❛♥❞ ♠❛t❡r✐❛❧s
shaders ........................................................●▲❙▲ s❤❛❞❡rs
textures ............................................ t❡①t✉r❡ ❢♦r t❤❡ ❤❡❛t♠❛♣

src ...........................................................❈✰✰✶✶ s♦✉r❝❡ ❝♦❞❡
gui .............................................❝❧❛ss❡s ❛♥❞ ✉✐ ✜❧❡s ❢♦r t❤❡ ●❯■
measuring .................................❝❧❛ss❡s ✉s❡❞ ❢♦r t❤❡ ♠❡❛s✉r❡♠❡♥ts
graphs .........................♣②t❤♦♥ ✜❧❡s t♦ ❣❡♥❡r❛t❡ ♣❛r❛❧❧❡❧ ❝♦♦r❞✳ ❣r❛♣❤s

tmp .................................❡♠♣t② ❞✐r❡❝t♦r②✱ ✉s❡❞ ❢♦r t❡♠♣♦r❛❧ ❜✉✐❧❞ ❞❛t❛

✼✾
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❆♣♣❡♥❞✐① ❊

❯s❡r ▼❛♥✉❛❧

❋✐❣✉r❡ ❊✳✶✿ ●r❛♣❤✐❝❛❧ ❯s❡r ■♥t❡r❢❛❝❡ ♦❢ t❤❡ ♠❛✐♥ ✇✐♥❞♦✇ ✇✐t❤ Settings panel ♦♥ t❤❡
r✐❣❤t✳ ❆❧❧ t❤r❡❡ t❛❜s ❛r❡ s❤♦✇♥✳

▼❛✐♥ ●❯■ ♦❢ ♦✉r ❛♣♣❧✐❝❛t✐♦♥ ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✉r❡ ❊✳✶✳ ❙❡tt✐♥❣s ♣❛♥❡❧ ♦♥ t❤❡ r✐❣❤t ❡♥❛❜❧❡s
❢✉❧❧ ❝♦♥tr♦❧ ♦❢ ❛❝t✐✈❡ st❛❣❡s✱ ❝❛♠❡r❛ ♠♦❞❡s ❛♥❞ ♠♦st ✐♠♣♦rt❛♥t❧② ✇♦r❦✐♥❣ ✇✐t❤ t❤❡ ✈❛r✐❛❜❧❡s
t❤❛t ❛✛❡❝t t❤❡ r❡s✉❧t ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ❲❡ ❛❧s♦ ♣r♦✈✐❞❡ t❤❡ ❈♦♥tr❛st ♠♦❞✐✜❡r
t♦ s✐♠♣❧② ❡♥❤❛♥❝❡ ✐♠❛❣❡ ❝♦❧♦rs ❜② ❛❞❥✉st✐♥❣ t❤❡ ❝♦♥tr❛st✳

▼❛✐♥ ♠❡♥✉ ❝❛♥ ❜❡ s❡❡♥ ♦♥ t❤❡ t♦♣ ❜❛r✳ ❆♣♣❧✐❝❛t✐♦♥ s❡❝t✐♦♥ ♣r♦✈✐❞❡s ❛❝t✐♦♥s ❊①♣♦rt

t♦ P◆●✱ ❆❜♦✉t ❛♥❞ ◗✉✐t✳ P❧❡❛s❡ ♥♦t❡ t❤❛t ❡①♣♦rt ♦❢ t❤❡ ❢r❛♠❡❜✉✛❡r t♦ ❛ P◆● ✜❧❡ ✐s
s✉♣♣♦rt❡❞ ♦♥❧② ♦♥ ▲✐♥✉① ❞✉❡ t♦ ◗t ❜✉❣✳ ❖♥ ✇✐♥❞♦✇s ✐♠❛❣❡ ✇✐❧❧ ❜❡ ❣❡♥❡r❛t❡❞ ❜✉t ❝♦❧♦rs ✇✐❧❧
❜❡ ✇r♦♥❣✳ ▼♦❞❡❧ s❡❝t✐♦♥ ♣r♦✈✐❞❡s ❧✐st ♦❢ ❛❧❧ ♠♦❞❡❧s ❧♦❛❞❡❞ t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥✳

✽✶
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❊✳✶ ❈♦♥tr♦❧s

❆♣♣❧✐❝❛t✐♦♥ ❛♥❞ ❛❧❣♦r✐t❤♠✬s ❢✉♥❝t✐♦♥s ❛r❡ ❝♦♥tr♦❧❧❡❞ ✈✐❛ t❤❡ s❡tt✐♥❣s ♣❛♥❡❧ ❛♥❞ ❣❧♦❜❛❧
♠❡♥✉✳ ❋♦❧❧♦✇✐♥❣ ❝♦♥tr♦❧s ❛r❡ ✉s❡❞ ❢♦r ♠♦✈❡♠❡♥t ✐♥ t❤❡ s❝❡♥❡✿

• ❖r❜✐t ❈❛♠❡r❛ ▼♦❞❡ ✲ ♠♦✉s❡ ✐s ✉s❡❞ t♦ r♦t❛t❡ t❤❡ ♠♦❞❡❧ ✇❤❡♥ ❧❡❢t ♠♦✉s❡ ❜✉tt♦♥ ✐s
♣r❡ss❡❞✳ ❙❝r♦❧❧✐♥❣ ✇❤❡❡❧ ❝❛♥ ❜❡ ✉s❡❞ t♦ ③♦♦♠✳

• ❲❛❧❦ ❈❛♠❡r❛ ▼♦❞❡ ✲ ❑❡②s W,A,S,D ❛r❡ ✉s❡❞ t♦ ♠♦✈❡ ❢♦r✇❛r❞✱ ❜❛❝❦✇❛r❞✱ ❧❡❢t ❛♥❞
r✐❣❤t✳ ❑❡②s Q,E ❛r❡ ✉s❡❞ ❢♦r ❝♦♥tr♦❧ ♦❢ t❤❡ ❡❧❡✈❛t✐♦♥✳ ▼♦✉s❡ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❛❞❥✉st t❤❡
❧♦♦❦ ❛t ❞✐r❡❝t✐♦♥✳

❊✳✷ ❈♦♥✜❣✉r❛t✐♦♥

❆♣♣❧✐❝❛t✐♦♥ ✐s ❝♦♥✜❣✉r❛❜❧❡ ✈✐❛ ❏❙❖◆ ❝♦♥✜❣ ✜❧❡s✳ ❋♦❧❧♦✇✐♥❣ s♥✐♣♣❡t s❤♦✇s ❤♦✇ t❤❡ ❝♦♥✜❣
✜❧❡ ❧♦♦❦s ❧✐❦❡ ❢♦r ♠♦❞❡❧s✳ ❋✐rst ✐s ❛ ♥❛♠❡ ❛s ✇✐❧❧ ❛♣♣❡❛r ✐♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❛♥❞ s❡❝♦♥❞ ✐s t❤❡
♣❛t❤ t♦ ❛ ✜❧❡✳ ▼❛t❡r✐❛❧ ✜❧❡s ❛r❡ ❧♦❛❞❡❞ ❛✉t♦♠❛t✐❝❛❧❧②✱ ✐ts ♥❛♠❡ ❤❛s t♦ ❜❡ t❤❡ s❛♠❡ ❛s ♦❢ t❤❡
.obj ✜❧❡ t❤♦✉❣❤✱ ♦♥❧② ✇✐t❤ .mtl✳

✶ ④
✧❆♥❛t♦♠②✧ ✿ ✧ r ❡ s ♦✉ r ❝ ❡ s ✴♠♦❞❡❧s ✴❛♥❛t♦♠② ✳ ♦❜❥ ✧ ✱

✸ ✧❚❡❛♣♦t✧ ✿ ✧ r ❡ s ♦✉ r ❝ ❡ s ✴♠♦❞❡❧s ✴ t❡❛♣♦t ✳ ♦❜❥ ✧
⑥

④
✷ ✧ ❢ ✐ ❧ ❧ P ❛ s s ✧ ✿ ④

✧♣r♦❣r❛♠◆✉♠❜❡r✧ ✿ ✶ ✱
✹ ✧ ✈❡r t ✧ ✿ ✧ r ❡ s ♦✉ r ❝ ❡ s ✴ s❤❛❞❡rs ✴ ❜❛ s ✐ ❝ ✳ ✈❡ r t ✧ ✱

✧ ❢ r ❛❣ ✧ ✿ ✧ r ❡ s ♦✉ r ❝ ❡ s ✴ s❤❛❞❡rs ✴ ❢ ✐ ❧ ❧ P ❛ s s ✳ ❢ r ❛ ❣ ✧
✻ ⑥ ✱

✧ s♦ r tP❛s s ✧ ✿ ④
✽ ✧♣r♦❣r❛♠◆✉♠❜❡r✧ ✿ ✷ ✱

✧ ✈❡ r t ✧ ✿ ✧ r ❡ s ♦✉ r ❝ ❡ s ✴ s❤❛❞❡rs ✴ s♦ r tP❛s s ✳ ✈❡ r t ✧ ✱
✶✵ ✧ ❢ r ❛❣ ✧ ✿ ✧ r ❡ s ♦✉ r ❝ ❡ s ✴ s❤❛❞❡rs ✴ s♦ r tP❛s s ✳ ❢ r ❛ ❣ ✧

⑥ ✱
✶✷ ✧ r❡♥❞❡r❖■❚P❛ss✧ ✿ ④

✧♣r♦❣r❛♠◆✉♠❜❡r✧ ✿ ✸ ✱
✶✹ ✧ ✈❡r t ✧ ✿ ✧ r ❡ s ♦✉ r ❝ ❡ s ✴ s❤❛❞❡rs ✴ s♦ r tP❛s s ✳ ✈❡ r t ✧ ✱

✧ ❢ r ❛❣ ✧ ✿ ✧ r ❡ s ♦✉ r ❝ ❡ s ✴ s❤❛❞❡rs ✴r❡♥❞❡r❖■❚ ✳ ❢ r ❛❣ ✧
✶✻ ⑥ ✱

⑥

❊✳✸ ▼❡❛s✉r❡♠❡♥ts ❛♥❞ ●r❛♣❤s

❲❡ ❛❧s♦ ♣r♦✈✐❞❡ s❡✈❡r❛❧ .bat ✜❧❡s t❤❛t ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❜❛t❝❤ ♠❡❛s✉r❡♠❡♥ts ♦❢ ❛❧❧ ♣r♦✈✐❞❡❞
♠♦❞❡❧s ♦♥ t❤❡ ❲✐♥❞♦✇s ♣❧❛t❢♦r♠ ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✳

◆♦t❡ t❤❛t t❤❡ ❛♣♣❧✐❝❛t✐♦♥ s♦✉r❝❡ ❝♦❞❡ ❤❛s t♦ ❜❡ r❡❝♦♠♣✐❧❡❞ ✇✐t❤ ✉♥❝♦♠♠❡♥t❡❞ ❧✐♥❡ ✷✺✿
#define MEASURING_TIME ✐♥ Context.h ❤❡❛❞❡r ✜❧❡✳ ❋♦r ♦♣t✐♠❛❧ r❡s✉❧ts ♣❧❡❛s❡ ❝❤❡❝❦



❊✳✸✳ ▼❊❆❙❯❘❊▼❊◆❚❙ ❆◆❉ ●❘❆P❍❙ ✽✸

t❤❡ ❝♦♠♠❡♥ts ✐♥ t❤❡ s❤❛❞❡rs✱ ✇❤❡r❡ s❡✈❡r❛❧ ❞❡✜♥❡s ❛r❡ ✉s❡❞ ❢♦r ♠❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ ❣✐✈❡♥
t❛s❦ ♦♥❧②✳

• ■❧❧✉str❛t✐♦♥❇✉✛❡r❈♦♥str✉❝t✐♦♥✳❜❛t ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❝♦♥str✉❝t✐♦♥✳

• ■❧❧✉str❛t✐♦♥❇✉✛❡r❘❡s♦❧✉t✐♦♥s✳❜❛t ❈❤❛♥❣✐♥❣ t❤❡ r❡s♦❧✉t✐♦♥ ❢r♦♠ ✹✵✵①✹✵✵ t♦ ✼✵✵①✼✵✵

• ■❧❧✉str❛t✐♦♥❇✉✛❡r❉✐✛✉s✐♦♥✳❜❛t ▼❡❛s✉r❡♠❡♥t ♦❢ ♦♥❡ ❞✐✛✉s✐♦♥ ♣❛ss ●P❯ t✐♠❡

• ■❧❧✉str❛t✐♦♥❇✉✛❡r❉✐✛✉s✐♦♥●❛✉ss✳❜❛t▼❡❛s✉r❡♠❡♥t ♦❢ ♦♥❡ ❜❧✉rr✐♥❣ ♣❛ss ●P❯ t✐♠❡

• ▲✐♥❦❡❞▲✐sts✳❜❛t ▼❡❛s✉r❡s ♦♥❧② ❝r❡❛t✐♦♥ ♦❢ ♣❡r ♣✐①❡❧ ❧✐♥❦❡❞ ❧✐sts✳

• ■❧❧✉str❛t✐♦♥❇✉✛❡r❱✐❡✇❉✐st❛♥❝❡✳❜❛t ■s ✉s❡❞ ❢♦r ♠❡❛s✉r❡♠❡♥ts ♦❢ ✜♥❞✐♥❣ t❤❡ ❝✉r✲
✈❛t✉r❡ ❛♥❞ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ s❛♠♣❧❡s✳

❚❤❡s❡ s❝r✐♣ts r✉♥s t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✇✐t❤ t❤❡ s❛♠❡ ▼❱P ♠❛tr✐❝❡s ❛s ✇❡ ❤❛✈❡ ✉s❡❞ ✐♥ ♦✉r
♠❡❛s✉r❡♠❡♥ts ❛♥❞ ✇✐❧❧ ❣❡♥❡r❛t❡ t①t ✜❧❡ ✇✐t❤ t❤❡ r❡s✉❧ts✳

❲❤❡♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✐s ❝♦♠♣✐❧❡❞ ✇✐t❤ #define MEASURING_TIME ❛s st❛t❡❞ ❛❜♦✈❡✱
❢♦❧❧♦✇✐♥❣ ❛r❣✉♠❡♥ts ❝❛♥ ❜❡ ✉s❡❞✿

❛r❣ ✶✿ ◆✉♠❜❡r ❢♦r ♠❡❛s✉r❡❞ t❛s❦ ✭✶ ❂ ♣❡r ♣✐①❡❧ ❧✐♥❦❡❞ ❧✐sts✱ ✷ ❂ ■❧❧✉str❛t✐♦♥ ❇✉✛❡r ❝♦♥✲
str✉❝t✐♦♥✱ ✸ ❂ ❉✐✛✉s✐♦♥✱ ✹ ❂ ❉✐✛✉s✐♦♥ ❛♥❞ ●❛✉ss✐❛♥ ✜❧t❡r✱ ✺ ❂ ❉✐st❛♥❝❡ ❈✉r✈❛t✉r❡✮

❛r❣ ✷ ✿ ❝♦✉♥t❡r ♦❢ t❤❡ ♠♦❞❡❧ ✭❡✳❣✳ ✷ ✐❢ t❤✐s ♠♦❞❡❧ ✐s ♠❡❛s✉r❡❞ s❡❝♦♥❞ t✐♠❡ ✐♥ ❣✐✈❡♥ ✈✐❡✇✮
❛r❣ ✸ ✿ ♠♦❞❡❧ ♥❛♠❡ ❛s ✇✐❧❧ ❛♣♣❡❛r ✐♥ ❣❡♥❡r❛t❡❞ r❡♣♦rt
❛r❣ ✹ ✿ ♠♦❞❡❧ ♣❛t❤
❛r❣ ✺ ✲ ✷✶ ✿ r♦✇s ♦❢ t❤❡ ♠♦❞❡❧ ✈✐❡✇ ♠❛tr✐①
❛r❣ ✷✷ ✲ ✸✼ ✿ r♦✇s ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ ♠❛tr✐①
❛r❣ ✸✽ ✿ ♦♣t✐♦♥❛❧ ❞✐♠♠❡♥s✐♦♥ ♦❢ t❤❡ ✈✐❡✇♣♦rt✳ ■s s❡t ✻✵✵①✻✵✵ ❜② ❞❡❢❛✉❧t✳

P②t❤♦♥ s❝r✐♣ts ✇❡ ❤❛✈❡ ✉s❡❞ t♦ ❣❡♥❡r❛t❡ ❣r❛♣❤s ✇✐t❤ ♣❛r❛❧❧❡❧ ❝♦♦r❞✐♥❛t❡s ❛r❡ ❛❧s♦ ✐♥❝❧✉❞❡❞
♦♥ ❛tt❛❝❤❡❞ ❉❱❉ ✐♥ src/graphs ❞✐r❡❝t♦r②✳
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